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Abstract

We study the satisfiability of ordering constraint satisfaction problems (CSPs) above average. We
show that for every k, the satisfiability above average of ordering CSPs of arity at most k is fixed-
parameter tractable. We generalize this result to more general classes of CSPs, including CSPs with
predicates defined by linear equations.
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1 Introduction

In this paper, we study satisfiability of ordering constraint satisfaction problems (CSPs) above the average
value. An ordering k-CSP is defined by a set of variables V' = {xj,...,2,} and a set of constraints II.
Each constraint 7 € 1I is a disjunction of clauses of the form z, < z,, < --- < z,. for some distinct
variables ., . .., x., from a k-element subset V; C V. A linear ordering « of variables x1, . . ., z,, satisfies
a constraint 7 if one of the clauses in the disjunction agrees with the linear ordering «.. The goal is to find an
assignment « that maximizes the number of satisfied constraints.

A classical example of an ordering CSP is the Maximum Acyclic Subgraph problem, in which constraints
are of the form “z; < x;” (the problem has arity 2). Another well-known example is the Betweenness
problem, in which constraints are of the form “(x; < z; < x) or (x;, < x; < ;)" (the problem has arity
3). Both problems are /N P-hard and cannot be solved exactly in polynomial—time unless P = N P [20, 25].

There is a trivial approximation algorithm for ordering CSPs as well as other constraint satisfaction
problems: output a random linear ordering of variables 1, ..., x, (chosen uniformly among all n! linear
orderings). Say, if each constraint is just a clause on k variables, this algorithm satisfies each clause with
probability 1/k! and thus satisfies a 1/k! fraction of all constraints in expectation. In 1997, Hastad [19]
showed that for some regular (i.e., non-ordering) constraint satisfaction problems the best approximation
algorithm is the random assignment algorithm. His work raised the following question: for which CSPs are
there non-trivial approximation algorithms and for which CSPs is the best approximation algorithm the ran-
dom assignment? This question has been extensively studied in the literature. Today, there are many known
classes of constraint satisfaction problems that do not admit non-trivial approximations assuming the Unique
Games or P # N P conjectures (see e.g [19, 3, 13, 5]). There are also many constraint satisfaction problems
for which we know non-trivial approximation algorithms. Surprisingly, the situation is very different for
ordering CSPs: Guruswami, Héastad, Manokaran, Raghavendra, and Charikar [12] showed that all ordering
k-CSPs do not admit non-trivial approximation assuming the Unique Games Conjecture.

A similar question has been actively studied from the fixed-parameter tractability perspective' [1, 7, 8,
17, 21, 22, 26]: Given an instance of a CSP, can we decide whether OPT > AV G + t for a fixed parameter
t? Here, OPT is the value of the optimal solution for the instance, and AV G is the expected value on a
random assignment. In 2011, Alon, Gutin, Kim, Szeider, and Yeo [1] gave the affirmative answer to this
question for all (regular) £-CSPs with a constant size alphabet. In [17, 15, 16], Gutin et al. extended this
result to 2-arity and 3-arity ordering CSPs. However, the general case of k-arity ordering CSPs has remained
open. Below we state the problem formally.

Definition 1.1 (Satisfiability of Ordering CSP Above Average). Consider an instance I of arity k and a
parameter t. Let OPT = OPT () be the number of the constraints satisfied by the optimal solution, and

AVG = AV G(Z) be the number of constraints satisfied in expectation by a random solution. We need to
decide whether OPT > AV G +t.

Definition 1.2. A problem with a parameter t is fixed-parameter tractable if there exists an algorithm for the
problem with running time g(t)poly(n), where g(t) is an arbitrary function of t, poly is a fixed polynomial
(independent of t), and n is the size of the input.

In this paper, we prove that satisfiability above average of any ordering CSP of any arity k is fixed-
parameter tractable.

Theorem 1.3. There exists a deterministic algorithm that given an instance I of an ordering k-CSP on n
variables and a parameter t, decides whether OPT(Z) > AV G(Z) + t in time g(t)polyx(n), where g is a
function of t, polyy, is a polynomial of n (g and polyy, depend on k). If OPT(Z) > AVG(Z) + t, then the
algorithm also outputs an assignment satisfying at least AV G(Z) + t constraints.

"We refer the reader to an excellent survey of results in this area by Gutin and Yeo [18].



Furthermore, we prove that the problem has a kernel of size Oy (t2).

Techniques. Let us examine approaches used previously for ordering CSPs. The algorithms of Gutin et
al. [17, 15, 16] work by applying a carefully chosen set of reduction rules to ordering CSPs of arity 2 and
3. These rules heavily depend on the structure of 2 and 3 CSPs. Unfortunately, the structure of ordering
CSPs of higher arities is substantially more complex. Here is a quote from [15]: “it appears technically
very difficult to extend results obtained for arities 1 = 2 and 3 to r > 3. In this paper, we do not use such
reductions.

The papers [6, 14, 23] use an alternative approach to get an advantage over the random assignment for
special families of ordering CSPs. They first reduce the ordering k-CSP to a regular £-CSP with a constant
size alphabet, and then work with the obtained regular k-CSP. However, this reduction, generally, does not
preserve the value of the CSP. So if for the original ordering CSP instance Z we have OPT(Z) > AVG(T)+
t, then for the new instance Z' we may have OPT(Z') < AV G(Z)+t (we note that AVG(Z') = AVG(Z)).
In this paper, we do not use this reduction either.

Instead, we treat all ordering CSPs as CSPs with the continuous domain: Our goal is to arrange all
variables on the interval [—1, 1] so as maximize the number of satisfied constraints. The arrangement of
variables uniquely determines their order. Moreover, if we independently assign random values from [—1, 1]
to variables x;, then the induced ordering on x;’s will be uniformly distributed among all n! possible order-
ings. Thus, our reduction preserves the values of OPT and AV G. However, we can no longer apply Fourier
analytic tools used previously in [1, 14, 23]. We cannot use the (standard) Fourier analysis on [—1, 1]™, since
we have no control over the Fourier coefficients of the functions we need to analyze. Instead, we work with
the Efron—Stein decomposition [10] (see Sections 2 and 3.3). We show that all terms in the Efron—Stein
decomposition have a special form. We use this fact to prove that an ordering k-CSP that depends on many
variables must have a large variance. Specifically, we show that if a k-CSP instance depends on Cj,t? vari-
ables, then the standard deviation of its value from the mean (on a random assignment) is greater than ¢yt (for
some C and ¢i > 1). As is, this claim does not imply that OPT > AV G + t since for some assignments
the value may be substantially less than AV G — t. To finish the proof of the main result, we prove a new
hypercontractive inequality, which is an analog of the Bonami Lemma [4]. This inequality is one of the main
technical contributions of our paper.

Theorem 1.4 (Bonami Lemma for Efron—Stein Decomposition). Consider f € Lo(Q2", u™). Let f =
> g [s be the Efron—Stein decomposition of f. Denote the degree of the decomposition by d. Assume that
for every 51,52, 53, 54,

E(fs,fsufsafs] < C (B [FA)E R E[f3)E[2]) . (1)

Then
IFIIE = E [f(X1, ..., Xn)Y] < 819C| f||4 = 819CE [f(X1, ..., Xn)?]" . )
We note that hypercontractive inequalities have been extensively studied under various settings (see e.g.,
[27,9, 29, 24]). However, all of them depend on the mass of the smallest atom in the probability space. In our
case, the smallest atom is polynomially small in n, which is why we cannot apply known hypercontractive
inequalities. This is also the reason why we need an extra condition (1) on the function f. Condition (1) is a
“local” condition in the sense that all expectations in (1) are over at most 4d variables for every Sy, ..., Sy.
Consequently, as we will see below, it is very easy to verify that it holds in many cases (in contrast to (2),
which is very difficult to verify directly). Note also that condition (1) is necessary — if it is not satisfied,
then the ratio || f||4/| f||2 can be arbitrarily large even for d = 1.

