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Abstract

I study various cooperation phenomena on di�erent network topologies. To these belong

synchronization of Kuramoto oscillators, entrained by pacemakers; evolutionary algorithms on

spin systems, reinterpreted as an approach to social balance or as the solution of optimization

problems in computer science; and the inuence of enforced synchronization in the updating

procedure of algorithms. In the case of synchronization of oscillators, my results allow the

prediction of whether a pacemaker is able to entrain a given set of oscillators, depending

on their number, their coupling strength and their connections. Furthermore, I use spin

dynamics to establish a mapping between an approach of social balance and the solution of a

special optimization problem, called the XOR-SAT problem in the context of computer science

(XOR refers to the logical operator and SAT stands for satis�ability). In the language of spin

dynamics, the equivalence of both problems becomes evident. Along with these cooperation

phenomena and from the statistical-physics point of view, I observe phase transitions between

active and absorbing states or di�erent absorbing states in systems out-of-equilibrium. The

time to reach these stationary states also turns out to depend on the system size in a

characteristic way. Where these phase transitions are of the second order, I identify the

universality class by measuring their critical exponents and checking the hyperscaling relations.

For the spin dynamics on a triangular lattice, I �nd in this way a new universality class, while it

turns out to be the known universality class of parity conservation for the transition between

synchronous and asynchronous updating schemes. In general, my out-of-equilibrium processes

show a sensitive dependence on the network topology that is varied between various regular,

diluted random, and fully connected versions.





Preface

This thesis studies cooperative phenomena in dynamical models de�ned on various topolo-

gies of complex networks. The contents of the thesis is based on six articles published in

international journals of physics:

Paper I S.H. Yook, F. Radicchi and H. Meyer-Ortmanns

Self-similar scale-free networks and disassortativity

Physical Review E 72, 045105(R) (2005)

Paper II F. Radicchi and H. Meyer-Ortmanns

Entrainment of coupled oscillators on regular networks by pacemakers

Physical Review E 73, 036217 (2006)

Paper III F. Radicchi and H. Meyer-Ortmanns

Reentrant synchronization and pattern formation in pacemaker-entrained

Kuramoto oscillators

Physical Review E 74, 026203 (2006)

Paper IV F. Radicchi, D. Vilone, S. Yoon and H. Meyer-Ortmanns

Social balance as a satis�ability problem of computer science

Physical Review E 75, 026106 (2007)

Paper V F. Radicchi, D. Vilone and H. Meyer-Ortmanns

Universality class of triad dynamics on a triangular lattice

Physical Review E 75, 021118 (2007)

Paper VI F. Radicchi, D. Vilone and H. Meyer-Ortmanns

Phase transition between synchronous and asynchronous updating algorithms

Journal of Statistical Physics, in press (2007)

In this thesis I will refer to these papers by their Roman numerals. They will be reported

in chronological order according to their date of publication.



This thesis represents my own contribution to the study of the novel �eld of complex networks

in connection with phase transitions, a topic with a long tradition in statistical physics. As

with any thesis in natural science, the present one is also specialized to a narrow subject. This

is unavoidable in order to reach results of a certain signi�cance, but makes it also di�cult for

non-specialists to enter the topic and evaluate the results. Nevertheless, I tried to make the

content of this thesis understandable to scientists as much as possible, giving concise and

intuitive introductions to every topic and leaving more specialized explanations to the papers.

Filippo Radicchi

Bremen, May 2007
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Introduction

Much interest of the scienti�c community in the analysis of complex networks recent years

revealed. The concept of networks as sets of many interacting units is used in many di�erent

disciplines, ranging from physics to mathematics, from biology to psychology, from social

science to computer science. Natural and arti�cial systems in fact o�er a large variety of

networks: technological networks (like the Internet), information networks (like the World

Wide Web), biological networks (like protein interaction networks and genetic networks),

social networks, economic networks, etc. Statistical physics provides the glue among all

these di�erent disciplines. An analysis with tools proper of statistical physics reveals that

many real networks have several common topological features: this result is amazing since all

these systems, coming from di�erent disciplines and therefore apparently not related, have

unexpected analogies.

The study of networks began in the middle of the 1960s. Social scientists were the �rst to be

interested in networks. At roughly the same time, mathematicians started to study networks

in a more formal way, considering networks as discrete geometrical objects. Nevertheless,

the study of networks had a big increment since the end of the 1990s. The \boom" in the

use of computers was essential for two main reasons. First, it was possible to collect a great

deal of data describing the topologies of real systems and store them in public and freely

accessible databases. Second, the high computational speed of modern computers allowed

a fast and fruitful analysis of these datasets. In this context, statistical physics revealed its

utility for understanding the properties of real networks. Statistical physics is in fact the

discipline which studies many particles systems and therefore all the mathematical methods

and tools developed in the context of statistical physics are also extremely appropriate for

the study of networks. Soon the attribute \complex" was assigned to networks, understood

in the sense that non-trivial topological and often dynamical features may arise from simple

local properties or rules.

The study of statistical physicists at the beginning focussed on the topological properties of

networks. Networks were studied as purely geometrical objects without paying attention to

their particular functions or dynamics. More recently, the interest of scientists moved to the

1
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study of dynamical properties of networks. Natural and arti�cial systems are not just static

objects: every unit has its own dynamics that is a�ected by the underlying complex network

of interactions. The study of the dynamical properties of a network is therefore needed for a

more complete knowledge of the system associated with the network itself. Often, the global

dynamics of the whole system strongly depends on the underlying network of interactions:

the same local dynamical rules de�ned on two di�erent networks of interactions may lead to

two completely di�erent global features; even di�erent local dynamical rules de�ned on the

same network of interactions can lead to similar behaviors.

The present thesis is a contribution to this �eld of research. I followed the same historical

path of the scienti�c community, in the sense that I �rst studied some topological properties

of real networks and then specialized my attention on the study of dynamical systems de�ned

on networks. All the results obtained are new and interesting. All of them have been accepted

for publication in international journal of physics. In this thesis, I decided to report the results

in their original formulation, therefore the thesis is essentially a collection of papers.

The thesis consists of two main parts. The �rst part, chapters 1 and 2, is a general intro-

duction to speci�c topics of statistical physics on which the arguments of the second part

are based, which are reported in chapters 3, 4, 5 and 6.

In chapter 1, I introduce complex networks, illustrated with concrete examples of real net-

works with complex features, describing the mathematical background needed for the study

of networks. In chapter 2 I give a short and basic description of phase transitions. Phase

transitions are a frequently discussed topic of statistical physics with a huge range of appli-

cations. The results of the present thesis mainly concern phase transitions on networks and

phase transitions for dynamical systems on networks. Therefore, the reader needs the general

introduction to this topic of chapter 2 to understand the rest of the thesis.

The second and original part of the thesis starts from chapter 3 on. In this part, each chapter

is organized in the same way, with a short preamble to the topic of the chapter itself followed

by my original papers on the same topic. The aim of the introductions to each topic is not

to give full and self-contained knowledge about all the background of the topic itself, since

this would go beyond the scope of the thesis, but should be considered as guidelines for the

reader in order to understand my papers. In particular, in chapter 3 I study a novel topolog-

ical property of real networks: the fact that some of them have fractal dimensions and are

self-similar. I therefore talk about fractals in general and then specialize to the de�nition of

fractal networks. I conclude the chapter by reporting Paper I [165] . In chapter 4 I consider

dynamical systems on networks. Each unit of the system is an oscillator and I study the

conditions which allow a coherent behavior of the whole system. The �rst part of chapter 4

is therefore an introduction to synchronization, in particular to models representative of the

2
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phenomenon of collective synchronization. Paper II [120] and Paper III [121] are my own

contributions to this �eld of research. In chapter 5 I study another type of dynamical system

on networks. I present a model that retains some basics features of networks of social rela-

tionships. The chapter starts with an introduction in which I show how the interest in this

model is shared by di�erent disciplines like social science, mathematics, physics and computer

science. I then report in Paper IV [124] and Paper V [123] my own contributions. Finally

in chapter 6, I conclude with the last topic analyzed during this thesis. I investigate the

role of the updating scheme in numerical simulations for dynamical systems. I approach the

problem in its simplest formulation, showing nevertheless how even in a very simple dynamics,

non-trivial features can arise. I close the chapter with Paper VI [122] .

I conclude the thesis with two appendices, A and B. In appendix A, I perform some analytical

calculations not reported in detail in any of the papers cumulated in this thesis. In appendix B,

I give exact prescriptions regarding the numerical implementations of all the models studied

in my papers. This appendix may be of interest to those who would like to reproduce my

numerical measurements and for further applications or extensions of my results.

3





Chapter 1

Complex Networks

Introduction

The structural properties of a huge class of real systems can be studied by describing them as

networks. One uses the word \network" to describe an ensemble of many interacting units:

the most natural way to visualize a network is to draw the units as vertices and the interaction

between two points as an edge or a line that connects them [see for example Figure 1.1]. But,

in spite of the simplicity of this kind of description, these systems are complex when their

many elementary interactions between units generates non-trivial topological and dynamical

features. For this reason one refers to them as complex networks.

One of the main reasons for the recent increased interest of the scienti�c community in

networks is motivated by the universality of this kind of description. One can speak about

networks in physics, biology, social science , also in information science , as well in chemistry

and technology. A very interesting result of this intensive study is the fact that many of these

real networks have common topological properties, despite their completely di�erent range

of applications.

This chapter is organized as follows. I start with a short section [section 1.1] in which I

describe concrete examples of natural systems that can be easily described as networks. I

then start with the mathematical description of networks in terms of graphs [section 1.2].

The possibility of viewing a network as a graph allows to introduce in section 1.3 some basic

quantities which allow to describe statistically the topological properties of real networks as

reported in section 1.4. In section 1.5 I briey describe the most prominent models of networks

proposed by the mathematical and physical communities in order to explain the topological

features of real networks. Finally, in section 1.6 I introduce networks as dynamical systems.
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Figure 1.1: Internet Map, colored by IP address, of 29 June 1999 (By William R. Cheswick ,

http://www.cs.bell-labs.com/ ches/map/index.html).

1.1 Real Complex Networks

Despite the fact that the study of complex networks is quite a recent topic, the topological

properties of a large amount of natural systems have already been studied describing them

as networks. Examples of real networks can be found in several di�erent scienti�c disciplines.

In this section I will give a short list of these real networks. The examples of real networks

reported here are organized in di�erent subsections referring to their origins: among the real

networks I will distinguish between social networks [subsection 1.1.1], information networks

[subsection 1.1.2], technological networks [subsection 1.1.3] and biological networks [subsec-

tion 1.1.4]. The aim of this list is just to motivate the importance of the study of complex

networks; therefore, the following will not be a complete list. An interested reader can �nd
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CHAPTER 1. COMPLEX NETWORKS

more complete lists of analyzed real-world networks in reviews such as [3, 40, 105].

1.1.1 Social Networks

Chronologically, social science was the �rst discipline interested in networks. A social network

is a set of people with some set of contacts or social relationships between them. Several

examples can be taken out of the context of social networks. Historically important, since

it was the �rst social network of a large dimension to be studied, is the social network

analyzed by S.Milgram and J.Travers at the end of the 1960s [94, 152]: a network based on

archives of the American mail delivery system, where two persons are connected if they have

communicated via at least one letter. Other social networks have been studied recently in the

context of statistical physics. For example, the actor network [8], based on the \Internet

Movie Database1", where each vertex of the network is an actor and two actors are connected

if they have played together at least during one movie. Another well studied type of social

network is the so-called collaboration network [37, 52, 102, 103]: these networks use the

information stored in the electronic databases on scienti�c publications, where each author

is a vertex and two authors are connected if they have written a paper together.

1.1.2 Information Networks

Another category of real networks is given by the information networks (sometimes also

called \knowledge networks"). Networks belonging to this category are represented by the

citations networks [128]. These networks are again based on scienti�c publications but now

each vertex of the network is given by a paper, while two papers are directly connected if one

of the two papers cites the other. To this category also belongs the most famous example

of real complex network: the World Wide Web, a network of web pages directly connected

by hyperlinks. Due to the huge dimensions of the network, only small portions or domains of

the World Wide Web have been studied in [6, 7, 25]. Semantic networks also belong to the

category of information networks [39, 67]. Human language can be represented as a network

in the following way: each word is a vertex of the network, while two words are connected

either because they are neighbors in a text or because they have a similar meaning.

1.1.3 Technological Networks

A big category is represented by the technological networks, that is by the networks physically

made by humans. To this category belong power grid networks [159, 158, 8], road net-

1http://imdb.com
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works [72], water-pipe networks, airline [8, 12] and railway transportation networks [136],

etc. The most studied technological network is the Internet, the network of computers phys-

ically connected by wires and wireless connections. The extremely large number of computers

belonging to the Internet prohibits a complete study of this network. At the moment, only the

highest level of representation of the Internet, the autonomous system network, has been

studied [44]. Each autonomous system is a provider and stands as a local and independent

group of computers connected to the Internet.

1.1.4 Biological Networks

Several biological systems can be represented as networks. One example is the metabolic

pathways, where each vertex is a substrate or a product of a metabolic reaction. Of course,

in these networks the edges have a proper direction (i.e., substrates ! product) [69]. Other

examples of biological networks are the protein folding networks [68]. Each vertex is a

speci�c folding state of a protein and two vertices are connected if the protein can pass

between the two folding ways via simple elementary movements. Also, genetic regulatory

networks belong to the category of biological networks [45, 53, 82]. The expression of a gene,

or better the production of the protein for which the gene codes, can be controlled by the

presence of other proteins, both activators and inhibitors. Therefore, the genome itself forms

a switching network with vertices representing proteins and directed connections standing for

the dependence of protein production on the proteins at each vertex. The food webs are

another type of biological network [65]. An ecosystem can be represented as a network where

each organism (animal or plant) can be predator or prey. Directed connections of the type

predator ! prey are present in food webs. Finally, neural networks clearly belong to the

category of biological networks [160, 159]. Here the neurons are assigned to the vertices and

the synapses to the edges connecting the neurons.