Extensions. Once we assume that the domain of every variable is the interval [—1, 1], we might be tempted
to write more complex constraints than before such as “the average of x1, xo and x3 is at most x”, or



“x1 lies to the left of the midpoint between xo and x3”, or “xy is closer to xo than to x3”. Each of these
constraints can be written as a system of linear inequalities or a disjunction of clauses, each of which is given
by a system of linear inequalities. For instance, “z; lies to the left of the midpoint between 9 and x3” can
be written as 2x; — x2 — x3 < 0. In Appendix E, we extend our results to CSPs in which every constraint
is a disjunction of clauses, each of which is a “small” linear program (LP). Namely, each constraint should
have arity at most k, only variables that a constraint depends on should appear in the LPs that define it, and
all LP coefficients must be integers in the range {—b, ..., b} (for a fixed b). We call this new class of CSPs
(k,b)-LP CSPs.

Definition 1.5. A (k,b)-LP CSP is defined by a set of variables V.= {x1, . .., xy,} taking values in the inter-
val [—1, 1] and a set of constraints I1. Each constraint € 11 is a disjunction of clauses of the form Ax < c,
where A is a matrix with integer coefficients in the range [—b,bl; c is a vector with integer coefficients in
the range [—b,b]; the indices of non-zero columns of the matrix A lie in the set V. of size k (the set V. is
the same for all clauses in 7). The goal is to assign distinct real values to variables x; so to maximize the
number of satisfied constraints.

In fact, we extend our results to a much more general class of valued CSPs — all CSPs whose predicates
lie in a lattice of functions with some natural properties (see Appendices D and E for details); but we believe
that the subclass of (k,b)-LP CSPs is the most natural example of CSPs in the class. Observe that every
ordering k-CSP is a (k, 1)-LP CSP since we can write each clause 21 < 9 < .-+ < xj as the system of
linear equations z; — x;+1 < 0 fori € {1,...,k —1}. Similarly, every k-CSP on a finite domain {1, ..., d}
is equivalent to a (k, d)-LP CSP. The reduction works as follows: We break the interval [—1, 1] into d equal
subintervals ((2j — d — 2)/d, (2j — d)/d) and map every value j to the j-th interval. Then, we replace
every condition x; = j with the equation x; € ((2j — d — 2)/d, (2§ — d)/d) which can be written as
—dx; < —(2] —d - 2) and dz; < (2] - d)

Overview. In the next section we give an informal overview of the proof. We formally define the problem and
describe the Efron—Stein decomposition in Section 3. Then, in Section 4, we prove several claims about the
Efron—Stein decomposition of ordering CSPs. We derive the main results (Theorem 1.3 and Theorem 3.3)
in Section 5. Finally, we prove the Bonami Lemma for the Efron—Stein decomposition in Section 6. We
generalize our results to all CSPs with a lattice structure in Appendix D and show that (k,b)-LP CSPs (as
well as more general “piecewise polynomial” CSPs) have a lattice structure in Appendix E.

2 Proof Overview

Our high-level approach is similar to that developed by Alon et al. [1] and Gutin et al. [17, 16, 15]. As
in [17, 16, 15], we design an algorithm that given an instance Z of an ordering CSP does the following:

e Iteither finds a kernel (another instance of the ordering CSP) K on O(#?) variables such that OPT (Z) =
OPT(K) and AVG(Z) = AVG(K). Then we can decide whether OPT > AV G + t by trying out
all possible permutations of variables that X depends on in time exp(O(t?logt)).

e Or it certifies that OPT(Z) > AVG(Z) + t.

To this end, we show that either Z depends on at most O(#?) variables or the variance of valz(«a) is Q(t?)
(where « is chosen uniformly at random). In the former case, the restriction of Z to the variables it depends
on is the desired kernel of size O(t?). In the latter case, OPT > AV G + t. Though our approach resembles
that of [17, 16, 15] at the high level, we employ very different techniques to prove our results.

We extensively use Fourier analysis and, specifically, the Efron—Stein decomposition. Fourier analysis
is a very powerful tool, which works especially well with product spaces. The space of feasible solutions of



an ordering CSP is not, however, a product space — it is a discrete space that consists of n! linear orderings
of variables x1, ..., x,. To overcome this problem, we define “continuous solutions” for an ordering CSP
(see Section 3.2). A solution is an assignment of real values in [—1, 1] to variables x1, ..., x,; that is, it
is a point in the product space [—1,1]”. Each continuous solution defines a combinatorial solution « in a
natural way: « orders variables x1, . . . , £, according to the values assigned to them (e.g., if we assign values
—0.5, —0.9 and 0.5 to =1, 2 and x3 then x2 < x; < x3 according to «). Thus we get an optimization
problem over the product space [—1,1]™. Denote by ® : [—1,1]" — R its objective function. We consider
the Efron—Stein decomposition of ®: & = >° S:8|<k ®g (see Section 3.3). Here, informally, &g is the
part of ® that depends on variables z; with i € S. All functions ®g are uncorrelated: E [®g, $g,] = 0 for
S1 # So. We show that each ®g is either identically equal to O or has variance greater than some positive
number, which depends only on & (see Section 4, Lemma 4.4). We now consider two cases.

L. In the first case, there are at most O (¢?) terms ®g not equal to 0. Using that ®g depends only on
variables z; with i € (Jg oS and that there are at most O (t?) sets S such that g # 0, we get that ®
depends on at most O (t?) variables and we are done.

II. In the second case, there are at least ¢jt> terms ®g not equal to 0. Since the variance of each term
®g is O©f(1) and all terms g are uncorrelated, the variance of @ is at least O (t?) (see Theorem 4.5).
Therefore, ® deviates from AV G = E [®] by at least v Var & = ©(t). We then show that & — E® satisfies
the conditions of Theorem 1.4 (see Lemma A.1) and the degree of the decomposition is at most k. Thus,
the ratio ||® — E®||4/||® — E®||2 is bounded by Oy (1). This implies that Pr(® — E® > ¢) > 0. Hence,
OPT > AVG +t.

3 Preliminaries

3.1 Ordering CSP

Consider a set of variables V' = {z1,...,z,}. An ordering constraint 7 on a subset of variables z;,, ..., z;,
is a set of linear orderings of x;,, ..., x;,. A linear ordering o of V' satisfies a constraint 7 on x;,, ..., z;, if
the restriction of o to x;,, . .., x;, is in m. We say that w depends on variables z;, , ..., x;, .

Definition 3.1. An instance T of an ordering constraint satisfaction problem consists of a set of variables
V ={x1,...,x,} and a set of constraints 11; each constraint w € P depends on some subset of variables. A
feasible solution to T is a linear ordering of variables x1, . . ., x,. The value val(«) = valz(a) of a solution
« is the number of constraints in 11 that o satisfies. The goal of the problem is to find a solution of maximum
possible value.

We denote the value of the optimal solution by OPT: OPT = max, val(«). The average value AVG
of an instance is the expected value of a solution chosen uniformly at random among n! feasible solutions:
AV G = E,[val(a)]. We say that Z has arity k if each constraint in Z depends on at most & variables.

Definition 3.2. In the Satisfiability Above Average Problem, we are given an instance of an ordering CSP
of arity k and a parameter t. We need to decide if there is a solution o that satisfies at least AVG + t
constraints, or, in other words, if OPT > AV G + t.

In this paper, we show that this problem is fixed-parameter tractable. To this end, we design an algorithm
that either finds a kernel on O(#?) variables or certifies that OPT > AV G + t.

Theorem 3.3. There is an algorithm that given an instance of an ordering CSP problem of arity k and
a parameter t, either finds a kernel on at most rit? variables (where constant ry, depends only on k) or
certifies that OPT > AV G + t. The algorithm runs in time Op(m + n) linear in the number of constraints
m and variables n (the coefficient in the O-notation depends on k).