1.2 The Graph

From a mathematical point of view, a network is described as a graph. A graph G is a pair

of sets G = (E; V ). E is a set of vertices, often called nodes or units. V is a set of pairs of

nodes belonging to G. The elements of E are called edges, but often arcs or links. A graph

has a simple representation [see Figure 1.2(a)]. Each node of the graph can be drawn as a

dot, while a link connecting two nodes as a segment between the two respective dots. If in a

graph G there are two nodes i 2 V and j 2 V and a link (i ; j) 2 E, the nodes i and j are called
adjacent or simply connected. In particular, the nodes i and j are said to be incident on the

8



CHAPTER 1. COMPLEX NETWORKS

(a) Graph (b) Subgraph

Figure 1.2: (a) A graph composed of N = 7 nodes and L = 10 edges. (b) One possible subgraph of

the graph in (a). This subgraph is composed of N = 5 vertices and L = 5 links.

arc (i ; j). Moreover, one can say that the nodes i and j are next neighbors since there exists

a connection (i ; j) between them. This kind of neighbor relation can be simply extended: for

example, if in the graph G there are three nodes i ; j; k 2 V and the two links (i ; j) 2 E and

(j; k) 2 E, but not the link (i ; k) =2 E, the nodes i and k are said next-to-next neighbors.

The total number of nodes present in a graph G is called the size of the graph G and it is

usually denoted by N. The total number of edges in the graph G is usually denoted by L.

All the operations generally de�ned for sets, such as inclusion (�), union ([), intersection
(\), etc., are also valid for graphs. For example, if G and G 0 are two graphs, their intersection
is given by G \G 0 = (V \ V 0; E \ E 0), that is, by the simultaneous intersections between the

sets of nodes and the set of edges. Again for example, given a graph G = (V; E), a graph

G 0 = (V 0; E 0) is a subgraph of G and is denoted by G 0 � G if both the relations V 0 � V and

E 0 � E are valid. All the nodes of V 0 belong also to V and all the links in E 0 are also inside

E: one can simply deduce in this case G \ G 0 = G 0. In Figure 1.2(b) I report one possible

subgraph of the graph reported in Figure 1.2(a).

It is possible to de�ne paths in a graph G [see Figure 1.3(a)]. A path GP represents a way to

go from a node i1 2 G to a node iNP
2 G, passing over other di�erent nodes i2; : : : ; iNP�1 2 G.

A path GP is again a subset of the graph G, GP � G. GP is given by a pair of sets:

GP = (VP ; EP ). In particular VP = fi1; i2; : : : ; iNP�1; iNP
g and EP = f(i1; i2) ; : : : ; (iNP�1; iNP

)g,
with i1 6= ij 6= iNP

, 8 j = 2; : : : ; NP � 1, since all the nodes in the path should be di�erent. In
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(a) Path (b) Cycle

Figure 1.3: (a) A path in the graph of Figure 1.2(a). The path considered here involves the nodes

f1; 3; 4; 5; 6; 7g, denoted as bold circles, and the edges f(1; 4) ; (4; 5) ; (5; 6) ; (6; 3) ; (3; 7)g, repre-

sented by bold lines. The length of the path is 5, since �ve links are involved. (b) Two cycles are

shown, both represented by bold circles and lines. The �rst has length 3 and is composed of the nodes

f1; 2; 6g and the edges f(1; 2) ; (2; 6) ; (6; 1)g. The second one has order 4 and is composed of the

nodes f3; 4; 5; 6g and the links f(3; 4) ; (4; 5) ; (5; 6) ; (6; 3)g.

the special case for which i1 � iNP
, the path is closed and it is called cycle [see Figure 1.3(b)].

The number of links LP � NP belonging to the path GP is called the order or the length

of the path. In a natural way, it is possible to introduce a metrics inside a graph G. Having

assigned a \real length" to each link of the graph G, the real length assigned to each path

is given by the simple sum of the real lengths of all the links belonging to the speci�c path

considered.

When it is possible starting from every node i of the graph G to arrive at every other node

j of the graph G, the graph G is called connected. Sometimes it happens that the graph

G is not connected since the former condition is not valid. In these cases, the graph G is

e�ectively composed by m independent connected subgraphs G1 � G, G2 � G , . . . , Gm � G

, with Gq \ Gr = ; , 8 q 6= r , and G = [mq=1Gq. Each subgraph Gq is called a component

of the graph G, and the component Gq� with the largest size is called the giant component

of G.

The simplest and most often used way to describe the entire topology of a graph G is to

use its adjacency matrix A. A is a square matrix where the number of columns equals the
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number of rows and both are equal to the size N of the graph G. In the simplest case of

unweighted graphs, the generic element Ai ;j of the adjacency matrix A is by de�nition

Ai ;j =

{
1 , if i and j are connected

0 , if i and j are not connected
: (1.1)

If the graph G is undirected, A is a symmetric matrix (Ai ;j = Aj;i , 8 i ; j 2 G). For example,
the graph reported in Figure 1.2(a) has the adjacency matrix

1 2 3 4 5 6 7

1 0 1 0 1 0 1 0

2 1 0 0 0 1 1 0

3 0 0 0 1 0 1 1

4 1 0 1 0 1 0 0

5 0 1 0 1 0 1 0

6 1 1 1 0 1 0 0

7 0 0 1 0 0 0 0

.

The adjacency matrix represents the most compact way of storing all the topological features

of a graph. It should be noted that there are in principle N! di�erent adjacency matrices for

each graph, since there are N! di�erent ordering for the indices of the nodes in a graph of

size N. All the N! di�erent adjacency matrices are equivalent because they always represent

the same geometrical object.

As shown in this section, a network is fully equivalent to a graph. Therefore in the follow-

ing I will use both the words \network" and graph synonymously for indicating the same

geometrical object.

1.2.1 Other Types of Graphs

Up to now I considered for simplicity only undirected and unweighted graphs. By undirected

graphs I mean that there is no distinction between the edges (i ; j) and (j; i), since they stand

for the same edge of the graph. By unweighted I mean that all the edges in the graph have

the same weight or \importance." In real networks or in some speci�c models of graph,

it makes sense to consider the directions and the weights of the links. In the case of

directed networks, the presence of the link (i ; j) does not imply the presence of the reverse

link (j; i). For example, in citation networks [see section 1.1.2] an older paper cannot cite

a newer one. This means that sometimes it is possible to go from i to j , but not from j

to i . The adjacency matrix is therefore no longer symmetric since in general Ai ;j 6= Aj;i . All
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(a) Directed Graph (b) Weighted Graph

Figure 1.4: (a) The arrows assigned to the edges stand for the right direction assigned to the respective

arc. (b) The thickness of one edge is proportional to the weight of the respective link.

the former de�nitions, such as paths, cycles, etc., are also valid for directed graphs. For

example, a path in a directed graph should be a directed walk along the links of the graph.

In the graphical representation, the lines standing now for directed links should also have

an arrow which prescribes the direction that should be followed [see Figure 1.4(a)]. Similar

considerations can be made in the case of weighted graphs. In this case, the generic entry

Ai ;j of the adjacency matrix cannot be just one or zero, but should be a real number wi ;j
standing for the weight of the link (i ; j). An example can be given by a network of pipes for

the transportation of water, where not all the pipes (i.e., links) have the same section (i.e.,

weight). All the former de�nitions such as paths, cycles, etc., do not need to be changed in

the case of weighted graphs. In a graphical representation, a way to distinguish the weight of

each link is to draw the respective link as a line with a thickness proportional to its weight [see

Figure 1.4(b)]. Weighted graphs will be used in chapter 5 and in Paper IV [124] and Paper

V [123] . In this particular case, I quantify a social relationship between two social agents by

assigning to it a weight or a \sign." In this framework, a positive relationship stands for the

social agents being \friends," while the sign of the relationship is negative when the social

agents are \enemies."

12
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1.3 Measures on Complex Networks

As stated before, the adjacency matrix completely describes all the topological features (in-

cluding the eventual direction or weight of the links) of a network. The adjacency matrix does

not represent an object that is easy to handle, since real networks are in general composed

of a large number of nodes and links. For the same reason, the human eye is not able to

understand the topological features of large networks by simply having a look at the graphical

representation of the network. Therefore, several observables that allow more manageable

knowledge of the topology of the networks are introduced. Here I report a list of the quan-

tities that are used mostly in the literature and that tell something about the topological

properties of networks.

1.3.1 Degree of Connections

The simplest quantity that can be measured in a network is the degree of connections. Given

a graph G, it is de�ned as the degree of connections or simply degree of the node i 2 G, the
total number of connections between the node i and all the other nodes j 2 G. In terms of

the adjacency matrix A, the degree of the node i , usually denoted as ki , is simply calculated

as

ki =

N∑
j=1

Ai ;j ; (1.2)

if the network considered is undirected. Given a network, it is therefore possible to de�ne

a degree distribution P (k). P (k) represents the probability that a node, randomly chosen

out of all the possible nodes of the network, has a degree equal to k . In practice, given a

network, one can compute the degree of each node. Then one constructs a histogram: each

column of the histogram refers to a value of the degree and the height of the k-th column

is linearly proportional to the number of nodes with degree k present in the network. After

a proper normalization, the histogram represents the actually measured degree distribution

P (k) of the network. Moreover, one can de�ne the joint probability or degree correlation

P (k; k 0), standing for the probability that two nodes with degree respectively k and k 0 are
connected. In other words, P (k; k 0) represents the probability that one randomly selected

edge of the network has at its ends two nodes with degrees k and k 0 respectively. Later I will
make use of the joint probability in chapter 3 and in Paper I [165] .

In the case of a directed network, one can distinguish between the in-coming degree of the

node i , inki , and the out-going degree of the node i , outki . Clearly inki =
∑N

j=1 Aj;i is the

total number of connections that from the other nodes of the network come to i , while
outki =

∑N
j=1 Ai ;j is the total number of connections that go from i to other nodes of the
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network. Therefore, in case of a directed network one can de�ne in-coming and out-going

degree distributions indicated by P
(
ink
)
and P ( outk), respectively. Also in this case it

is appropriate to consider degree correlations. There are several choices: P
(
ink; outk

)
,

the probability that a node with an in-coming degree ink has an out-going degree outk ;

P
(
ink; ink 0

)
, the probability that a node with an in-coming degree ink is connected to a

node with an in-coming degree ink 0 ; etc. In the case of weighted networks, one should

talk not only about the degree of connections of the node i , but also about the strength

of connections of the node i : si =
∑N

j=1 wi ;j . Again in this case it makes sense to de�ne

the strength distribution P (s) in analogy to the degree distribution so far de�ned. I do not

repeat the de�nitions, but it should be clear that for the strengths one can also de�ne strength

correlations.

1.3.2 Distance and Diameter

Given a graph G and two nodes i and j belonging to G, one indicates with `i ;j the length

of the shortest path or the distance between the nodes i and j . The de�nition of distance

between two nodes in a graph is clearly identical to the de�nition of distance between two

points in a standard Euclidean space, where the distance is e�ectively de�ned as the length

of the segment (i.e., the shortest path) that connects the two points. In directed graphs

in general one should have `i ;j 6= `j;i ; in a unweighted graph, as already stated, `i ;j = 1 for

any existing link (i ; j) in the network, so that the distance between two nodes corresponds

to the number of links belonging to the shortest path connecting them; in a weighted graph,

as stated before in section 1.2.1, one can de�ne `i ;j = 1= jwi ;j j for any link (i ; j) and also

calculate the distances according to this de�nition. In the literature, the distance between

two nodes in a graph is usually called geodesic distance or simply geodesic. Two nodes that

are at distance ` = 1 are called next neighbors or simply neighbors, two nodes at distance

` = 2 are called next-to-next neighbors, and so on. It should be noted that a graph can be

composed of several disconnected components. In this case there are no paths between two

nodes belonging to two di�erent components by de�nition of the component [see section 1.2].

For convenience the distance between two unreachable nodes is set to be in�nite.

Having de�ned the distance between two nodes in a graph, it is obvious how to de�ne the

average distance between all the pairs of nodes in the graph, namely

h`i = 2

N(N � 1)

∑
i>j

`i ;j : (1.3)

The inverse of the normalizing factor N(N � 1)=2 appropriately counts the total number of

di�erent pairs of nodes that one can �nd in a graph of size N. Moreover, one can de�ne
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several other measures. For example, it is possible to mix the notions of degree and distance in

a distance-dependent degree correlation P [k; k 0 (`)], standing for the probability that a node

with degree k has to be at distance ` from a node with degree k 0. For ` = 1, P [k; k 0 (`)]
clearly reduces to the former introduced degree correlation between nearest neighbors [see

section 1.3.1].

The quantity

d = max
i ;j2G

`i ;j ; (1.4)

that is the maximum value of all the distances between pairs of nodes in the graph G, is called

the diameter of the graph G. Again, the de�nition of the diameter of a graph is analogous

to the one in Euclidean space: the diameter of a circle is the maximal distance between all

pairs of points lying on that circle.

1.3.3 Clustering Coe�cient

Given a node i with a degree ki in an undirected and unweighted network, there are exactly
ki (ki�1)

2
possible couples of nodes directly connected to the node i . Two nodes j and q

connected to the i-th node [Ai ;j = 1 and Ai ;q = 1] are not generally connected with each

other [Aj;q can be zero or one]. Call yi the total number of these couples that are actually

connected: yi =
∑

j;q Ai ;jAi ;qAj;q. One de�nes as a clustering coe�cient of the node i the

ratio

Ci =
yi

ki (ki�1)
2

: (1.5)

By de�nition one has 0 � Ci � 1. Ci stands for the probability that two nodes, randomly

chosen out of all the nodes connected to the node i , are connected with each other. Again,

from the knowledge of the clustering coe�cient of all the nodes of a network, it is possible

to de�ne a probability distribution P (C) and to eventually construct clustering coe�cient

correlation functions. The average value of the clustering coe�cients over all the nodes of

the network,

hCi =
1

N

N∑
i=1

Ci ; (1.6)

is in general said to be simply the clustering coe�cient of the network.

E�ectively, Eq.(1.5) represents the density of triangles [or triads as I call them in section 5.1.1]

attached to the node i . A more appropriate way to indicate it would be C
(3)
i instead of simply

Ci , because Eq.(1.5) actually de�nes the clustering coe�cient of the third order for the node

i . There is nothing that prohibits considerations of di�erent local cyclic structures instead

of cycles of order 3 [17, 18]. In principle, one can de�ne the clustering coe�cient for every
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cycle of order g in the same way as it was done so far for triangles. Therefore, one de�nes

the clustering coe�cient of order g of the node i as C
(g)
i =

r
(g)
i

p
(g)
i

, so that the ratio of the total

number of cycles of order g actually formed in the network by the node i and the number of

cycles of order g that a node with same degree as the node i could, in principle, form in the

network [119]. The clustering coe�cient of order 3 was chronologically the �rst clustering

coe�cient measured on networks: therefore when the order is not explicitly speci�ed, one

refers to the clustering coe�cient of the third order by simply indicating it as the clustering

coe�cient.

In the case of directed networks, the former de�nition of Eq.(1.5) remains the same. One

has just to consider the direction of the links in order to compute the clustering coe�cient.

In particular, in a directed network it also makes sense to consider cycles of length 2 and

therefore to de�ne a clustering coe�cient of order 2: C
(2)
i . For weighted networks several

possibilities of de�ning a weighted clustering coe�cient were proposed [12] but I do not report

on them here.

1.4 Topological Properties of Real Complex Networks

In the former section 1.3 I introduced several quantities that can be easily measured on a

network. Numerical measurements of the former quantities on real networks have revealed

that almost all of these systems possess similar topological statistical properties. In this

section I summarize the main results obtained in this context. I give several de�nitions of

characteristic properties of real complex networks. Moreover, I report in Table 1.1 some

concrete examples.

1.4.1 Scale-free Property

The degree distribution [see section 1.3.1] of almost all of the real networks follows a power

law [see Figure 1.5]

P (k) � k� : (1.7)

If a network has degree distribution given by Eq.(1.7), one says that the network has a scale-

free2 or scale-invariant degree distribution, or simply that the network is scale-free. Actual

values of the exponent  for the degree distribution of real networks range between 1:5 and

3:5 [see Figure 1.5 and Table 1.1].

2A function f (x) is called scale-free or scale-invariant if it satis�es the relation f (x) = ���f (�x) for some

choice of the exponent � and for all values of the scaling factor �. Power laws f (x) = xn are clearly scale-

invariant for � = n.
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Figure 1.5: Degree distribution (power law) of several real world networks. In general, almost all of

the real world networks have a degree distribution of the form P (k) � k� , with 1:5 �  � 3:5.

(from ref. [3])

1.4.2 Degree-assortative Mixing

A network is said to show degree assortative mixing if the nodes in the network that have

many connections tend to be connected to other nodes with many connections. A typical way

to measure this property is to look at the joint probability P (k; k 0) de�ned in section 1.3.1.

If P (k; k 0) exhibits positive curvature this means that nodes with high degrees are, on the

average, preferentially connected to nodes with high degrees. For practical reasons, it is

better to introduce Pearson's coe�cient [104, 108]

r =
L�1

∑
i jiki �

[
L�1

∑
i
1
2
(ji + ki)

]2
L�1

∑
i
1
2

(
j2i + k

2
i

)� [L�1∑i
1
2
(ji + ki)

]2 ; (1.8)

where L stands for the total number of links in the network and all sums run over all the

links (i.e., i = 1; : : : ; L). The Pearson's coe�cient r e�ectively measures the average degree

correlation of neighbor nodes (ji and ki are the degrees of nodes placed at the end of the

i-th link of the network). When a network shows assortative mixing, one should have r > 0

and one says that the network is assortative. On the other hand, when r < 0 the network
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is not assortative or disassortative. Table 1.1 reveals a strong di�erence between social

networks that are in general assortative and technological and biological networks that are

disassortative. Information networks, on the other hand, do not exhibit a clear tendency for

the assortative mixing, since we can �nd positive and negative values of r for real networks

belonging to this category. In chapter 3 and in Paper I [165] I shall report on my own studies

of dissasortativity in connection with scale-free and self-similar networks.

1.4.3 Small-world Property

The average distance [Eq.(1.3)] of almost all the real networks is small when compared to

their size N. In particular one can say that the average distance of real networks scales as

h`(N)i � logN : (1.9)

Typical values of h`i for real networks are shown in Figure 1.6 and reported in Table 1.1.

One refers to this property of real networks, saying that they have small-world features (the

expression small-world was introduced by S.Milgram [94] in the context of social networks).

Figure 1.6: Average distance (left) and average clustering coe�cient of order 3 (right) of several

real networks (symbols) and those analytically calculated for the random graph associated with the

network. (from ref. [3])
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1.4. TOPOLOGICAL PROPERTIES OF REAL COMPLEX NETWORKS

1.4.4 Transitivity or Clustering Property

Almost all the real networks have large values of the average clustering coe�cient [see

Eq.(1.6)]. A real network is said to have a \large" clustering coe�cient if this value is

greater than the actual value calculated for the random model3 associated with the network

itself. Moreover, this means that the clustering coe�cient has no explicit dependence on the

size N of the network [see Figure 1.6 and Table 1.1]. In particular, high values are not only

registered for the \standard" clustering coe�cient of order 3 but for any order g � 3 of the

clustering coe�cient.

1.4.5 Other Properties

Other statistical properties have been studied for real complex networks. For example, it was

also found that the distribution of the clustering coe�cient [126] and the strength distribution

in weighted networks [12] obey power laws. Moreover, one can describe one of the most-

studied and interesting features of real networks: the so called community structure of

complex networks [48, 119, 30, 105]. A real network, in general, has an internal organization

in clusters or communities of nodes, and these communities are usually well organized in

a hierarchical way. The interested reader can �nd more information and references in the

review [105]. Finally, I should mention that recently a new topological property of real

complex networks has been discovered [140]: some real networks are self-similar. Here I

will not describe this property, despite the fact that it appears to be extremely interesting,

because it will be the topic of chapter 3.

1.4.6 Regular Networks

In the previous sections, I summarized the basic topological features of real networks that can

be determined by simple statistical measurements. Here I would like to remark on which are

the main topological di�erences between real complex networks and the standard topologies

usually considered in physics: the lattices. The reader can easily realize that a d-dimensional

lattice can also be represented as a network: each site of the lattice is a node and each

bond is an edge. The degree distribution for lattices is not scale-free: in the case of periodic

boundary conditions it is just a delta4 function centered on the actual value of the number of

3Given a network one de�nes as its random model or the random graph associated with the network a graph

where the degree of each node of the original network is preserved, but all the edges of the original network are

rewired randomly.
4�(x � x0) is called Kronecker's function or simply discrete delta function centered in x0, if �(0) = 1 and

�(x � x0) = 0 8x 6= x0.
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CHAPTER 1. COMPLEX NETWORKS

its nearest neighbor in the lattice. The average distance h`i � N1=d , so that a d-dimensional

lattice does not exhibit the small-world feature. The clustering coe�cient is in general high,

but this depends on the particular lattice considered and on the order g of the clustering

coe�cient calculated: for example, on two-dimensional square lattices one measures C
(3)
i = 0

and C
(4)
i = 1 for any node i .

1.5 Models for Complex Networks

In this section, I briey review three main models used to describe the topological features

of real complex networks [see section 1.2]. In fact, the main goal of statistical physicists

is not only to characterize the statistical features of real complex networks by numerical

measurements but also to construct models that can reproduce these features and explain

the reasons for how these topological properties can arise.

The descriptions below refer to the random graph or Erd�os-R�enyi model, the Watts-Strogatz

model and the Albert-Barab�asi model. These three models refer to undirected and unweighted

networks. I pay more attention here to the �rst two models because I will make use of them

in chapter 5 and in chapter 4, respectively. The Albert-Barab�asi model is presented here

just for educational purposes, since it represents the most cited model of complex networks

so far proposed by physicists. Of course, the big attention given recently by physicists and

mathematicians to complex networks led to the formulation of a huge number of di�erent

models. Good descriptions about these models can be found in the reviews [3, 40, 105].

Complex networks represent an intensively studied topic now days. This means that new

models are continuously introduced, so that no complete review exists about all the models

introduced up to now.

1.5.1 Random Graph (Erd�os-R�enyi Model)

The random graph model was introduced in the middle of the 1950s by A.Rapoport and

R.Solomono� [137, 125] and independently at the beginning of the 1960s by P.Erd�os and

A.R�enyi [42, 43]. The main theoretical results of this model were obtained by P.Erd�os and

A.R�enyi, so that the random graph model is also known as Erd�os-R�enyi model.

Construction of the Model

The random graph model is an extremely simple model. Consider a set of N nodes without

any connections and �x a value for the parameter 0 � p � 1. Then pick up every pair of

nodes out of all the N(N�1)
2

couples of distinct nodes. For each pair of nodes, say i and j ,
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1.5. MODELS FOR COMPLEX NETWORKS

extract a number 0 � r � 1 at random out of a uniform distribution: if r < p, then connect

the nodes i and j so that Ai ;j = Aj;i = 1 ; if r � p, do not connect the nodes i and j so

that Ai ;j = Aj;i = 0. Of course the diagonal elements of the adjacency matrix are all zero,

Ai ;i = 0 8i , since no self-connections are allowed.

By construction each link in the network is independent of the others. The probability that

the total number of links L is equal to l is therefore

P (L = l) = B
N(N�1)=2
l pl (1� p)N(N�1)=2�l ; (1.10)

where Bsq stands as binomial coe�cient5. The probability of Eq.(1.10) is therefore a binomial

distribution. The peak of the distribution is located at the average value

hLi =
N(N � 1)

2
p ;

with possible uctuations characterized by the variance

�L =

√
N(N � 1)

2
p (1� p) :

Degree Distribution

As it should by now be clear to the reader, other probabilities in the random graph model

are expressed by binomial distributions, or eventually approximated by Gaussian or normal

distributions and Poissonian distributions. In particular the probability that an arbitrary chosen

node i 2 G has exactly k connections in the network is

P (ki = k) = BN�1k pk (1� p)N�1�k : (1.11)

For su�ciently large values of N and a su�ciently small value of p, Eq.(1.11) is well approx-

imated by the distribution of Poisson

P (ki = k) = e�hki
hkik
k!

; (1.12)

where hki = (N � 1)p is the average degree of connections. If one wants to calculate the

probability distribution over all the nodes of the graph G, one should say �rst of all that the

average number of nodes with degree k is

hNki = N P (ki = k) :

5The binomial coe�cient, Bs
q =

(
s

q

)
= s!

(s�q)! q! , with s � q � 0 and q; s 2 N, counts the total number of

possible ways in which one can select q elements out of s total elements in a set.
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CHAPTER 1. COMPLEX NETWORKS

Then the probability to �nd exactly n nodes with degree k is

P (Nk = n) = e�hNk i hNkin
n!

; (1.13)

that is a Poissonian inside an other Poissonian. For su�ciently large values of N, Eq.(1.12)

can be well approximated by its maximal value P (ki = hki). Therefore, one may rewrite

Eq.(1.13) according to this approximation and evaluate the degree distribution as

P (k) = e�Np
(Np)k

k!
: (1.14)

The degree distribution of Eq.(1.14) can therefore be well represented by its average value

hki = pN and its variance �k =
√
Np(1� p). The former result can be veri�ed by numerical

simulations such as the ones reported in Figure 1.7. As one can easily realize, the degree

distribution of the random graph model [Eq.(1.14)] is not representative of the one typical

of real complex networks [see section 1.3.1].

Figure 1.7: Degree distribution for a ran-

dom graph with N = 5000 and p = 0:003.

The numerical results (symbols) are ob-

tained after averaging over 100 di�erent

realizations of the model. The full line

stands for the Gaussian distribution with av-

erage value and variance equal to those of

Eq.(1.14). (from ref. [118])

Diameter, Average Distance and Components

In general, the Erd�os-R�enyi model is not composed of only one connected component. E�ec-

tively there exists a threshold value for the probability of connection p, in general indicated

by pc , below which the graph is composed of several disconnected components and above

which the graph is composed of just a single component. The actual value of the threshold

is pc = 1=N, where N stands again for the size of the graph.

When the graph is composed of several components, the diameter of the graph is by de�nition
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1.5. MODELS FOR COMPLEX NETWORKS

equal to in�nity. When the graph is composed of only one component, however it can be

calculated easily. By construction, the number of nodes that should be at distance ` from a

randomly selected node is n` ' hki`. Since the diameter [Eq.(1.4)] is the maximal value of

distances inside the graph, all the nodes should be within the distance equal to the diameter

from a randomly selected node. Therefore, one can write

N = nd ' hkid ) d ' logN

log hki : (1.15)

Since the Erd�os-R�enyi model is a random model, Eq.(1.15) represents not only the diameter

of the graph but also its average distance for su�ciently large values of N, since no node

is distinguished and for large N most of the nodes have the same distance from the one

selected, that is at distance of the order of the diameter. Therefore, the random graph

model possesses the small-world feature typical of real networks [see section 1.3.3].