3.2 Ordering CSPs over [—1,1]"

Consider an instance Z of an ordering CSP on variables x1, . . ., x,,. Let us say that a continuous feasible so-
lution to Z is an assignment of distinct values 21, . .., &, € [—1, 1] to variables z1, . .., ,,. Each continuous
solution 1, ..., &, defines an ordering « of variables z;: x, is less then x; with respect to « if and only if
ZTq < Tp. We define the value of a continuous solution 1, . . . , Z,, as the value of the corresponding solution
(linear ordering) cv. We will denote the value of solution &1, ..., &, by ®(Z1,...,Zy,).

Note that if we sample a continuous solution 1, ..., &, uniformly at random, by choosing values Z;

independently and uniformly from [—1, 1], the corresponding solution o will be uniformly distributed among
n! feasible solutions. Therefore,

OPT = max ®(21,...,2,) and AVG =Eg, dnelel 1](1)@1,-“,5671).
ily---,i:ne[—l,l] EAR] )

Note that all z; are distinct a.s. and thus a random point in [—1, 1]™ is a feasible continuous solution a.s.

3.3 Efron—Stein Decomposition

The main technical tool in this paper is the Efron—Stein decomposition. We refer the reader to [11, Section

8.3] for a detailed description of the decomposition. Now, we just remind its definition and basic properties.
The Efron—Stein decomposition can be seen as a generalization of the Fourier expansion of Boolean

functions on the Hamming cube {£1}". Consider the Fourier expansion of a function f : {£1} — R,

f(@1,.. zn) = Z fSXS(3717--~,xn)7

Sc{1,...,n}
where fs are Fourier coefficients of f. Informally, the Fourier expansion breaks f into pieces, sts(ﬂUh ceeyTp),
each of which depends on its own set of variables: The term fsxs(x1,...,z,) depends on variables

{z; : i € S} and no other variables.

The Efron—Stein decomposition is an analogue of the Fourier expansion for functions defined on ar-
bitrary product probability spaces. Consider a probability space (€2, 1) and the product probability space
(Q™ u™). Let f : Q™ — R be a function (random variable) on 2. Informally, the Efron—Stein decomposi-
tion of f is the decomposition of f into the sum of functions fg, f = ZSC{l,‘..,n} fs,inwhich fg: Q" — R
depends on variables {x; : i € S}.

We formally define the Efron—Stein decomposition as follows. Consider the space L2(Q", u™) of
functions on Q" with bounded second moment. Note that Lo (Q", 1) = @ | L2(£, p). That is, every
f € Ly(Q", u™) can be represented as f(21,...,2n) = >, ff(xl) : fg(xg) -+ fi(zy,), for some func-
tions fl-j € Lo(2, ). Let Ag C La(2, 1) be the one-dimensional space of constant functions on 2. Let
A C Ly(f2, p) be the orthogonal complement to Ag. That is, A is the space of functions f € La(Q, )
with E [f] = 0. We have, La(Q, 1) = Ao @ Ay and

n

Ly(Q", ") = Q) Lo, 1) = (Q(Ao © Ay ).
=1

i=1
Expanding this decomposition, we get a representation of Lo (2™, u™) as the direct sum of 2" spaces:
Ly " = P Vs
Sc{1,...,n}

where Vg is the closed linear span of the set of functions of the form [[;" ; fi(x;) where f; € A, ifi € S,
and f; € Ao if i ¢ S. Since functions in Ay are constants, Vg equals the closed linear span of the set of
functions of the form [ [, ¢ fi(x;) where f; € A, .



Consider a function f € Lo(2", u™). Let fg be the orthogonal projection of f onto Vs. Since the
linear spaces Vg are orthogonal, we have f = SC{1,...n} fs We call this decomposition the Efron—Stein
decomposition of f. We define the degree of f as max{|S| : fg # 0}, the size of the largest subset S s.t. fg
is not identically equal to 0 (we let the degree of 0 to be 0).

Let (X1,...,X,) be arandom element of Q". That is, X1, ..., X,, are n independent random elements
of Q; each of them is distributed according to p. We write f = f(Xi,...,X,). We will employ the
following properties of the Efron—Stein decomposition (see [11, Section 8.3]).

1. fs(x1,...,z,) depends only on variables z; with i € S.
2. Forevery two sets S and T, S # T, we have E [fs fr] = 0.

3. Let Sy,..., S, be subsets of {1,...,n}. Suppose that there is an index j that belongs to exactly one
set S;. Then E [[[;_; fs,] = 0.

We will also use the following equivalent and more explicit definition of the Efron—Stein decomposition.
For every subset S of indices {1,...,n}, let

fes =E[f(X1,...,X,)|all X; withi € 5], 3)
fs=> (=1)\fer. €
TCS

4 Efron—Stein Decomposition of Ordering CSP Objective

In this section, we study the Efron—Stein decomposition of the function ®(x1,...,x,). To this end, we
represent ®(x1,...,x,) as a sum of “basic ordering predicates” and then analyze the Efron—Stein of a
basic ordering predicate.

4.1 Basic Ordering Predicate

Let 7 = (1,...,7) be a tuple of distinct indices from 1 to n. Define the basic ordering predicate ¢, for 7,

1 o, <zp < <x
(b,r(xl’,xn):{ 9 T1 T2 Tr»

0, otherwise.

Note that the indicator of each constraint 7 is a sum of ordering predicates:

Z Or(T1, ..., Tn),

T: ordering Ty <Try < <Trp isin

where the sum is over permutations of variables that the constraint 7 depends on. Since @ is the sum of
indicators of all predicates 7 in II, ® is also a sum of basic ordering predicates ¢ (for some multiset 7):

D(x1,...,2pn) = Z Or(x1, ... xn).

TET

4.2 Efron—Stein Decomposition of Ordering Predicates

Let Q = [—1,1] and p be the uniform measure on 2. We study the Efron—Stein decomposition of a basic
ordering predicate ¢..



Theorem 4.1. Let T be a tuple of distinct indices of size d < k. Denote g = ¢,. Consider the Efron—Stein
decomposition of g, g = Y gs, over [—1,1]" with uniform measure. There exists a set of polynomials qg
with integer coefficients of degree at most d such that

QS,T’(fUh ceey xn)
24! ’

gS(xlw"axn) = Z¢T/(mlv""xn)
T/

where the summation is over all permutations 7' of S. The polynomial qs . depends only on variables in
{z; : i € S}. Itis equal to 0 if S is not a subset of {11, ..., 74}

Proof. We may assume without loss of generality that 7 = {1,2, ..., d}. Since g depends only on variable
Z1,...,%4,9s # 0onlyif S C {1,...,d}. We may therefore assume that n = d for notational convenience.

Denote the elements of S by s; < s9 < --- < s;. Define auxiliary variables Xg = —1 and X471 = 1,
and let sp = 0 and s;+1 = d+1. Let Oy, be the indicator of the event that X; < X foreverya <i < j <b.
Then g = O14. Note that g = O14 = [[i_ Os; 501, All events for O, ., (fori € {0,...,t}) are
independent given variables X, , ..., X;,. Therefore,

t

gcs = E[g | Xy - '7X8t] = HE [Osi75i+1 ‘ Xory- - 7X5t] : ®)
=0

For each 7, we have

E[Osi s | Xsysoo o Xsy] = E [O0i01 | Xois Xoiii] = Pr(Osys000 =11 Xois Xoiyr) -

Si+1

If X5, > X,,,,, then Pr (O, 5., = 1| X,,, X;,,,) = 0. Otherwise,

Xopy — X\ o0 75! 1
r( SiySi+1 ‘ Si» 51+1) ( 2 > (5i+1 — 8 — 1)!
We computed the probability above as follows: Given X, < X, ,, the probability that X; € [X,,, X,,, ]
forall j € {si,...,si11} equals ((X,,,, — XSZ.)/2)8”17‘”71. Then, given that X, < X,,,, and X; €
(X, X5, | forall j € {s;,...,sit1}, the probability that X, 11 < --- < X, _1equals 1/(sj41—s;—1)!
as all orderings of X, 11,..., X5, ;1 are equally likely. We get

i+1—si—1
(X5i+1 - Xsi)s e
25i+1—5i—1(32-+1 —8; — 1)'

E[Os; s | Xoyoooor Xsy| = T{Xs, < X5, }

Plugging this expression in (5), we obtain the following formula

(X

Sit+1—s;—1
Si+1 Xsi)

2Si+1_5i_1(8i+1 — 8 — 1)'

i+1—si—1
HE:O (X3i+1 — Xsi)s o
2418 T (501 — si — 1)

Observe that [['_,(si+1 — s; — 1) divides (3F_o(si11 — 8i — 1))! = (d — |S|)!. Thus

t
gcs = HI{XSi < X81'+1}
=0

=1{Xs <Xs, <...Xs}

t

d! -
2|S| (Xs —XSA)S%H si

HE:O(SH-I —s;—1)! 111) +1



is a polynomial with integer coefficients of degree at most d — |S|. Denote this polynomial by pg. Then,

ps(X1,..., Xa) ps(X1,..., Xa)
gCS:I{X51 < Xs, <“'X8t} 9d ! :Z:(z)f’(Xla"de) 9d ]| )
T

where the sum is over all permutations 7’ of {1,...,d}. Using the identity fs = 7 (=) fer, we
get a representation of S' as

qs,T(Xla ce. 7Xd)
244! ’

fS:Z¢T/(X17"'aXd)

where gg . are some polynomials with integer coefficients. O

Since @ is a sum of some basic ordering predicates (see Section 4.1), we get the following corollary.

Corollary 4.2. Let T be an instance of an ordering CSP problem of arity at most k. Let ®(x1,...,xy) be
the value of continuous solution (x1, . .., z,). Then the Efron—Stein decomposition of ® has degree at most
k. Moreover there exist polynomials qs - with integer coefficients of degree at most k such that

QS,T($17 o 7xn)

Sg(z1,...,20) = Z dr(T1,. .., Tn) L] ;

TET!

where the summation is over some set T' of tuples of indices in S, and qs ; depends only on {xz; : i € S}.

4.3 Variance of Ordering CSP Objective

In this section, we show that the variance Var [®] = Q(v) if ® (non-trivially) depends on at least v variables.

Claim 4.3. There exists a sequence of positive numbers o such that for every polynomial f(x1,...,xq) of
degree at most d with integer coefficients we have E [¢1,...,d f 2] > ay.

Proof. Consider the set O of polynomials over z1, ..., z4 of degree at most d. Let Q; be the set of polyno-
mials in Q, whose largest in absolute value coefficient is equal to 1 or —1.

Denote V(f) = E [qﬁl,m’dfﬂ. For every f € Q;, we have V(f) > 0 since f is not identically equal
to0on {z; < z9 < --- < z4}. Note that Q; is a compact set and V' (f) is a continuous function on it.
Therefore, V' attains its minimum on Q1. Let g = minycg, V(f) > 0.

Now let f be a polynomial with integer coefficients of degree at most d. Denote the absolute value of its
largest coefficient (in absolute value) by M. M is a positive integer and thus M > 1. We have f/M € @
and thus V(f) = M2 -V (f/M) > M?aq > ag. O

Lemma 4.4. The following claim holds for some positive parameters ). Let L be an instance of arity at
most k. Let & = ) ¢ ®g be the Efron—Stein decomposition of ®. Then for every set S either &g = 0 or
E 03] > 4.

Proof. Let 5 = aq/(2FK!)? > 0, where oy is as in Claim 4.3. Assume that &5 # 0. By Corollary 4.2,

q4sr\T1,.-.,&
(I>S(x1,...,a:d) = Z ng(xl,...,.%'d) T( 2kk! n)
TET'
Note that all functions ¢, (21, . .., 24)qs. (1, - - ., z,)/(2¥k!) have disjoint support, and, therefore, are pair-

wise orthogonal. Choose one tuple 7 € 7 such that g5, # 0. We have,
E (93] > E (9703, /(2")?| = E [p70,] /(2°K!)*.

By Claim 4.3, E |63 , | > aq and hence E [@3] > aq/(2"k!)% O
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We say that ® depends on the variable x; if there exist two vectors z and 2’ that differ only in the i-th
coordinate such that ®(z) # (/).

Theorem 4.5. Let T be an instance of arity at most k. Suppose that ® depends on at least v variables. Then
Var [®] > vfy/k.

Proof. Consider the Efron—Stein decomposition of ®. Let V' = [Jg.q 40 {%i : i € S}. Note that ® de-
pends on all variables in V' and no other variables. Thus, |[V’| > v. There are at least v/k non-empty sets S
with ®g # 0 since each such set S contributes at most k elements to V'. For S # &, we have E [®g] = 0
and hence Var [0g] = E [®%]. By Lemma 4.4, Var [®g] = E [@%] > B, if s # 0 and S # &. We have,

Var [®] = > Var [®g] > [{S # @ : g # 0} |8 > (v/k)Bs. O
S

5 Proof of Main Theorems

In this section, we prove Theorems 3.3 and 1.3. We will need the following theorem.

Theorem 5.1 (Corollary 1 from Alon, Gutin, Kim, Szeider, and Yeo [1]). Let X be a real random variable.
Suppose that E [X] = 0, E [X?] = 6%, and E [X*] < bo* for some b > 0. Then Pr (X > a/(2vb)) > 0.

Proof of Theorem 3.3. Let V' be the set of variables that ® depends on (see Section 4.3 for definitions). By
Theorem 4.5, Var [®] > |V’|- i/ k for some absolute constant 3, > 0. By Lemma A.1, the function ® — E®
satisfies condition (1) of the Bonami Lemma for the Efron—Stein Decomposition (Theorem 1.4) with some
absolute constant C,. Hence, ||® — E®||} < 81%C}||® — E®||3. Applying Theorem 5.1 to the random
variable ® — E® with o = (|V’|B;/k)Y/? and b = 81¥Cy, we get that Pr (& > E® + [V'|Y/2/k;) > 0,
where /{i = 4k:C’k81k/ﬁk. Consequently,

OPT = max ®(z)2E®+[V["*/m = AVG+ V[ /r.
xe[—1,1|"™

We are now ready to state the algorithm. The algorithm computes the Efron—Stein decomposition in

time Oy (m + n). Then, using the formula V' = (Jg.¢ .20 {2i : € S} (see Theorem 4.5), it finds the set V’
also in time Oy (m + n). It considers two cases.

1. If |[V'| > kyt?, then the algorithm returns OPT > AV G +t.

2. Otherwise, if |V'| < k2, the algorithm outputs the restriction of Z to the variables in V’. This is a
kernel for Z, since ® depends only on the variables in V.

O]

To prove Theorem 1.3, we need to show how to find an assignment satisfying AV G + t constraints if
|V'| > kgt?. This can be easily done using 4k-rankwise independent permutations. A random permutation
& is m-rankwise independent if for every subset M C {1,...,n} of size m, the order of elements in
M induced by & is uniformly distributed (the definition is due to Itoh, Takei, and Tarui [28]). Note that
any m-wise independent permutation ¢ is also an m-rankwise independent permutation. Using the result
of Alon and Lovett [2], we can obtain a 4k-wise independent permutation & supported on a set of size
n®®)_ In Lemma C.1 (in Appendix C), we show that for some permutation o* in the support of &, we have
valzr(a*) > AV G + t. Hence, to find an assignment satisfying AV G + t constraints, we need to search for

the best permutation in the support of o*, which can be done in time n?*).



6 Bonami Lemma

In this section, we prove the Bonami Lemma for the Efron—Stein decomposition (Theorem 1.4) stated in
the introduction. Our starting point will be the standard Bonami Lemma for Bernoulli +1 random variables.
Due to space limitations, we present most of the proofs in Section B.