Clustering Coe�cient

The clustering coe�cient of order 3 [Eq.(1.5)] for the Erd�os-R�enyi model can be estimated

easily. Given a node i inside the graph, the fact that two nodes connected to i are again

connected with each other happens with probability p. Thus, it happens with the same

probability that two randomly chosen nodes are connected. This implies that the clustering

coe�cient of order 3 of a random graph is just

C(3)
ran = p =

hki
N

: (1.16)

Again, it should be stressed that the random graph model is not representative of real complex

networks [see section 1.4.4] since the average clustering coe�cient depends on the size of

the system [see Eq.(1.16)].

1.5.2 Watts-Strogatz Model

In 1998 the two American physicists D.J.Watts and S.H.Strogatz [159, 157, 158] introduced

an interesting new model. Due to its topological features, the Watts-Strogatz model is well

known in the literature as the small-world model.

Construction

One starts from a ring of N nodes [see Figure 1.8(a)]. Each of these nodes is connected to

the �rst K neighbor nodes (K=2 to its right and K=2 to its left). With the aim of having
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(a) Starting (b) Rewiring (c) Adding

Figure 1.8: (a) Starting con�guration of the Watts-Strogatz model. Here the size of the lattice is

N = 8 and the number of connections per node is K = 4. (b) Three links of the original lattice

are rewired according to the prescriptions of the model. (c) Modi�ed version of the Watts-Strogatz

model: here the \short cuts" are simply added and do not result from the rewiring of formerly present

connections.

a su�ciently sparse graph, one should consider N � K. In this way, one has constructed

a one-dimensional lattice with periodic boundary conditions. A similar construction can be

evidently performed also in higher dimensions and with di�erent boundary conditions. In the

following I restrict my attention only to the original formulation of Watts and Strogatz.

After one has constructed the ring of connections, the links of the network can be rewired

with probability 0 � p � 1 [see Figure 1.8(b)]. This means that one visits all the links of

the network. For each of them, say (i ; j), one extracts a number 0 � r � 1 randomly out of

a uniform distribution. If r < p, then one rewires the link: this means that one deletes the

former link Ai ;j = 1 ! Ai ;j = 0, then one selects a new node q not yet connected to i and

one draws a new connection Ai ;q = 0! Ai ;q = 1. However, if r � p, nothing happens. The

�rst procedure allows an evolution of the original regular lattice towards a completely random

structure. For p = 0 one evidently does not touch the original lattice, while for p = 1 every

link is rewired and the resulting graph is quite similar to the random graph model proposed

above in section 1.4.1. The rewired links are appropriately called \short cuts" since they

graphically \cut" the ring. In a slightly di�erent model [109] the short cuts are not induced

by the rewiring of the preexisting links, but are simply added [see Figure 1.8(c)]. The resulting

graph is therefore a superposition of the original lattice and of a random graph. The main

features of the model are not changed at all.
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Degree Distribution

For su�ciently large networks (N � K), the degree distribution P (k) of the small-world

model has a cuto� at K. This means that there is a null probability to �nd a node with a

degree less than K. The general expression for the degree distribution can be calculated [13]

and is given by

P (k) =

min (k�K;K)∑
n=0

(
K

n

)
(1� p)n pK�n (pK)k�K�n

(k �K � n)! exp (�pK) ; (1.17)

for k � K and P (k) = 0 for k < K. The degree distribution of the Watts-Strogatz model is

not scale-free as the one measured for real complex networks [see section 1.3.1].

Average Distance

For the average distance h`i of the Watts-Strogatz model there is not yet any analytical

estimation. Numerical simulations reveal a smooth transition of h`i as a function of p [see

Figure 1.9]. At the moment, the only fact known is that the average distance obeys the

scaling relation [109]

h`i = f (NKp) ; (1.18)

where

f (x) =
1

2
p
x2 + 2x

tanh�1
(

xp
x2 + 2x

)
: (1.19)

The former scaling relation of Eq.(1.18) tells that one can pass from the large world regime

(i.e. large values of h`i) to the small-world regime (i.e. small values of h`i) by increasing p.
This can be also understood from the asymptotic values of Eq.(1.18):

lim
p!0

h`(p)i � N

K
; lim

p!1
h`(p)i � logN

logK
: (1.20)

As expected when all links are rewired (p = 1) the small-world model behaves as a pure

random graph [see Eq.(1.15)].

Clustering Coe�cient

The analytic expression for the clustering coe�cient of the small-world model is calculated

in [109] with the result

C(3)
sm =

3(K � 1)

2(2K � 1)
(1� p)3 : (1.21)
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Figure 1.9: Average distance h`(p)i

(squares) and average clustering coe�cient

hC(p)i (circles), both divided for the

respective values at p = 0, for a Watts-

Strogatz model with N = 200 and K = 2.

(from ref. [118])

As one can see from Eq.(1.21) [see also Figure 1.9] the clustering coe�cient of the Watts-

Strogtaz model has large values up to p � 0:1 and it does not depend on the size of the

system N.

Observations

Here I would like to summarize the results shown so far for the Watts-Strogatz model. This

model qualitatively shows three di�erent regimes as a function of the rewiring probability p

[see Figure 1.9]:

� For p . 1
NK

, the topological features of the model are extremely close to those of a

one-dimensional lattice, with a large clustering coe�cient and large average distance.

� For 1
NK

. p . 0:1, the model is in the small-world regime, characterized by a large

clustering coe�cient and small average distance. It is this regime in which the model

is representative of real networks since it possesses both a small average distance and

high clustering coe�cient [see sections 1.3.3 and 1.4.4 respectively].

� For p & 0:1, the model exhibits properties similar to the random graph model [see

section 1.4], with a small clustering coe�cient and small average distance.

1.5.3 Albert-Barab�asi Model

Both models introduced so far in sections 1.4.1 and 1.4.2 exhibit degree distributions that do

not correspond to those typical of real complex networks. In general, a real complex network
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has a degree distribution which is scale-free [see sections 1.3.1]. Moreover both the random

graph and the Watts-Strogatz models are static models. In their construction all the nodes

are introduced simultaneously. This fact does not agree with a large number of real complex

networks. In the World Wide Web network, new pages are added continuously over time. In

the network of scienti�c citations, new papers are written from time to time.

The model introduced by R.Albert and A.L.Barab�asi in 1999 [4, 5] includes both the former

properties: it is an evolving network and it shows a scale-free degree distribution. Here

I give for this model a description that is shorter than the ones performed before for the

random graph and the small-world model, since I will not use the Albert-Barab�asi model in

the present thesis. Still, the Albert-Barab�asi model has pedagogic relevance for any reader

who is interested in complex networks.

In the Albert-Barab�asi model there are two main ingredients: regular growth of the network

and preferential attachment. One starts at time t = 0 with an initial set of N0 nodes and a

set of L0 connections between them. The initial network can be considered fully-connected,

but the properties of the model, valid in the thermodynamical limit, are not a�ected by the

initial con�guration. At time t = 1, a new node is introduced in the network. The new node

introduces m � N0 new links. Each of these links is therefore created between the new node

and a formerly present node, say i . In particular, the node i is chosen at random out of all

the possible nodes of the network with the probability

�(ki) =
ki∑
j kj

: (1.22)

The numerator of Eq.(1.22) stands for the degree of the node i , while the denominator of

Eq.(1.22) is the proper normalizing factor for the probability �(ki). Eq.(1.22) represents the

so-called preferential attachment rule. The larger the degree of the node i , the larger is the

probability to increase its degree even more. \The Rich get richer." At each instant of time

t > 1, a new node will be added to the network bringing again m new links. These links

will then connect the new node to old nodes already present in the network at time t � 1,

where the discriminant rule for the choice of the nodes will be given again by the preferential

attachment of Eq.(1.22).

In the long time limit, t ! 1, the degree distribution approaches a power law [Eq.(1.7)]

telling that the network has a scale-free degree distribution. In particular, the exponent of

the power law is  = 3 for the Albert-Barab�asi model.
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1.6 Dynamics on Complex Networks

Up to now, I have focussed just on the topological properties of real systems that can be

described as networks. The topology represents in most cases only the backbone of real

systems. After several years of research focusing on the topological properties of networks,

scienti�c attention recently moved towards the more interesting relationship between topology

and dynamics. Note that at the end almost all the real systems are dynamical: each unit, as

well as each edge, may have its intrinsic dynamics, its time evolution being regulated by the

interactions with some part of the system, and so by the network. The dynamical variables,

which one is interested in, obviously di�er from system to system. An example of a typical

physical network is an electric circuit: on each edge one has an electric device (generator,

resistor, capacitor or inductor) while the nodes represent the junctions between them. In

this section, I will not give a complete review of all types of dynamics studied on complex

networks. Dynamics on complex networks will be the main topic of the thesis and speci�c

dynamical models will be discussed in detail in chapters 4, 5 and 6. Now I would like to stress

the fact that it is in general useful to distinguish between two types of dynamical systems:

discrete or continuous in time and/or internal space (that is, the state space on an individual

unit). Moreover, I should remark that so far very simple dynamical models have been studied

on networks since the complexity of the topologies is often su�cient to give rise to non-

trivial dynamical properties. In the following subsections, I give some speci�c examples of

both discrete and continuous dynamical systems. The following should not be understood as

a complete review of all the dynamical systems studied on networks but just a simple list of

examples for a better understanding of the topic. Here I only consider systems that are either

discrete in both state space and time or continuous in space and time, but mixtures of both

types also exist.

1.6.1 Discrete Dynamical Systems

In a discrete dynamical system, the state of one unit is characterized by a discrete set of

numbers. In the simplest and most studied discrete dynamical models, the variable associated

with each unit is a binary variable: this means that the unit can be in two states only.

Depending on the context, these two states can be interpreted as up and down, as in the

case of spin systems, true and false, as in the case of Boolean systems, friend or enemy, as

in the case of social systems, etc. Often the intrinsic time of the dynamical system is also

de�ned in discrete units. Typical numerical algorithms for the simulations of these systems

can be asynchronous or synchronous: one randomly chosen unit is updated at each step in

the former case, while all the units evolve synchronously in the latter. Generally di�erent
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updating schemes lead to di�erent dynamical properties of the system. I will approach this

problem in chapter 6. A concrete example of discrete dynamical systems studied on networks

is represented by the so-called Boolean networks [74, 73, 75] used successfully for the

dynamical description of genetic regulatory networks [see section 1.1.4]. Other kinds of

discrete models have been studied on networks: Ising [59, 64, 60, 81, 138] and Potts [38, 129]

models, the voter model [32, 143, 149], and contact processes [31, 90] are just a few

examples. In chapter 5 and in my Paper IV [124] and Paper V [123] , I will study a discrete

dynamical model for complex social networks.

1.6.2 Continuous Dynamical Systems

In a continuous dynamical system both the state variables of the units and the intrinsic time

of the dynamics are continuous variables. Therefore the dynamical equations describing the

system are coupled ordinary or partial di�erential equations. For this framework there are

also many examples. Neural networks have been studied as networks of pulse-coupled

oscillators [95, 150, 151], where the interaction itself happens in discrete steps but the

state space and time evolve continuously. Networks of chaotic oscillators have been studied

as well [22]. Networks of coupled limit-cycle oscillators is another well studied case of

continuous dynamical processes applied to networks [62, 168, 78, 98, 99, 113, 63, 1, 114, 11].

In particular, the latter example will be discussed in detail in chapter 4 and in my Paper

II [120] and Paper III [121] .
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Chapter 2

Phase Transitions and Critical

Phenomena

Introduction

One of the most important features of natural systems is the great diversity in size or length

of their structure. For the description of a rigid body rolling down an inclined plane, there is

no need to know anything about the internal structure of the rigid body. On the other hand,

the atomic interactions inside the rigid body are the same if the rigid body is rolling down an

inclined plane or if it is just at rest on a non-inclined plane. In other words, for understanding

the dynamics of rigid bodies, one does not need to know anything about the atomic physics,

and vice versa. In general, physical events di�ering with great disparity in order of magnitude

have little inuence on each other. They simply do not communicate, so that the phenomena

associated with each scale can be analyzed independently.

There is a class of phenomena for which many length scales are equally important. These

phenomena are called critical phenomena. The word \critical" is used in science with

di�erent meanings. In statistical physics, it is used in the context of phase transitions. In

this framework, the word \critical" often describes a system at the border between order and

disorder. At this border the system is characterized by an extremely large susceptibility to

external factors and strong correlations between di�erent parts of the systems itself. Both

these properties are consequences of the fact that events at any scale contribute equally.

This chapter will be an introduction to phase transitions and critical phenomena. I will discuss

this �eld of physics in a very generic and brief way, since it represents a broad topic of statistical

physics and a huge number of books and papers have been written about it. I will start

introducing the concept of phase transition [section 2.1]. I will describe phase transitions in

general, introducing the most important observables and parameters able to characterize them

31



2.1. PHASE TRANSITIONS

[sections 2.1.1 and 2.1.2]. Moreover, I will distinguish between discontinuous and continuous

phase transitions [section 2.1.3]. In section 2.2 I will focus on continous phase transitions and

in particular on the percolation transition [section 2.2.1]. Using the percolation model, I will

briey describe the main aspects of continuous phase transitions [section 2.2.2]. Moreover

I will dedicate the section 2.2.3 to the introduction of the standard numerical tools used in

order to characterize a particular continuous phase transition. I will conclude the chapter with

a discussion of a special case of percolation, namely directed percolation, in section 2.2.4 and

�nally, paying attention to phase transitions occurring on networks [section 2.3]

2.1 Phase Transitions

Thermal phase transitions are matters of everyday experience. Think about H2O, for ex-

ample: ice turns into water and water turns into vapour as the temperature is increased.