Lemma 6.1 (see [4, 11]). Ler f : {—1,1}" — R be a polynomial of degree at most d. Let X1, ..., X, be

independent unbiased +1-Bernoulli variables. Then

E[f(X1,..., X2)"] <9 [f(X1,..., X))

We will consider the following probability distribution in this proof. Let Z be a random variable equal
to 3 with probability 1/4 and to —1 with probability 3/4. Denote by Z the probability distribution of Z. We
first prove a variant of the Bonami Lemma for random variables distributed according to Z.

Lemma 6.2. Let f : {—1,3}" — R be a polynomial of degree at most d. Let Z, . .., Z, be independent
random variables distributed according to Z. Then

E[f(Zi,...,Zn)" <S1VE [f(Z1,...,Z0n)%

Now let f € Lo(2", ") and f = > ¢ fs be its Efron—Stein decomposition. Define polynomial My : R™ —
R by

2

Mg = (1/3)I512E [fg} 2 for every S C {1,...,n},

My(Zy,....Zn)= Y Mps]]%-
SC{1,...,n} 1€S

We now get bounds for moments of f (X1, ..., X,) in terms of moments of M¢(Z1,...,Zy,).
Claim 6.3. Let Z; be independent random variables distributed according to Z. We have,
E[Ms(Z1,...,2Z0)] = [E[f(X1,...,Xn)] | and E [M§(Z1,. .., Z,)*] =E [f(X1,...,X,)?].
Claim 6.4. Let f and C be as in the condition of Theorem 1.4. Then B [ f(X1, ..., Xn)*] < CE [My(Z1, ..., Zn)"].
Proof. Write,
E [fﬂ = 251732,53754 E [fSlfSQfS3fS4]7 and

E |:M?i| = 251752,53754 MfMgl Mf,SQMf,S3Mf,S4E [Hi1€S1 Zil HiQGSQ Zi2 HigGSg ZiS Hi4€S4 Z744:| .

To prove the claim, we will show in Appendix B that for every four sets S, 52, S3, S4, the following
inequality holds, and, therefore, E [ f4] <CE [MJ‘}]:

E(fs, fsofosfsu]l < CMys, My, My, My, B | T 20 ] 2 1] Zis [ 2a|-  ©

11E€S51 i2€S52 i3€S53 i4€8y

Proof of Theorem 1.4. By Lemma 6.2, we have
1My (Z1, o Za) T < 8LUMy(Z1s -, Z0) |3
From Claims 6.3 and 6.4, we get
E[f(X1,...,Xn)"Y] < CE[My(Z1,...,20)"] <819CE [My(Z1,...,Zn)%]" = 819CE [f(X1,. .., Xn)?]
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A Bonami Lemma for ordering CSPs

We are going to apply Theorem 1.4 (the Bonami Lemma for the Efron—Stein decomposition) to the function
f = ®—E[®], where ® is the objective function of the ordering CSP problem. We now show that f satisfies
the condition of the theorem with some constant C' that depends only on the arity of the CSP.

Lemma A.1. There exists a sequence of constants Cy, such that the following holds. Let T be an instance of
an ordering CSP of arity at most k. Let f = ® — E [®]. Then

E (fs, fonfssfss) < C (E [f2]E /2] E 2] E[£2])"".
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Proof. We assume that all sets 51, ...,.5; are non-empty as otherwise both the left and right hand sides of
the inequality are equal to O (since fz = E [f] = 0). Therefore, fg, = ®g, fori € {1,...,4}.

Note that |.S; U So U S3 U Sy| < 4k. So without loss of generality, we may assume that S7, Sa, S3,Ss C
{1,...,4k}. Let Q be the set of all functions of 1, . .., x4 of the form

Z(b’r xla"' qST($17"'7xk)7

where gg , are some polynomials of degree at most k (not necessarily with integer coefficients). By Corol-
lary 4.2, fs,, fsy, [ss, fs, € Q. Let Q1 = {h € Q : ||h]|]2 = 1}. Note that Q; is a compact set (since Q is a
finite dimensional space; and || - || is @ norm on it). Therefore, the continuous function W (g1, g2, 93, 94) =
E [91929394] is bounded when g1, g2, g3, g4 € Q1. Denote its maximum by C}, (note that C, depends only
on k and not on 7).

Let g; = fs,/||fs,||2- Note that g; € Q;. We have,

4 4 4 4
E HfS'L E HgZ] HHszHQSCkHHszH%
i=1 i=1 i=1 =1

as required. O

B Proofs from Section 6

Proof of Lemma 6.2. Consider 2n Bernoulli random variables Y7, ..., Y, Y/ ... Y, (uniformly distributed

s tno

in {—1,1}). Note that random variables Z; = Y/ + Y/ + Y/Y/" are dlstrlbuted in the same way as random
variables Z;. Therefore,

E[f(Z,...,2.)" ] =E [f(Zl,...,Zn)‘*] ,
E[f(Z1,...,2,)%]" =& [f(Zl,...,Zn)Qr.

Now f(Z1,...

, NP) isa polynom1al of +1 variables Y/, ..., Y, Y/ ..., Y, of degree at most 2d. Applying
Lemma 6.1 to f(Z1,...,2Z,), we get

s Lo

E[f(2,.... Z.)"] < 9E [f(Zl,...,Zn)Q]Q,

and, therefore, )
E [f(Zla sty ZTL)4:| S 81dE [f(Zh e 7Z’Vl)2:| ’

as required. O

Proof of Claim 6.3. Note that E [Z;] = 0 and thus E [Mf(Z1,...,Z,)| = Mt g = |fo| = [E[f]|.
Also,

E[Mi(Zy,...,Z)* = > Mis-E[[[ 2.
SC{1,....,n} icS

Since E [Z2] = 3, we have E [[ ;. Z2] = 3151, and therefore

E[Mi(Z1,....Z0)% = Y ((1/3>ISI/2E[f]1/2) 3= ST E[f2] =E[f?.

SC{1,...,n} SC{1,....,n}
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Proof of Inequality (6). We now prove inequality (6).

E[fsifsafssfs] < CMps Mys;Mys;Mps, B[] 2 [ 2 1] 2 1] %
i€S1  i€S2  i€S3 Q€S
Note first that if some index j appears in exactly one of the sets S, S2, S3, and Sy then the expressions on
the left and on the right are equal to 0 (by Property 3 of the Efron—Stein decomposition in Section 3.3), and
we are done. So we assume that every index j in 571U S U.S3U Sy appears in at least 2 of the sets S;. Denote
the number of times j appears in sets S; by m(j).
By the condition of Theorem 1.4 and the definition of coefficients M g,

E [fs,fs,fs55fs.) < C (E [fgl] E [f§2] E [f§3] E [f§4])1/2 -
=C - 3(|81\+|Szl+\sg|+\s4|)/2Mf . My, My .5, Mjs,.

On the other hand,
4
E| ] 2. [] 2. [] 2. [] 2. :E[H z| = I E|z"]
11€S51 12€Ss i3€S3 14€S4 r=1¢€S, iEUT Sr
4

1/m(3)

=ITIT (e[2])
r=14€S5,

We compute E [Zim(i)] for m(i) € {2,3,4}. We get EZ? = 3, EZ? = 6 and EZ! = 21. Thus, (EZ2)'/2 =
V3, (EZ3)Y3 = /6 > /3 and (EZ})Y/* = v/21 > /3, and, consequently,

4 4
E [H H ZZ > H H 31/2 — 3(|Sl|+|SQ‘+|53H’|S4|)/2. (8)
r=14€S, r=1€S5,
Since all coefficients M g are non-negative, we get from (7) and (8) that inequality (6) holds. ]

C Rankwise independent permutations

In this section, we prove the following lemma.

Lemma C.1. If & is a random 4k rankwise independent permutation and |V'| > rkyt?, then for some o* in
the support of &, valz(a*) > AVG + t.

Proof. Let o be a permutation uniformly distributed among all n! permutations. The random variables
valz(«) and ® are identically distributed. Hence,

Var[valz(a)] = Var[®], and | valz(a) — AVG|4 =P — AVG||4.
Observe, that
Var[valz(a*)] = Var[valz(a)], and |[valz(a) — AVG|4 = ||valz(a®) — AV G4,
since for every four predicates 7, ma, w3, m4 € 11, we have
E[m(a")m(a®)] = [m1(a)ma(a)];
Elmi(a®)m(a®)ms(a’)ma(a®)] = E[m(a)m(a)ms(a)ma(a)].

Hence, as in Theorem 3.3, Var[valz(a*)] > |V’|Bx/k and || valz(a*) — AVG||} < 81%Cy| valz(a*) —
AV G||3. Consequently, by Theorem 5.1, Pr(valz(a*) > AV G + t) > 0. This concludes the proof. O

E
E
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D General Framework

D.1 Filtered A-Lattice of Functions

In this section, we generalize the result of the paper to a more general class of constraint satisfaction prob-
lems having a lattice structure. In Appendix E, we show that LP CSPs and valued CSPs with “piece-wise
polynomial predicates” (see Appendix E for the defintion) have a lattice structure.

D.2 Discussion

We note that in our proofs we used only few properties of ordering CSPs. Specifically, in Theorem 4.1, we
showed that all functions in the Efron—Stein decomposition of the basic ordering predicate are in the set

]:c?rd = {Z ¢r($1, - ,xk)qsﬁ(x;l;l'!- axn) } .

Since Fgrd is closed under addition (the sum of any two functions in .Fgrd is in fgrd), we got that all
functions in the Efron—Stein decomposition of the ordering CSP objective ® are also in ]-"C(l’rd. Then in the
proof of Lemma 4.4, we showed that every non-zero function in .Fgrd has variance at least 3 (where [y,
depends only on k), and this was sufficient to get the result of the paper. To summarize, we only used the
following properties of the set of functions }"grd:

A. all functions in the Efron—Stein decomposition of each predicate are in ]:C‘l’rd,
B. ]—"grd is closed under addition,

C. every non-zero function in fgrd has variance at least 3 (for some fixed 3 > 0).

D.3 Filtered A-Lattice of Functions

We now formalize properties A, B, and C in the definitions of A-lattice of functions and filtered A-lattice of
functions. Recall first the definition of a lattice.

Definition D.1. Let V be a finite-dimensional space and L be a subset of V. We say that L is a lattice in V
if for some basis vy, . ..,v. of V, we have L = {Z;ﬂ:l a;vi : ai,...,a, € Z}. We say that vy, ..., v, is the
basis of the lattice L.

Now we define an A-lattice of functions.

Definition D.2. Let (2, i) be a probability space. Consider a set F of bounded (real-valued) functions
f(z1,...,25) on Q; F C Loo(QF). We say that F is an A-lattice of functions of arity (at most) k on Q if it
satisfies the following properties.

1. F is a lattice in a finite dimensional subspace of Lo (2F).

2. If we permute arguments of a function in F, we get a function in F. Specifically, if f € F and 7 is a
permutation of {1,... k} then g(x1,...,2) = f(Tr(1)s- - Tar)) € F.

For an A-lattice F, we write that a function f €gr F if f is in F after possibly renaming the arguments
of f (in other words, f is in F as an abstract function from QO to R).?

2For example, let F be an A-lattice of functions of the form ax1 + bxs where a,b € Z. Then x3 + 5x7 €r F, since after
renaming 3 to 21 and x7 to x2 we get 3 + 5x2, which is of the form ax1 + bxa.
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Clearly, every A-lattice F of functions satisfies property B. Since F is discrete, it also satisfies property C
(we will prove that formally in Claim D.9). We also want to ensure that it satisfies an analog of property A.
To this end, we consider the averaging operator A;, which takes the expectation of a function with respect to
variable x; and require that A; maps every function in the lattice to a function in the lattice.

Definition D.3. Fori € {1,...,k}, let A; be the averaging operator that maps a function f of arity k to a
function A; f of arity k — 1 defined as follows:

Az'f(aflym,ﬂfi—lwwlw--,JUk)=/f($17---,Ik)du($z’)
Q
= Ef(Xl, . ,Xk‘Xl == :L'l,...,Xi,l = 1'2'717X'i+1 = Ti41y--- ,Xk = l‘k)

Definition D.4. We say that a family of sets {F}q (indexed by integer o« > 1) is a filtered A-lattice of
functions of arity (at most) k if it satisfies the following properties.

1. F, is an A-lattice of functions of arity k on ).
2. {Fa}is afiltration: Fo C For fora < o'

3. For every « there exists o, which we denote by o/ = a(«), such that the operator A; maps Fo, to Fo
(for everyi € {1,...,k}).

We remark that {]-'grd} is a filtered A-lattice. We are going to prove that our result for ordering CSPs
holds, in fact, for any constraint satisfaction problem with predicates from a filtered A-lattice.

D.4 General A-CSP(F,, o)

Definition D.5. Consider a probability space (2, ). Let F,, be a filtered A-lattice of functions and oy
is an integer. An instance T of General A-CSP(F,, «q) consists of a set of variables 1, ..., x,, taking
values in ), and a set of real-valued constraints of the form f(x;,, ..., x;, ) where f €r Fqo. The objective
function ®(x1, ..., xy) is the sum of all the constraints. General A-CSP(F,, o) asks to find an assignment
to variables 11, . . . , Ty, that maximizes ®(x1, ..., xy).

We denote the optimal value of an instance Z by OPT' = esssup,, ., cqo ®(z1,...,7,) and the aver-
age by AVG = E[®(X,...,X,)]|, where X1, ..., X, are independent random elements of €2 distributed
according to the probability measure p.

Remark D.1. Note that we follow the standard convention that two functions f,g € Loo(Qk) are equal if
flx1, ... xk) # g(x1,...,2) on a set of measure 0. That is, we identify functions that are equal almost
everywhere. Accordingly, we define OPT as the essential supremum of ®: OPT is equal to the maximum
value of M such that

Pr(®>M-—¢) >0,

for every e > Q.
We prove a counterpart of Theorem 3.3 for the General A-CSP problem.

Theorem D.6. There is an algorithm that given an instance of General A-CSP(F, k, o) and a parameter
t, either finds a kernel on at most kt? variables (where K depends only on the filtered A-lattice {F,} and
numbers k, o) or certifies that OPT > AV G + t. The algorithm runs in time O(m + n), linear in the
number of constraints m and variables n (the coefficient in the O-notation depends the filtered A-lattice
{Fa} and numbers k, o).

We assume that computing the sum of two functions in F,, requires constant time and that computing
A, f requires constant time (the time may depend on o).
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We first prove analogues of Theorem 4.1 and Corollary 4.2 for General A-CSP.

Lemma D.7 (cf. Theorem 4.1). Consider a probability space (X2, 1) and a filtered A-lattice { F}. For every
«, there exists & so that the following holds. For every f € F, and every S C {1,...,k}, fs € Fa.

Proof. Let ag = a, a1 = a(ap) (where a is as in the definition of a filtered A-lattice), as = a(aq), and so
on; o = a(a;—1). Let & = max;e(o,. k) ;. Consider a function f € F, andasetT C {1,...,k}. By (3),

fer =B [f(X1,...,X,) all X; withi € T].
Denote the elements of {1,...,k} \T' by ¢; < --- <i; (wheret = k — |T'|). Note that
fer = A Aiy ..  Ai f € Fo, C Fa,
by the definition of a filtered A-lattice. Now by (4),

fo =Y (—1)S\ e,

TCS

Since Fj is a lattice and fg is a linear combination, with integer coefficients, of functions fc7 (all of which
are in Fg), fg is in Fg. O

Since the set of functions F is closed under addition, we get that for every General A-CSP(F,, «)
instance Z with objective function ®, all functions ®g are also in Fj.