The former transitions can be read in the inverse ways and one can observe also transitions

as ice into vapour and vice versa. Ice, water and vapour are the possible \phases" of H2O

and the transitions between di�erent phases like the ones so far reported are called \phase

transitions". There are many other possible phase transitions, where the word \phase" is not

used with the meaning of solid, liquid or gas, but with a broader meaning of a particular state

or property of the system analyzed. A physical example is given by the transition between

the ferromagnetic and paramagnetic phases of magnetic materials at the Curie point. A non-

physical example is represented by the transitions in intractable computational complexity

problems such as k-satis�ability problems, where the transition from solvable to unsolvable

instances exhibits threshold behavior depending on the ratio of number of clauses to number

of variables. I will consider the latter example in detail in chapter 5 and in Paper IV [124] .

Independently of the particular kind of system undergoing a phase transition, the descrip-

tion of the phase transition can be performed with a general procedure. In the following, I

will introduce some basic quantities that are common to every system that shows a phase

transition.

2.1.1 Order Parameter

The �rst observable, which should be de�ned on a system showing a phase transition, is

the order parameter. Originally, the order parameter was introduced as a measure for the

degree of order of the system. Therefore, it is able to show when the system undergoes a

transition between an ordered and an disordered phase. Again, the notion of order parameter

has origin in thermal phase transitions. For example, in the case of a system that changes
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its phase from liquid to gas, a suitable order parameter is represented by its density �. In the

case of the ferromagnetic-paramagnetic transitions, a good order parameter is given by the

magnetization m. Meanwhile, the order parameter does not always represent a measure of

the \order" of the system but it should indicate the phase. For example, in case the of a

percolation transition, as the reader shall see in section 2.2.1, a good choice of the parameter

is given by P1 that stands for the probability of having percolation.

2.1.2 Critical Point

The particular value of the external parameters for which the system undergoes a change of

phase is called critical point or critical threshold. In the absence of an external magnetic

�eld, one can determine whether iron is in the ferromagnetic or the paramagnetic phase

by knowing whether the actual temperature T is smaller or larger than the Curie or critical

temperature Tc , respectively. In case of H2O, the phase of this element is determined by the

temperature T and the external pressure p. Therefore, in this case the critical point is not

just a single point but a curve (Tc ; pc) in the plane (T; p). The plot of (Tc ; pc) is also called

phase diagram and in the particular case of H2O, this plot shows interesting features about

the presence of the \tricritical" point.

In experiments or numerical simulations, the determination of the critical values of the external

parameters for which a system undergoes a phase transition is in general not easy. In case

of models, simulated in computer programs, �nite-size scaling analysis provides a proper tool

for the estimation of the critical point, whose position depends on the size of the system, but

converges to the critical point in the in�nite-volume limit. I refer to section 2.2.3 for further

details.

2.1.3 Classi�cation of Phase Transitions

There are two main categories of phase transitions which depend on how the transition

between the di�erent phases takes place1. A schematic graphical representation is reported

in Figure 2.1.

The order parameter at the critical point can have a sudden transition and in this case one

will talk about a discontinuous phase transition or simply a �rst-order phase transition [see

1According to the original scheme of P.Ehrenfest, there are in principle an in�nite number of categories or

\orders" of phase transitions. Ehrenfest's scheme was to classify a phase change as nth-order if the lowest-order
derivative of the order parameter to be discontinuous or non-analytic across the transition is an nth derivative.

In the present thesis, I will follow the actual classi�cation of phase transitions which prescribes the consideration

of all the phase changes of orders larger than one as continuous phase transitions.
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Figure 2.1(a)]. In the case of thermal physics, transitions of this type are phase transitions

involving a �nite latent heat: for example, phase transitions of H2O involve a �nite latent heat

and the emission or absorption of latent heat justify the radical change of structure of H2O at

the critical temperature. I will study some transitions of this type during the present thesis.

In chapter 4 and in particular in Paper II [120] and Paper III [121] , I will consider systems of

identical limit-cycle oscillators in the presence of a pacemaker. Depending on the particular

choice of the typical parameters of the system and of the pacemaker, I will observe a �rst-

order phase transition between a fully synchronized phase and a non-synchronized phase. In

chapter 5 and in Paper IV [124] , I will consider a model using the same description as that

of k-satis�ability problems, which undergo a discontinuous transition between a satis�able

phase and an unsatis�able phase [47].

Another class of systems exhibits smooth phase transitions. The order parameter changes

from a �nite value, denoting in general an ordered phase, continuously to vanishing values,

standing for disordered phases [see Figure 2.1(b)]. This kind of phase transitions are called

second-order phase transitions or critical phenomena. Transitions of the second-order are

illustrated by the magnetic transition of iron as a function of the temperature. The Kuramoto

model, introduced in section 4.1.1, also shows a second-order phase transition. In this thesis

I will discuss several types of phase transitions belonging to this category. In chapter 5 and

in Paper IV [124] , I will introduce a social model for which the stationary states show a

continous phase transition. Moreover, in chapters 5 and 6 and in Paper V [123] and Paper

VI [122] , I will discuss two models, similar to the one of percolation [introduced in section 2.2]

and the one of directed percolation [introduced in section 2.2.4], respectively, both undergoing

a second-order phase transition.

2.2 Application to Percolation

In this section I will focus on the percolation model. This model exhibits a second-order

phase transition. Since the theory of continuous phase transitions predicts features which

are independent of the speci�c model, one can consider the percolation model as a prototype

of critical phenomena. This part does not serve as a complete introduction to percolation

theory, for which I refer to more complete reviews [144, 28]. Moreover, in section 2.2.4 I will

consider an \anisotropic" version of percolation, namely directed percolation. For directed

percolation I will write just a short introduction and I refer the reader to the book [89] and

to reviews [61, 112] for more details.
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CHAPTER 2. PHASE TRANSITIONS AND CRITICAL PHENOMENA

(a) First-Order (b) Second-Order

Figure 2.1: (a) In a �rst-order phase transition, the order parameter r jumps discontinuously at the

critical threshold Xc . (b) In a second-order phase transition, there is no sudden change of the order

parameter but above the critical point XC the order parameter continuously changes its value as a

function of the parameter X.

2.2.1 The Model

Percolation deals with a geometric phase transition. Consider a square lattice in which each

site can be occupied with probability p or not with probability 1 � p. The construction is

made in a very simple way: one �xes a priori a value of the probability p, then visits all the

sites. For each site, extracts a random number 0 � r � 1 out of a uniform distribution:

if r < p , then the site is marked as occupied, while if r � p the site is marked as non-

occupied or empty. Depending on the initial choice of p, the occupied sites can be said to

percolate or not through the lattice. This means that a hypothetical walker can enter from

one side of the lattice and exit to the opposite side by just walking on occupied sites and

never jumping over non-occupied sites. The model is physically interesting if the occupied

sites are interpreted as conductors and the empty sites as insulators. For small values of

p, the lattice is composed mainly of insulators and only local clusters of conductors are

present in the lattice. For su�ciently large values of p, however, many di�erent conduction

paths exist between opposite sides of the lattice, so that current can ow or percolate over

the lattice that behaves as a conductive medium. Other physical phenomena can be easily

interpreted as percolation phenomena. For example, percolation was used fruitfully for the

description of porous and amorphous materials [169], disordered ionic conductors [27] and

fragmentation [41]. In biology, percolation also provides a useful model for describing epidemic

spreading [49, 50].
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(a) Non percolation (b) Percolation threshold (c) Percolation

Figure 2.2: Example of bond percolation on a triangular lattice: in (a) the lattice does not percolate,

while in (c) the lattice percolates. In (b) one is at the percolation threshold and one is at border

between percolation and non percolation regimes. Figures taken from Paper V [123] .

In the former paragraph I presented the so-called site percolation, since I was considering

the fact that the sites of the lattice can be occupied or not. Exactly in the same way but

considering the bonds of the lattice instead of sites, it is possible to introduce the so-called

bond percolation. Depending on the particular physical phenomenon that one wants to

describe, it is useful to consider site or bond percolation. The main features of percolation,

like critical exponents, do not depend on this choice.

2.2.2 Percolation as a Critical Phenomenon

Since the value of p can be tuned in a continuous way, a transition should exist between the

non-percolating phase and the percolating phase. The value of p for which this transition takes

place is the so-called percolation threshold and is generally denoted by pc [see section 2.1.2

and see Figure 2.2(b)]. The percolation transition is a geometrical phase transition. The

quantity which is usually used to describe the percolation transition is P1, the probability for a
given site to belong to an in�nite cluster of connected occupied sites. The word \connected"

means that the occupied sites of the in�nite cluster should be neighbors in the sense that

one walker can move over all the sites of the cluster passing only over sites within the same

cluster. The quantity P1 is a good order parameter [see section 2.1.1], able to describe the

percolation transition: for p < pc , P1 = 0, since only �nite clusters exist and no percolation

is possible in this phase; for p > pc , P1 > 0, so that there is a �nite probability that a given

site belongs to an in�nite cluster that percolates through the lattice. In particular, for p = 0,

no �nite and in�nite clusters exist at all, while for p = 1 all the sites are occupied and all of

them belong to the in�nite cluster, so that P1 = 1. Above the critical threshold pc , but in
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its vicinity, the order parameter increases as a power of the distance from pc ,

P1 � (p � pc)� : (2.1)

The exponent � introduced in the Eq.(2.1) is called critical exponent. It is denoted by � in

analogy with the standard notation of thermal critical phenomena where the critical exponent

referring to the order parameter is always indicated by the Greek letter �. There are several

other critical exponents depending on the quantity to which they refer: �, , � , �, df , etc.

Here in the introduction, I do not give an explicit de�nition of all of them, but I make use of

them in my Paper V [123] . It should be noted that as in the case of � the Greek letters

indicating the various critical exponents are taken from standard notation used for thermal

phase transitions: therefore � is the critical exponent of the divergence of the typical linear

size � of a cluster of occupied sites,  stands for the critical exponent of the divergence of

the susceptibility � around the critical point, and so on. The exponent df represents the

fractal dimension2 of the percolation cluster, since at the critical threshold the occupied

sites (or bonds) of the lattice have a fractal geometry. All the critical exponents are well de-

scribed in the reviews [144, 28] and reported in an understandable manner in my paper Paper

V [123] . Here it is instructive to comment on several properties of the percolation transition

and its critical exponents. The critical exponents of the percolation transition are the same

for both site and bond percolation. They do not depend on the particular lattice considered

as support for the model but only on the dimensionality of the lattice. This means that it

does not make sense to distinguish critical exponents for square, triangular, honey-comb, or

other lattices, but it makes sense to talk about critical exponents in one, two, three, etc.

dimensions. The critical exponents of percolation in d-dimensions are the same for every

type of lattice. Therefore, one can say that they are universal. The same observation can

be made for the other continuous phase-transitions: for example, the critical exponents of

the ferromagnetic-paramagnetic phase transitions at the Curie temperature are the same in-

dependently of whether one is considering iron, copper or zinc. Two phase transitions having

the same critical exponents are said to belong to the same universality class. A number

of universality classes have been discovered by statistical physicists during the recent years:

starting from the ones typical of equilibrium systems (see for example refs. [85, 19]) to those

2A fractal is \a rough or fragmented geometric shape that can be subdivided in parts, each of which is

(at least approximately) a reduced-size copy of the whole." The word fractal was coined by B.B.Mandelbrot

in 1975 [87, 88] and was derived from the Latin word \fractus" meaning broken or fractured. The fractal

dimension is the geometric dimension of a fractal and by de�nition is a non-integer number di�erently from

standard geometric objects which always have an integer dimension. I refer to the books [88, 28] for a complete

introduction to fractals. I will describe in chapter 3 two ways to estimate the dimension of a fractal. I will make

use of them in Paper I [165] and in Paper V [123] , respectively.
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of out-equilibrium systems (see for example refs. [61, 112]).

Finally, it should be noted that there exist well known algebraic equations between di�erent

critical exponents, so-called hyper-scaling relations. I will verify some of them in Paper

V [123] . As more complete introductions to phase transitions and percolation transition, I

recommend references [85, 19] and [144, 28], respectively, to the reader who is interested in

getting a deeper knowledge of critical phenomena and a speci�c de�nition of critical expo-

nents.

2.2.3 Finite-Size Scaling Analysis

Eq.(2.1) is valid only in the in�nite-volume limit. This limit is taken in order to simplify the

theoretical analysis that stands behind percolation theory and critical phenomena in general.

In numerical calculations and in experiments one can handle only �nite systems. Nevertheless,

it is possible to determine the critical exponents of the transition just by looking at �nite-size

systems, since large enough but �nite systems already exhibit characteristic properties of the

phase transitions in the thermodynamic limit. I describe here the main idea of the so-called

\�nite-size scaling analysis" applied to percolation [130, 144] and I explain briey the way

in which this analysis constitutes a powerful tool for calculating the critical exponents of the

percolation transition.

Consider a lattice with linear size L. Since one is considering �nite-size lattices, L will be

a large but �nite number (L is large as compared to the typical correlation length of the

system). In a �nite lattice, the in�nite cluster cannot exist and one should replace it with the

largest cluster [see Figure 5.3(c)]. The ratio of sites belonging to the largest cluster and the

total number of sites is denoted again as P1 and obeys the �nite-size scaling relation

P1 = L��=� ~P
[
(p � pc)L1=�

]
; (2.2)

where � is the critical exponent standing for the power-like behavior of the correlation length

� [see Figure 5.3(c)], while ~P (�) is a suitable universal function. The mathematical theory

which leads to Eq.(2.2) is known as renormalization group analysis3. It is beyond the scope

of this thesis to enter a discussion of the renormalization group analysis. It should be only

noted that this kind of analysis is extremely important for the theoretical treatment of critical

phenomena and also for their numerical study, as the �nite-size scaling analysis demonstrates.

3The renormalization group idea has its origin in the seminal work of L.P.Kadano� in 1966 [70], who realized

the possibility of reducing the degrees of freedom of a spin system by renormalizing the system itself in larger

blocks of spins. The main and �nal formulation was made by K.G.Wilson [161], who was honored by the Nobel

Prize in Physics in 1982.
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In Eq.(2.2), the universal function ~P (�) is non-singular at zero [ ~P (0) 6= 0] , and this fact is

practically important, since at p = pc , Eq.(2.2) reduces to

P1 � L��=� : (2.3)

Eq.(2.3) shows a simple way to measure the ratio ��=�. One just needs to measure P1 at

pc for di�erent sizes L of the lattice and then measure the slope of this function on a double-

logarithmic plot. Mathematical relations similar to Eq.(2.2) are valid for other observables of

interest, which means almost all the critical exponents can be easily calculated numerically

by varying the linear size of the lattice L at the critical point pc .

The application of the �nite-size scaling analysis to percolation and in particular the applica-

tion of mathematical relations like Eq.(2.3) requires the knowledge of the critical threshold

pc . In the case of standard percolation, the actual value of pc is known from analytical calcu-

lations for the cases of one- and two-dimensional lattices. For higher dimensions or in general

for critical phenomena for which the critical point of the transition is not known, �nite-size

scaling analysis gives some speci�c tools for the determination of pc . Here I illustrate just

one of them and for more complete discussions I recommend the books [144, 28, 19]. Based

on the �nite-size scaling relation of Eq.(2.2), one can make a plot of the order parameter

P1, rescaled by L��=�, as a function of the parameter p for which one would like to deter-

mine the critical value. By considering di�erent sizes of the lattice L, one can tune the ratio

�=� appropriately until all curves for di�erent L have a common intersection at a particular

value of p, that actually represents the critical threshold pc . In this way, one has determined

simultaneously the ratio between the critical exponents � and � and the critical threshold pc .

Its value can then be used for further numerical estimates of other critical exponents. This

numerical tool is used in Paper V [123] for the determination of the critical threshold for a

non-standard percolation model.

2.2.4 Directed Percolation

Among the critical phenomena, directed percolation is associated with an extraordinarily large

variety of real phenomena. Directed percolation is de�ned in exactly the same way as perco-

lation, discussed above, with only one additional condition: each bond of the lattice carries

an arrow, which is determined by a preferred direction. Therefore, percolation is possible

only when it is possible to go from one side of the lattice to the opposite side by walking on

occupied sites and following the arrows on the bonds according to the prescribed direction. In

other words, directed percolation represents the \anisotropic" version of percolation, which

corresponds to an \isotropic" problem [144]. A good example can be taken from geology.

Imagine a porous rock in which neighboring pores are connected by channels of di�erent
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permeability. Considering this system as a directed percolation model, one can pose the

interesting question of how deep the water, which follows a direction prescribed by gravity,

penetrates into the rock.

An alternative de�nition of directed percolation is given in terms of evolutionary processes.

In this case the preferred direction is represented by the time of the evolution. Therefore if

the process is de�ned on a lattice of d dimensions, the related evolutionary model is said to

be (d + 1)-dimensional. A standard example of these models is represented by the contact

process [83]. This process is de�ned as a set of evolutionary rules on a population of par-

ticles living on a lattice of d dimensions. Every site of the lattice can be either occupied or

empty. The evolutionary rules are simple. At each stage of the evolution, an occupied site

is selected and a random number 0 � r � 1 is taken out from a uniform distribution. If

r < p, then the selected site becomes empty. If r � p, then one neighbor of the selected site

is chosen at random: if this site is already occupied, nothing happens; if this site is empty,

it becomes occupied. p is the spreading parameter of the model and e�ectively controls

the behavior of the model itself. For p < pc , the �nal con�guration is composed of empty

sites [see Figure 2.3(a)]; for p > pc , the �nal con�guration is composed of both empty and

occupied sites [see Figure 2.3(c)]. By de�nition of the model, the con�guration in which all

the sites are empty is an absorbing con�guration, since empty sites cannot create occupied

sites. However, every con�guration with a non-zero number of occupied sites is active be-

cause the evolutionary algorithm can go on. Therefore at pc one has a transition between

an inactive and an active phase [see Figure 2.3(b)]. This particular phase transition can be

studied by using as order parameter the density of occupied sites �. Since the theory is

again formulated in the thermodynamic limit (here this means in large-volume limit) and in

the limit of in�nite time, numerical studies can be performed by looking to �nite-size systems

and again performing a �nite-size scaling analysis. In particular it can be shown that the

contact process gives rise to a continuous phase transition and the critical exponents of the

transition are the same as in the case of standard directed percolation in (d +1)-dimensions.

Therefore, they both belong to same universality class.

In chapter 6 and particularly in Paper VI [122] , I will consider again a (1 + 1)-dimensional

evolutionary process. In this case, I will see that the parity conservation of occupied sites

leads to a classi�cation of my model as belonging to the parity conserving universality

class [61, 112].
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(a) Non percolation (b) Percolation threshold (c) Percolation

Figure 2.3: Example of directed percolation in (1 + 1)-dimensions. The preferred direction is repre-

sented by the time, oriented from top to bottom in all �gures. Occupied sites are denoted as full

dots, while empty sites are not plotted. The initial con�guration is given by one occupied site placed

in the middle of the lattice. (a) If the spreading rate is smaller than the critical one, the system ends

up in the inactive phases. (b) At the critical point one is at the boundary between inactive and active

phase. The occupied sites are a non-zero number, but still small as compared to the total number of

sites of the lattice. (c) Above the critical point, the occupied sites spread all over the lattice, meaning

that the system is in the active phase. (from ref. [61])

2.3 Phase Transitions on Networks

As already shown in this chapter, examples of phase transitions can be found in a large variety

of real systems. Moreover, the theory behind phase transitions is not restricted to a particular

case of phase change, but all phase transitions can be analyzed with the help of the same

mathematical and theoretical tools. In this sense the theory of phase transitions is \univer-

sal". The examples of phase transitions proposed so far are all taken from standard physics.

Both percolation and directed percolation, described in section 2.2, are \usually" de�ned on

regular lattices. The same underlying topology is used as support for the description of the

ferromagnetic-paramagnetic phase transitions, well explained theoretically by the Ising model

[see section 6.2]. In this thesis, moreover, I am primarily interested in the study of phase

transitions occurring on complex networks, instead of phase transitions occurring on lattices.

I have already anticipated some examples of phase transitions studied during this thesis and

I will illustrate them in the following chapters. In this section, I would like to give a few more

examples of phase transitions on networks which have been studied by scientists during the

recent years.

Roughly, one can divide the phase transitions studied on networks into two main categories:

purely topological phase transitions and phase transitions of dynamical models living on net-
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works. Examples of phase transitions belonging to the �rst class can be illustrated by the

models of complex networks proposed in chapter 1. The transition occurring at the critical

probability of connection pc in the Erd�os-Renyi model [see section 1.5.1], between a phase

in which the network is composed of several components (p < pc) and a phase in which the

network is composed of just a single component (p > pc), can be easily described as percola-

tion transition [3]. Similarly, the two transitions occurring in the Watts-Strogatz model, one

for the average distance and one for the clustering coe�cient [see section 1.5.2], as a func-

tion of the rewiring probability p are again purely topological phase transitions on networks.

Moreover, in section 3.2 and in Paper I [165] I will consider fractal and self-similar networks.

This can be viewed as a study of networks at \criticality", since many critical phenomena at

their critical point can be described as fractal or self-similar geometrical objects. Moreover in

Paper IV [124] , I will explore several phase transitions occurring in randomly diluted networks

in the context of social balance [see chapter 5]. Examples of phase transitions, belonging to

the second category of phase changes for dynamical models de�ned on networks, are given by

every model that already undergoes a phase transition on regular lattices and that preserves

the same feature on networks. Meanwhile, physicists studied the phase structure of the Ising

model [59, 64, 60, 81, 138], the Potts model [38, 129], the contact process [32, 143], and

synchronization transitions [62, 168, 78, 98, 99, 113, 63, 1, 114, 11], etc., also on generic

network topologies.
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Chapter 3

Self-similarity and Scale-free Degree

Disassortativity on Complex Networks

Introduction

In chapter 1, I introduced complex networks. I illustrated several examples of real systems

that can be described as networks [section 1.1] and I summarized the main topological prop-

erties emerging from the statistical analysis of their structures [section 1.4]. I stated that

the majority of real networks are scale-free and small-world like [sections 1.4.1 and 1.4.2,

respectively], and that they have a large clustering coe�cient [section 1.4.3] and internal

organization in communities [section 1.4.4]. In this chapter, I will describe in detail a novel

topological feature of real complex networks, recently discovered by C.Song et al. [141]: the

fact that the majority of real networks are self-similar so that they can be described as fractals.

This property is of extreme importance for several reasons. The \fractality" of real networks

is counter-intuitive since it is apparently in contrast to the small-world feature. Moreover,

the possibility of describing networks as fractals allows a direct connection between networks

and critical phenomena [introduced in chapter 2].

In order to make the concepts of self-similarity and fractality on networks understandable, I

will �rst summarize some standard de�nitions about fractals [section 3.1]. Then I will see how

it is possible to extend these standard de�nitions to complex networks [section 3.2]. Finally, I

will report in Paper I [165] my own new results about the relation between self-similarity and

degree disassortativity on scale-free networks [refer to the de�nitions given in sections 1.3.1

and 1.4.1, respectively].
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3.1. FRACTALS

3.1 Fractals

A fractal is a geometric object with a fractional dimension. This di�ers from standard geo-

metric objects like lines and surfaces which have an integer dimension. The study of fractals

was initiated in 1975 by the mathematician B.B.Mandelbrot [87, 88] who coined the word

\fractal" in order to describe rough, broken and irregular characteristics of these objects

(\fractus" is a Latin word meaning \broken"). Quite often, fractals are also self-similar

objects in the sense that they can be subdivided into parts, each of which is a reduced-size

copy of the whole.

Fractals are generally de�ned on regular topologies like Euclidean d-dimensional spaces or

d-dimensional lattices. There are two main categories of fractals: non-random and random

fractals. All the deterministic fractals generated by iterated functions or growth rules belong

to the �rst category. An example is given by the Sierpi�nski gasket fractal. The construction of

this fractal is extremely simple. One starts from a single triangle considered as occupied. This

triangle is then divided into four smaller triangles generated by tracing three segments which

connect the middle of the three sides of the starting triangle. Three of the new smaller trian-

gles are considered as occupied and the one in the middle as empty. This procedure can then

be iterated for each of the new three occupied triangles and so on for every occupied triangle

at every stage. The result obtained after �ve stages of iteration is reported in Figure 3.1.

By simple calculations one can determine that the fractal dimension of the Sierpi�nski gasket

is df =
log 3
log 2

. On the other hand, random fractals are non-regular geometric objects, since

Figure 3.1: Sierpi�nski gasket fractal after �ve

stages of iteration. [Figure generated by Xaos

(http://xaos.sourceforge.net)]

they are not generated in a deterministic way. All the fractals found in nature are random.

Examples can be found in a large variety of contexts: the corrugated coast of Britain [86],

fractures in rocks [16, 15], the spatial distribution of epicenters of earthquakes [71], the spa-

tial displacement of rivers and lakes [134], and so on. Moreover it should be emphasized that

the majority of systems characterized by a second-order phase transition give rise to fractal
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structures at their critical point. For example, the percolation picture at the critical threshold

[see Figure 2.2(b)] is a fractal. In this case, the fractal dimension df is related to the other

critical exponents � and � by the hyper-scaling relation df = d � �=� [refer to section 2.2.2

for the de�nitions of these quantities], where d stands for the dimension of the space in which

the percolation model is de�ned.

There are two possible procedures for determining the fractal dimension df : the \box count-

ing" and the \cluster growing" methods [28]. For simplicity, I describe them in the case of

a percolation model, at its critical threshold pc , de�ned on a square lattice [see section 2.2].

[Although these methods are valid independently of the speci�c model analyzed and the di-

mensionality of the Euclidean space or of the lattice on which the fractal is de�ned.] In the

former method, one counts the minimal value of the total number of square boxes of side

`B, namely NB(`B), needed for tiling the entire fractal, that is for covering all occupied sites.

Since NB(`B) � `�dfB , one can simply calculate df in a double-logarithmic plot of NB(`B)

versus `B. In the latter method, sometimes also called the \window box scaling" method,

one considers a square box of size `B centered on a randomly chosen site of the lattice and

counts how many occupied sites are contained in the box. Averaging over many boxes, one

can determine the average \mass" of a box of side `B, namely hM(`B)i. The scaling of the

average mass with the linear size of the box is hM(`B)i � `dfB , which allows the determination

of the fractal dimension. Both these methods are based on the self-similarity of fractals,

since a part of the system (i.e., the box) is representative for the whole system as long as one

considers regular topologies like Euclidean spaces or lattices. Moreover, on regular topologies,

both methods are equivalent in the sense that they predict a power-law scaling with the same

exponent df . I will make use of both these methods during this thesis. In particular, I will

use the box counting method on fractal networks in Paper I [165] where it is the method

of choice on a scale-free network [de�ned in section 1.4.1], while I will determine the fractal

dimension in a particular percolation transition using the cluster growing method in Paper

V [123] .