Corollary D.8 (cf. Corollary 4.2). Consider a probability space (), 1) and a filtered A-lattice {F,}. Let

T be an instance of General A-CSP(F,, «g) and let O be its objective functions. Then for every subset

S CA{1,...,n} of size at most k, g € Fa, for every subset S of size greater than k, &g = 0.
Furthermore, the Efron—Stein decomposition {®g} of ® can be computed in time O(m).

D.5 Compactness Properties of Filtered A-Lattices
We now prove counterparts of Claim 4.3 and Lemma A.1 for General A-CSP.

Claim D.9 (cf. Claim 4.3). Consider a probability space (2, 11). Let F be an A-lattice of functions of arity k
on §. There exists a positive number (3 such that for every function f € F, E [fz] =E [f(Xl, ceey Xk)Q] >

8.

Proof. Let fi1,..., f, be the basis of lattice . Consider the linear span ) of functions fi,..., f, (the
set of all linear combinations with real coefficients). Vector space () is finite dimensional. Let Q1 =
{>_ a;fi : max; |a;| = 1}. Note that ()1 is a compact set. All functions in )1 are non-zero (since f1,. .., f;
are linearly independent), and, therefore, E [gz] > Oforevery g € Q1. Since ()1 is compact, minge, E [gQ] =
inf e, E [gQ] > 0. Denote 3 = mingeq, E [92].

Now consider a non-zero function f € F. Write f = >_._, a; f;. Let M = max; |a;|. Since f # 0 and
all coefficients a; are integer, M > 1. Note that f /M € Q1. We have,

E[f*] = MPE[(f/M)*] = BM* > B,
as required. O

Lemma D.10 (cf. Lemma A.1). Consider a probability space (X0, ). Let F be an A-lattice of functions of
arity k on ). There exists a constant C such that the following holds. Let f1, fa, f3, f1 be functions of arity
at most k; each of them depends on a subset of variables {x1, . .., xy}. Assume that fi, fa, f3, f5 €Er F (see

Definition D.2). Then
1/2

Elfifofsfd < C(E[fF]E[f3] E[f5] E[f7])
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Proof. Each function f; depends on at most k variables among 1, . . ., £,,. So without loss of generality, we
may assume that they depend on a subset of x1, ..., x4. For every subset T of {x1, ..., x4} of size k, let
FT) be the set of functions f that depend only on variables in 7 such that f € F. Let Q) be the linear
span of F(T). Since F is finite dimensional (by the definition of an A-lattice), all vector spaces Q™) are
also finite dimensional. Finally, let Q be the set of all functions of 1, . .., x4 of the form ) . f (), where
the summation is over all subsets of x1, ..., x4 of size k, and f (T) ¢ F(T), Note that Q is also a finite
dimensional vector space of functions.

Now let Q1 = {h € Q: ||h|l2 = 1}. Note that Q; is a compact set. Therefore, the continuous function
W (g1, 92, 93, 94) = E [g1929394] is bounded when g1, g2, g3, g4 € Q1. Denote its maximum by C.

Let g; = fi/|| fill2- We have,

4 4 1 1
Hfi] =E [ng] Tl < € - Tl
=1 i=1 =1 =1

as required. O

E

D.6 Variance of A-CSP Objective
We now prove a counterpart of Theorem 4.5 for General A-CSP(F,, k, o).

Lemma D.11 (cf. Theorem 4.5). Consider a probability space (2, pv). Let {Fo} be a filtered A-lattice and
o be an integer. There exists a number 3 > 0, which depends only on {F,} and o such that the following
holds. Let T be an instance of General A-CSP(F,, ag) and o be a parameter. Either T has a kernel on at
most (k/B)o? variables or Var [®] > o2. Moreover, there is an algorithm that either finds a kernel on at
most (k/B)a? variables or certifies that Var [®] > o2, The algorithm runs in time O(m +n), where n is the
number of variables and m is the number of constraints.

Proof. Let & be as in Lemma D.7. Since Fj is an A-lattice, by Claim D.9, there exists 5 > 0 such that
|| fl3 > §3 for every non-zero f € F5. Note that 3 does not depend on n and ¢.

Consider the Efron—Stein decomposition of ®. Let V' = (Jg.4, 0 {zi : i € S}. Function ¢ depends
only on variables in V’. Therefore, the restriction of Z to variables in V" is a kernel for Z. Let v = |V'|. If
v < (k/B)o?, then we are done. So let us assume that v > (k/3)o?. There are at least v//k non-empty sets
S with &g # 0 since each such set S contributes at most k variables to V'. Note that E [®g] = 0 for S # &
and hence Var [0g] = E [®%]. Since g € Fa, Var [Pg] = E [®%] > B, if g # 0 and S # . We have,

Var[] = ) Var[®s] > [{S # &: &5 # 0} |6 > (v/k)B > 0”,
S

as required.

Note that we can compute the Efron—Stein decomposition of ® in time O(m + n) and then find the set
V'in time O(m + n). If |V’| < (k/B)o?, we output the restriction of Z to V/ (which we compute in time
O(m + n)). Otherwise, we output that Var [®] > o2, O

D.7 Proof of Theorem D.6

We are ready to prove Theorem D.6.

Proof. Let 3 be as in Lemma D.11 and C be as in Lemma D.10. Let 02 = 4 - 81*Ct2. Denote f =
¢ —E[®] = & — AVG. Note that esssup,con f(z1,...,2,) = MAX — AVG.

By Lemma D.11, either Z has a kernel on at most (k/3)o? = (4-81%-kC/ )t variables or Var [f] > o2.
In the former case, we output the kernel, and we are done. In the latter case, we show that OPT — AV G > t.
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Assume that Var [f] > o2. By Theorem 1.4 and Lemma D.10, | f||{ < 81*C||f||3. By Theorem 5.1,
Pr (f >o/(2- 9’“\/5)) > 0, and hence MAX — AVG > o /(2-9*VC) > t.
The algorithm only executes the algorithm from Lemma D.11, so its running time is O(m + n). O

E Piecewise Polynomial Predicates

In this section, we present an interesting example of a filtered A-lattice, the set of piecewise polynomial
functions. As a corollary, we get that the problem of maximizing the objective over average for a CSP with
piecewise polynomial functions is fixed-parameter tractable.

Definition E.1. Let us say that a subset P of [—1,1]* is b-polyhedral if it is defined by a set of linear
inequities on 1, ..., Xy, in which all coefficients are bounded by b in absolute value. In other words, P is
a b-polyhedral set if for some t there exist a k X t matrix A and vector ¢ (with t coordinates) such that
P = {x: Az < c} (here, the inequality Ax < c is understood coordinate-wise), and every entry of A and
coordinate of ¢ is bounded by b in absolute value. We denote the indicator function of a polyhedral set P by
Ip.

Definition E.2. We denote the set of polynomials f(x1, ..., xy) with real coefficients of degree at most d by
R<glzi, ..., zk]; we denote the set of polynomials f(z1,. .., xy) with integer coefficients of degree at most
d by ng[:cl, ve ,xk}.

Definition E.3. We say that a function f(x1,...,xy) : [~1, 1] — R is piecewise polynomial on polyhedral
sets or (d, b)-PPP if f is the sum of terms of the form g(x1, ..., v ) p(z1, ..., x), where g € L<g[z1, . .., 2]
and P is a b-polyhedral set.

We note that every (d, b)-PPP function can be written in the following “canonical form”. Consider all
hyperplanes in R* of the form (a, z) = c, in which a, ¢ € {—b, ..., b}". They partition [—1, 1] into polyhe-
drons. We call these polyhedrons elementary polyhedrons and denote the set of all elementary polyhedrons
by Peiem- Note that each b-polyhedral set is a union of elementary polyhedrons. Thus we can write every
(d, b)-PPP function f as follows:

f(xla"'uxk): Z Ip(xl,...,x'k)gp(wl,...,xk), (9)
PePeiem
where gp € Z<g[x1, ..., xL].
Theorem E.4. Let Q) = [—1,1] and p be the uniform measure on [—1, 1]. Let

Fo ={f:(alf)isan (o, «)-PPP function of variables x1, . .., xy} .
Then F, is a filtered A-lattice of functions.

Proof. First, we prove that each set F, is an A-lattice. It follows from (9) that F, is a lattice with basis
Ip(x1,...,28)g(21,. .., 2) /!, where P € Pejep, and g(x1, ..., x) is a monomial of degree at most «
(i.e., g is of the form z7* .. .:E’I;’“). Since every monomial g is bounded on [—1, 1]”“, every basis function is
bounded, and, therefore, all functions in F,, are bounded. The definition of F, is symmetric with respect to
x1, .. .,Tk, hence if we permute the arguments of any function f € F,, we get a function in F,.

Now we show that F, is a filtered A-lattice. The inclusion F, C F, for o < o/ is immediate. It
remains to show that for every « there exists o’ such that A; maps F, to F/. Leta = (20‘;) and o/ = a®*!

(we note that, in fact, we can choose a much smaller value of o'; however, we use this value to simplify the
exposition). Observe that all integer numbers between 1 and « divide a.
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It is sufficient to prove that A; sends every basis function

flxy, ... x) = Ip(x1, ... xp)g(x1, ... k) /!

to F,. Moreover, since the set of functions F, is invariant under permutation of function arguments, we may
assume without loss of generality that ¢ = k. Denote g = x’il . x};’“, where 1 + ...7 < «a. Consider the
set of linear inequalities L that define polyhedron P. All coefficients in each of the inequalities are bounded
by « in absolute value. Let Lq be those inequalities that do not depend on x;, and L, be those that do depend
on x;. We rewrite every inequality in L as follows. Consider an inequality in L. Let A be the coefficient
of z, in it. We multiply the inequality by a/A € Z, and if A < 0, we change the comparison sign in the
inequality to the opposite. Finally, we move all terms in the inequality other than axj, to the right hand side.
We get an equivalent inequality of the form either axy > I(1,21,...,2_1) or axy < u(l,z1,...,T5_1),
where [ and w are linear functions with integer coefficients bounded by «a in absolute value. Denote the
inequalities of the form azy, > I(1,z1,...,25_1) by

axp > L(1, 21, ..., 2p-1), az, > lo(1, 21, ..., 2p—1), ... axk > L(1, 21, ..., 2p—1),
and the inequalities of the form axy < u(1,z1,...,25_1) by
ary < U1(1,x1, R ,xk_l),a:ck < uQ(l,ml, C ,xk_l), o arE < uq(l,xl, R ,:Ek_l).
Let My be the set of points & = (x1,...,xy) suchthat iy (xy,. .., xx) = Lin(x1, ..., 25) oruj (21, .., 28) =
wjn (1, ..., x) for some j' # j”. Note that My has measure 0.

Define pg polyhedrons P}, j, in R¥=1. For j; € {1,...,p} and j2 € {1,...,q}, let P}, be the polyhe-
dron defined by the following inequalities:

1. all inequalities in Ly,

2. inequality I, (1, z1,...,25-1) < uj(1,21,...,25-1),
3. inequalities [;(1,z1,...,z5—1) <lj (1,21,...,25_1) forevery j # ji,
4. inequalities u;(1, 1, ..., 25—1) > uj,(1,21,...,25_1) for every j # jo.

Inequalities in items 2—4 are equivalent to the following condition (except for points in My):

m]axlj(l,xl, o xp—r) =l (L, xpmr) <ug,(lxn, . xpm) = mjinuj(l,wl, ooy xp—1). (10)

Note that if (z1,...,z) € P\ My then (x1,...,25_1) € P}, for

Jj1 =argmax/l;(1,z1,...,25-1) and jo = argminu;(1,z1,...,Tk_1).
J J

Also note that polyhedrons P;, ;, are disjoint. Now let

1
hj o (x1,. . Tp—1) = Sl (1) (wjy (L1, .oy ap1) P =1 (L2, . mpmg) ™ T2 L2l
Let 2’ = (21,...,7_1) be a point in [~1, 1]*~1. Consider two cases.
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Case 1. First, assume that 2’ € P;, ;, for some j; and j». Then

1 1
Aef) = 5o / (o gl o

The point (x1,. .., zy) satisfies all inequalities in Lg since ' € P;,;,. Hence, Ip(x1,...,x;) = 1 if and
only if it satisfies all inequalities in L1, which are equivalent to

maxlj(1,21,...,25-1) < axp < minwu;(1,2q,...,25-1).
J J
Combining this with (10), we get that Ip(x1,...,z,—1) = 1 if and only if

1

Tk € [ljl(l, Tl Tp—1), —Ujp (1, 21,. .., 2p_1)
a a

Therefore,

1 Ujy (1,21, Tp—1)/a
Apf(2) / otk dry,

2a! Ly (1,z1,.,x—1)/a
1

B +1 +1 Tk—1
- 2a!aTk+1(7"k + 1) (u]é(lv Zi, ... 7xk—1)Tk - lj1(1’ L1, 71%_1)7’1@ )l‘;l s T
/
= hjuja (27)-
Case 2. Now assume that 2’/ ¢ P} ;, for every j; and jo. Then there is no xj, such that (z1,...,2) €

P\ M. Therefore,

1

1 1
Akf(wl) / Ip(xl,...,xk)g(ml,...,xk)dxk =

_ 1 — [ 0-g(zy,... zp)dep = 0.
20! 1 20! . g(g}l? awk) Tk

(The equality holds on a set of full measure; see Remark D.1.)
We conclude that
Ak‘f(x/) = Z IlejQ Ry o (x/)
1,52
All coefficients in the inequalities that define P}, ;, are bounded by 2a.a in absolute value, and 2ala™ 1 (r), +
1)h(z') € Z<qr1. Therefore, 2ala™ 1 (ry, +1) Ay f is an (a+ 1, 2ca)-PPP function. Thus Ay f € Fpr. O

From Theorems D.6 and E.4, we get the following corollary.

Corollary E.5. For every k, d and b, there is an algorithm that given an instance of a constraint satisfaction
problem on n variables x1, . . ., ,, with m real-valued constraints, each of which is a (d, b)-PPP function of
arity k, and a parameter t, either finds a kernel on at most kt> variables or certifies that OPT > AV G +t.
The algorithm runs in time O(m + n). (The coefficient k and the coefficient in the O-notation depend only
onk, d, andb).

Proof. Let a = max(d,b). We apply Theorem D.6 to filtered A-lattice F,, from Theorem E.4 and get the
corollary. ]

Since every constraint in a (k, b)-LP CSP problem is a (0, b)-PPP function of arity & (see Definition 1.5),
we get the following corollary.
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Corollary E.6. For every k and b, there is an algorithm that given an instance of (k,b)-LP CSP either finds
a kernel on at most kt? variables or certifies that OPT > AV G + t. The algorithm runs in time O(m + n)
(The coefficient k and the coefficient in the O-notation depend only on k and b).

Remark E.1. Note that for an instance of (k,b)-LP CSP, we have

OPT = max O(x1,...,2n) = esssup P(zq,...,3y),
1,5, 2n €[—1,1] Z1yeeyTn €[—1,1]

since all LP constraints are strict. If we were to use non-strict “less-than-or-equal-to” and “greater-than-

or-equal-to” LP constraints, we would have to define OPT as esssup,, . e[-1,] O(x1,...,2p), and
not as maXy, . z,e[-1,1] ®(21, ..., xy), since, in general, esssup,, o, cr-1,1) P(21, ..., xy) might not be
equal to maxy, . . c(—11] ®(T1,...,2n). For example, consider an instance of (2,1)-LP CSP with two

constraints x1 < xo and ro < x1, we have

OPT = esssup D(xqy,...,2,) =1,
1,y n€[—1,1]

but

max O(x1,...,2n) = 2.
T, ®n €[—1,1]

(The maximum is attained on a set of measure 0, where x1 = x3.)
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