3.2 Self-similarity of Complex Networks

Up to now, I have considered fractals de�ned on regular topologies. Recently C.Song, S.Havlin

and H.A.Makse [141] extended the de�nitions of fractality and self-similarity to topologies

with inhomogeneous properties like networks. Both of these notions are apparently incompat-

ible with networks since the small-world feature of real networks [i.e., Eq.(1.9] implies that the

relation between the average distance and the size of the network is h`i � logN. Therefore the

expected number of boxes needed to tile a real network should obey NB(`B) � exp (�`B=`0),
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3.2. SELF-SIMILARITY OF COMPLEX NETWORKS

with `0 the characteristic length of the network.

C.Song et al. [141] solved this apparent incompatibility. They de�ned a box of size `B in a

network as a subset of nodes with mutual distance less than `B. This means that the distance

between all the pairs of nodes in a box is less than `B [refer to the de�nition of distance in a

network given in section 1.3.2]. With this de�nition of box, the former methods, illustrated

above for \standard" fractals and able to determine the fractal dimension df , are no longer

equivalent. Measures performed on real networks revealed the following [141, 165]. The

cluster growing method e�ectively leads to an exponential scaling hM(`B)i � exp (`B=`1),

consistent with the small-world feature of real networks. Alternatively, the box counting

method reveals that

NB(`B) � `�dBB : (3.1)

One uses here dB to indicate the fractal dimension of the network, since this exponent can

be found only with the box counting method. In particular, the power-law scaling is not true

for all real networks, but is strongly related to the degree disassortativity of the networks, as

the reader will see in Paper I [165] .

There are di�erent ways of implementing the tiling procedure on a network. They are well

(a) Tiling (b) Renormalization

Figure 3.2: (a) Examples of tiling procedure for the case of `B = 2; 3 and 4. (b) Di�erent stages of

renormalization for a real network. (Both �gures from ref. [140])

described in [139], while I describe in the appendix B.1 the one used in my Paper I [165] .

The tiling procedure can be also used for renormalizing the network. Each box of the original

network becomes a node in the renormalized network, and two boxes in the renormalized net-

work are connected if two of their nodes are connected in the original network [see Figure 3.2].
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This renormalization scheme can be iterated until it converges to a network composed by a

single node. Interestingly, it is possible to relate the fractal dimension dB to the exponent

of the degree distribution  of scale-free networks [by the de�nition given in section 1.4.1,

scale-free networks have degree distribution which is a power-law: P (k) � k�]. This is a

consequence of the self-similarity of fractal scale-free networks, since the power-law govern-

ing their degree distributions is invariant under the tiling procedure. At each stage of the

renormalization, the network has a degree distribution which is a power-law with the same

exponent . This allows to relate  to the fractal dimension dB, by the relation

 = 1 + dB=dk : (3.2)

dk is another critical exponent and is de�ned by the relation k 0 � `dkB k , where k
0 is the degree

of the box (i.e. the degree of the new node in the renormalized network) and k stands for

the maximal degree of the nodes of the original network contained in the box. Therefore, dk
is the exponent characteristic of the scaling of the degrees under the tiling procedure.
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Paper I

Self-similar scale-free networks and disassortativity

Soon-Hyung Yook, Filippo Radicchi and Hildegard Meyer-Ortmanns

Physical Review E 72, 045105(R) (2005)

The following paper is devoted to the study of self-similarity and fractality of real networks.

The results found in this paper extend the validity of the conjecture made by C.Song et al.

in [140]. Moreover, we found one of the most important ingredients which allows us to

distinguish whether a network is fractal and self-similar or not. This criterion is related to the

joint degree distribution [see section 1.3.1]. If a scale-free network has degree-disassortative

mixing [de�nition given in section 1.4.2], then it shows both the features to be a fractal [it

satis�es Eq.(3.1)] and to be self-similar [it satis�es Eq.(3.2)]. On the other hand, if the

scale-free network is assortative, then it cannot satisfy Eq.(3.1), nor does it make sense to

consider Eq.(3.2). A standard way to distinguish assortative and disassortative networks is to

look at Pearson's coe�cient de�ned in Eq.(1.8), which is negative for disassortative networks

and positive for assortative ones. The intuitive idea behind the formulation of this criterion is

the following. If a network has degree-assortative mixing this means that the \hubs" (i.e., the

nodes with the largest degrees) of the network are directly connected. Therefore the number

of boxes needed to cover the network decreases faster than a power-law as a function of the

linear size of the boxes. This means that Eq.(3.1) is not satis�ed and no fractal dimension dB
can be assigned to the network. All these ideas are well explained in the paper. Moreover, it

should be noticed that the results of this paper inspired C.Song et al. to formulate a minimal

model in which \hubs repulsion" (i.e., degree-disassortativity) is used as a basic ingredient

for the generation of a fractal self-similar network [142].

Personal Contribution

For the realization of this paper, I performed all numerical simulations. In particular, since

the paper is essentially a numerical study, the same numerical simulations were separately

performed by me and Dr.S.Yook in order to check the consistency of our results. I discuss

the algorithmic part of the simulations in the appendix B.1.
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Self-similar networks with scale-free degree distribution have recently attracted much attention, since
these apparently incompatible properties were reconciled in �C. Song, S. Havlin, and H. A. Makse, Nature 433,
392 �2005�� by an appropriate box-counting method that enters the measurement of the fractal dimension. We
study two genetic regulatory networks �Saccharomyces cerevisiae �N. M. Luscombe, M. M. Babu, H. Yu, M.
Snyder, S. Teichmann, and M. Gerstein, Nature 431, 308 �2004�� and Escherichia coli �http://
www.ccg.unam.mx/Computational�Genomics/regulondb/DataSets/RegulonNetDataSets.html and http://
www.gbf.de/SystemsBiology�� and show their self-similar and scale-free features, in extension to the datasets
studied by �C. Song, S. Havlin, and H. A. Makse, Nature 433, 392 �2005��. Moreover, by a number of
numerical results we support the conjecture that self-similar scale-free networks are not assortative. From our
simulations so far these networks seem to be disassortative instead. We also find that the qualitative feature of
disassortativity is scale-invariant under renormalization, but it appears as an intrinsic feature of the renormal-
ization prescription, as even assortative networks become disassortative after a sufficient number of renormal-
ization steps.
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I. INTRODUCTION

Until very recently, the celebrated properties of a scale-
free degree distribution seemed to be incompatible with self-
similar features of networks, in which the number of boxes
NB of linear size �B scales with �B according to a power-law
NB��B

−dB, with an exponent that is given by the fractal di-
mension dB. Using the box-counting method, Song et al.
showed that many scale-free �SF� networks observed in na-
ture can have a fractal structure as well �1�. This result is
striking, because the tiling and renormalization according to
the linear size of the boxes, in which all pairs of nodes inside
a box have mutual distance less than �B, appear to be physi-
cally relevant rather than being a formal procedure. There-
fore, the essential quantity in the tiling is the linear size of
the box, �B, defined by �B−1 being the maximal distance
between the nodes of the box. In the renormalization proce-
dure the boxes are contracted to the nodes of the renormal-
ized network whose edges are the interconnecting edges be-
tween the boxes on the original network.

In this paper we study the genetic regulatory network of
two well-known organisms, Saccharomyces cerevisiae �2�
and Escherichia coli �3�. We first determine the degree-
distribution P�k�, that is the probability for finding a node
with degree k, i.e., with k edges, to read off the exponent �
according to P�k��k−� �4� in order to check that the net-
works are scale-free. The edges correspond to regulatory in-
teractions between transcription factors and target genes �ei-
ther between transcription factors and nontranscription factor
targets, or between two transcription factors�. Next we mea-
sure the ratio of the total number of boxes NB of linear size

�B over the total number of nodes N in the network, that is
NB /N, for various box-sizes �B, to obtain the fractal dimen-
sion dB from NB /N��B

−dB. After renormalizing the networks
according to the procedure proposed in �1�, we measure the
scaling behavior of the degree k� according to k�=s��B�k,
where k� stands for the degree of a node in the renormalized
network, k is the largest degree inside the box that was con-
tracted to one node with degree k� in the renormalization
process, and s��B� is assumed to scale like s��B���B

−dk with
a new exponent dk. The invariance of � under renormaliza-
tion and the transformation behavior of the degree itself im-
ply the relation �1�

� = 1 + dB/dk �1�

between the exponents. Therefore, we check this relation by
measuring dB, dk and comparing the values of � from Eq. �1�
with the measured � from the degree distribution.

One of the important features of networks is their “de-
gree” of assortativity. The notion of assortative mixing was
known from epidemiology and ecology when it was intro-
duced as a characteristic feature of generic networks by
Newman �5�. Assortativity refers to correlations between
properties of adjacent nodes. One particular property is the
�in- or out-� degree of a node as the number of its incoming
or outgoing links, respectively. Degree-degree correlations
can be recorded as histograms; in order to facilitate the com-
parison between networks of different size, they can be also
characterized by the Pearson coefficient. The Pearson coeffi-
cient is obtained from the connected degree-degree correla-
tion function �jk�− �j��k� after normalizing by its maximal
value, which is achieved on a perfectly assortative network.
Here, �jk� stands for the average of having vertex degrees j
and k at the end of an arbitrary edge. The Pearson coefficient
r takes values between −1�r�1, it is positive for assorta-
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tive networks �r=1 for complete assortativity� and negative
for disassortative ones. As it was shown in �5�, the Pearson
coefficient can be rewritten according to

r =

M−1�i
jiki − 	M−1�i

1

2
�ji + ki�
2

M−1�i

1

2
�ji

2 + ki
2� − 	M−1�i

1

2
�ji + ki�
2 , �2�

where M denotes the total number of edges i, i=1, . . . ,M,
and ji, ki denote the degrees of the two vertices at the ends of
edge i. Equation �2� has actually the form in which we mea-
sured the Pearson coefficient for a number of self-similar
networks. The results are presented below. The reason why
this feature is of interest in the present context is its relation
to the power-law or exponential behavior of NB��B�. In par-
ticular, we are interested in the question whether disassorta-
tivity is scale-invariant on a qualitative level under renormal-
ization according to the prescription proposed in �1�, and
why these properties go along. Disassortative features in pro-
tein interaction networks were found and explained by
Maslov and Sneppen �6� on the level of interacting proteins
and genetic regulatory interactions. According to their results
links between highly connected nodes are systematically
suppressed, while those between highly connected and low-
connected pairs of proteins are favored. In this way there is
little cross-talk between different functional modules of the
cell and protection against intentional attacks, since the fail-
ure of one module is less likely to spread to another one.
Also in immunological networks one speaks of lock- and
key-interactions between molecular receptors and antigenic
determinants �7�. In general, complementarity is essential for
pattern recognition interactions, underlying biological and
biochemical processes as well as for symbiotic species in
ecological networks. Of course, it is not at all obvious or
necessary that complementarity in “internal” �functional�
properties should be manifest in topological features like the
degree-degree correlations. Therefore, we study the relation
between self-similarity and degree-assortativity in this paper.

II. MEASUREMENTS AND RESULTS

For the genetic regulatory networks Saccharomyces cer-
evisiae �2� and Escherichia coli �3� we observe a power-law
behavior of NB /N for �B�3 with dB=5.1±0.3 for S. cerevi-
siae and dB=3.4±0.2, respectively. The obtained degree-
distributions are scale-free and satisfy a power-law with ex-
ponent ��2.6±0.2 for S. cerevisiae and ��2.8±0.3 for
E.coli, cf. Fig. 1. The scaling relation �1� between the expo-
nents dB and dk is also satisfied within the error bars for both
networks. From �1� we obtain �=2.8±0.3 for Saccharomy-
ces cerevisiae and �=2.7±0.5 for Escherichia coli.

In Table I we summarize the results also for some addi-
tional networks, for which we list their properties of self-
similarity and disassortativity. If we confirm the property of
self-similarity it means not only the scaling behavior of
NB /N according to a power-law, but also the numerical veri-
fication of the scaling relation of Eq. �1� and the invariance
of � under renormalization �1�. This is more conclusive, be-

cause it is sometimes difficult to disentangle exponential
from power-law behavior of NB /N for networks with a small
diameter �for example, see Fig. 2 for the regulatory network
of S.cerevisiae with an inset that shows the same data points
on a log-linear scale instead of the log-log scale�, whereas
the scaling relation only holds for a power-law of the decay,
it is easier to prove or disprove. A confirmation of �dis�as-
sortativity refers to histograms with �negative� positive slope
of next-neighbor degree-degree correlations and/or a �nega-
tive� positive Pearson coefficient, respectively. In most cases
we measured the degree-degree correlations also between
nodes at distance d=2,3, as indicated in the figures, where
the distance is measured in units of edges.

The first four networks of Table I refer to the genetic
regulatory networks of S.cerevisia and E.coli, the scientific
collaboration network, and the internet on the autonomous
systems level. For these networks the properties of columns
2 and 3 were examined by us, while for the last three net-
works �the biochemical pathway network of E.coli, the actor
network and the world-wide-web�, the self-similarity was es-

FIG. 1. Degree distribution P�k� for �a� S. cerevisiae and �b� E.
coli to read off �.

TABLE I. Networks from datasets characterized by properties of
self-similarity and disassortativity.

Network Self-similarity Disassortativity

genetic reg.S.cerevisia �2� yes Fig. 2 yes Fig. 5�a�
genetic reg.E.coli �3� yes Fig. 4 yes Fig. 5�b�

scient.collab. �8� no Fig. 7�a� no Fig. 7�b�
internet aut.sys. �8� yes �10� yes �10�

biochem.pathway E.coli �8� yes �1� yes �10�
actor �8� yes �1� �yes, k�1000� Fig. 3

www �8� yes �1� yes �10�
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tablished before �1�, and we studied their property of disas-
sortativity in addition. In particular the actor network de-
serves some further comments. The actor-network is self-
similar �1�, but its positive Pearson coefficient suggests that
it is assortative, in contrast to all other self-similar networks
we have studied so far. A closer look at its next neighbor-
degree-degree correlation �Fig. 3� shows an assortative be-
havior for degrees up to the order of 1000, but slowly decays
for larger degrees and becomes disassortative. The degree-
degree correlation between nodes at distance larger than one
is decreasing with degree k for all k.

Moreover, some comments are in order to the yeast-
genetic regulatory network with 3456 nodes and 14 117
edges, �cf. Fig. 2�. Since it has a diameter of 9, the largest �B
value for the tiling is 10. Therefore, we have only 8 data
points available for the fit. Each point corresponds to an

average over 100 tiling configurations. Different tiling con-
figurations result from different starting seeds as well as the
random selection of neighbors during the tiling process. The
data point at �B=3 in Fig. 2 lies clearly outside the fluctua-
tions about the average over different tiling configurations,
thus outside the error bars, which are at least two orders of
magnitude smaller than the respective value of NB /N, so that
they are not visible on the scale of the figure. In Fig. 4, we
find a similar behavior for E.coli. The deviation from the
power-law behavior at �B=3 goes along with an assortative
degree-degree-correlation between nodes at distance d=2 as

FIG. 5. Degree-degree correlation �kn�d�� vs degree k for dis-
tances d=1,2 ,3, �a� S.cerevisiae and �b� E.coli.

FIG. 2. S.cerevisiae: �a� Normalized number of boxes NB as a
function of linear box size �B to read off dB. �b� Rescaling factor
s��B� as function of the box size to read off dk.

FIG. 3. Degree-degree correlation �kn�d�� for d=1 against k for
the actor network, showing initially assortative behavior for k
�1000.

FIG. 4. Same as Fig. 2, but for E.coli to read off �a� dB �b� dk.
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it is seen from Figs. 5�a� and 5�b�, showing the degree-
degree correlation of S.cerevisiae and E.coli, respectively, at
distances d=1,2 ,3. The data in Fig. 5 explicitly show the
disassortative behavior at d=1 and d=3 for both S.cerevisiae
and E.coli. However, for d=2, we find that there is a certain
value of k ,k=k*, at which �kn� abruptly increases and slowly
decreases for k�k*. Here k*�30 for S.cerevisiae and k*

�10 for E.coli. These mixed properties of assortativity and
disassortativity seem to go along with the deviation from the
power-law behavior of NB /N. On a qualitative level, this is
plausible if we focus on a hub that should be present in a
scale-free network. In an assortative network �assortative say
at distance d, for example, d=2�, this hub is likely connected
to another hub within the distance d. If this hub is chosen as
a seed of a box in a tiling with linear box size �B�d, we
need much less boxes to cover the many nodes in the neigh-
borhood of the hub than in a disassortative network.

In a network which is assortative not only for a certain
range of k, but for all k and at distances d�1, like the sci-
entific collaboration network, NB /N actually decays faster
than power-like for all �B, as it is seen from the exponential
fit of Fig. 6�a�.

The scaling relation between the exponents �, dB, and dk
assumes the scale-invariance �under renormalization� of the
degree distribution, that is the invariance of the exponent �.
Similarly, it is of interest how the disassortativity transforms
under renormalization �as defined in �1��. As we see from
Fig. 7, even networks like the scientific collaboration net-
work �Fig. 6�, which are originally assortative, transform to
more and more disassortative ones under iterated renormal-
ization. �The number of renormalization steps is determined
by the size of the networks, in particular by its diameter. The
final step is achieved when the reduced network consists of
just one node.� Therefore the transformation behavior of dis-
assortativity seems to be an effect of the renormalization
procedure rather than an intrinsic self-similar property of the
network. Similarly, we measured the transformation behavior
of the clustering coefficient under renormalization of self-
similar networks. As the data �10� show, it is an invariant
property of scale-free networks, while it changes under
renormalization for non-self-similar ones like the Barabási-
Albert one �11�.

To summarize, we find numerical evidence that self-
similar scale-free networks are preferably disassortative in
their degree-degree correlations. For biological networks this
result may reflect the complementarity in interactions that is
observed on various levels, as mentioned in the introduction,
although it is still far from being obvious.
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Chapter 4

Synchronization on Complex Networks

Introduction

The word \synchronization" takes its root from the Greek words \���" and \��o�o&",

which literally mean \common" and \time", respectively. Therefore the word synchroniza-

tion is used with the meaning of \occurring at the same time" or \sharing the same time" in

connection with a large variety of phenomena appearing in natural sciences, engineering and

social life.

The �rst study about synchronization was made in the 17th century by the physicst, math-

ematician and astronomer C.Huygens [66]. Huygens discovered that two pendulum clocks

fastened at a common beam become synchronized, in the sense that their oscillations coincide

perfectly and the pendula always move in opposite directions. Later, systems exhibiting syn-

chronization were studied and observed in other �elds of physics such as acoustics [127] and

electrodynamics [154]. Nowdays, the attention of scientists is devoted to the phenomenon of

collective synchronization where complex systems of many interacting units tend to become

synchronized in the sense that they perform the same function at the same time. Exam-

ples of natural systems that exhibit mutual synchronization can be found everywhere: radio

communication and electrical devices, simultaneous hand clapping in an audience [101], �re-

ies emitting sequences of light pulses [26], crickets chirping simultaneously [156], chemical

systems exhibiting oscillatory variation of the concentration of reactans [167], coherent con-

traction of the human heart, and so on.

This chapter gives a short introduction to synchronization phenomena on complex networks.

Since networks are complex many-bodies systems, I will focus my attention on the phe-

nomenon of collective synchronization [see section 4.1]. I will start with the description of

the Kuramoto model in section 4.1.1. This model is described in detail since it represents

the core model of my research on the phenomenon of synchronization. Then I will list other
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4.1. MODELS FOR COLLECTIVE SYNCHRONIZATION

models proposed in the context of collective synchronization in section 4.1.2. Finally, I will

report my Paper II [120] and Paper III [121] . Both papers will be supplemented by a short

introduction with the aim of justifying the importance of the analysis performed in the papers

themselves. The papers will explain and motivate the results I obtained in this context.

4.1 Models for Collective Synchronization

During the last forty years the attention of physicists, in particular those studying non-linear

dynamics, was directed to the study of mathematical models able to describe the phenomenon

of synchronization. One of the aims behind the proposal and the analysis of a model is often

to give a qualitative description of a phenomenon, rather than a quantitative one, in order to

describe the phenomenon in its minimal formulation and to understand its basic ingredients.

In the framework of synchronization several models were proposed. In this section, I will

introduce just some of them. In particular I focus my attention on the Kuramoto model [see

section 4.1.1], since this model will be the core of both of my papers about synchronization

(see Paper II [120] and Paper III [121] ). Moreover, I will mention in section 4.1.2 other

models of particular interest that show synchronized patterns as well.

4.1.1 The Kuramoto Model

In 1975, Y.Kuramoto introduced one of most fruitful models to describe the phenomenon

of collective synchronization. This model was originally designed for biological systems in

which a large number of oscillators, despite the di�erence in their natural frequencies, lock

their motion to a common frequency. This model was used as a description of di�erent real

systems: arrays of lasers [79, 155], microwave oscillators [166], superconducting Josephson

junctions [34, 153]. In biological applications, the oscillating quantity is often the concentra-

tion of substrates described by an amplitude and a phase '.

In his book [80], Kuramoto studied the dynamics of these phases in detail. He started from

a system of di�erential equations. Using a perturbative method in the coupling strength and

averaging over time, he showed that for any system of weakly coupled and nearly identical

limit-cycle oscillators1 the long-term dynamics is given by the equation for the i-th oscillator

1Limit-cycle, phase or self-sustained oscillator simply means that this oscillator has a stable periodic motion

when left to itself. The notion of limit-cycle was introduced by H.Poincar�e and then expressed in rigorous

mathematical and physical terms by A.A.Adronov and A.A.Vitt [2].
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phase of the following form

_'i = !i +

N∑
j=1

�i j('j � 'i) ; (4.1)

where the i-th oscillator itself follows the di�erential equation

_~xi = F (~xi) + �

N∑
j=1 ;j 6=i

Vi j(~xi ; ~xj) : (4.2)

F (~xi) is a force term for the independent dynamics of ~xi , � is the weak coupling strength

and Vi j(~xi ; ~xj) indicates the coupling between the i-th and the j-th oscillators. The degrees of

freedom of the system are reduced: the space variable ~xi 2 Rn of the i-th oscillator is mapped
into the phase 'i 2 [0; 2�] along the unitary circle and the interaction between two di�erent

oscillators depends only on the di�erence of the respective phases via the coupling function

�i j('j � 'i). This approximation is valid only in the case of small coupling (� is supposed to

be small in order to apply the perturbative method) and in the case of very similar oscillators

(their natural periods are supposed to be nearly identical during the averaging procedure).

In spite of the simple form of the system of di�erential equations (4.1), its general treatment

is di�cult. Kuramoto solved it only for a very particular case: an all-to-all coupled system,

where the interaction function is identical for all pairs of oscillators

�i j('j � 'i) = K

N
sin ('j � 'i) ; (4.3)

and the natural frequencies are chosen at random from a symmetric distribution g(!), with

a center in !0
2.

The case of an all-to-all coupled system is rather special and corresponds to an unrealistic

choice but shows an interesting behavior. It allows a simple solution using the mean �eld

approach. On the other hand it is su�ciently complex to have a non-trivial solution.

One introduces �rst the time-dependent order parameter [see Figure 4.1]:

Re i =
1

N

N∑
j=1

e i'j : (4.4)

The order parameter is a macroscopic quantity that can be interpreted as the collective

rhythm produced by the whole population. The radius R(t) measures the phase coherence

2System (4.1) is clearly invariant under simultaneous transformations 'i ! 'i +!0t, 8i , so one can assume

without loss of generality that !0 � 0.
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(for complete coherence, when all the phases are the same, it equals one; for complete

incoherence, when the phases are equally distributed over the circle, it equals zero), while

 (t) is the average phase. Rewriting the system of equations, in the particular case of (4.3),

using the de�nition (4.4) and �nally equating the imaginary parts leads to

Figure 4.1: Phase representation on the

unitary circle that represents the limit-cycle

in phase space. The dots correspond to the

actual phases of the oscillators 'i , while the

cross to the phase  of the order parameter.

Moreover the distance of the cross from the

center is equal to the radius R of the order

parameter.

_'i = !i +KR sin ( � 'i) : (4.5)

In this form, the i-th oscillator appears as decoupled3 from all the others, but coupled only to

the mean �eld. From equation (4.5) one can see that the i-th oscillator's phase 'i is pulled

towards the mean phase  4. The coupling strength is proportional to the coherence of the

system: this means that there is e�ectively a feedback between coupling and coherence: as

the population becomes more coherent, R grows towards one, so the e�ective coupling KR

increases, which tends to recruit even more oscillators into the synchronized state.

The original work of Kuramoto studied primarily the steady solution of (4.5), for which R(t)

is a constant and  (t) rotates with a constant velocity 
. Shifting (4.5) into the mean �eld

rotating frame (where  � 0 as well as 
 � 0), one can rewrite (4.5) as

_'i = !i �KR sin'i : (4.6)

3Of course this is not strictly true because the mean �eld is the e�ect of the whole system.
4for K > 0, sin ( � 'i) is a \ferromagnetic" interaction because it tends to align the two phases (i.e.,

tends to reduce the phase lag between the phases 'i and  ).
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So the oscillators can exhibit two di�erent types of long-term behavior. If j!i j � KR, the

i-th oscillator falls into a stable �xed point ( _'i = 0), de�ned by

!i = KR sin'i :

This oscillator belongs to the locked population, because its phase is locked at frequency 


in the original frame. The i-th oscillator with j!i j > KR is drifting (or \wild") because it

moves, in the original frame, with a non-uniform velocity due to the interaction with the other

oscillators, accelerating near some phases and decelerating near others. The frequency of the

locked population corresponds to the center of the distribution g(!), while the wild oscillator

frequencies correspond to the tail; in general, this result can be extended to non-unimodal

distribution [see Figure 4.2], where oscillators with natural frequencies close to the peaks of

the distribution form synchronized clusters.

Figure 4.2: Formation of cluster of synchro-

nized oscillators and their mutual synchro-

nization in the cases of symmetric (upper

row) and asymmetric (lower row) distribu-

tion of natural frequencies. When the cou-

pling strength is weak (left column) one sees

the formation of distinct clusters of coher-

ent oscillators (dark grey) around the peaks

of the distribution, while the rest of the pop-

ulation is wild (light grey); for larger cou-

pling strength the two di�erent clusters col-

lapse into only one coherent (right column).

It is also possible, in the limit of large N, to estimate the fraction of the oscillators belonging

to the two di�erent populations. When the system size goes to in�nity, one can replace all

discrete quantities by continuous ones and sums by integrals. This allows the problem to be

solved explicitly, using a self-consistent approach, and leads to the most important result

Kc =
2

�g(!0)
; (4.7)

if the distribution for the eigenfrequencies g(!) is a Lorentzian distribution5. Kc represents

the critical value for the coupling strength under which one does not have synchronization as

5The Lorenztian distribution for the eigenfrequencies is given by g(!) = 

�
1

(!�!0)2+2 . Kuramoto found Kc

also in the case of a Gaussian distribution.
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long-term behavior at all and so R = 0 [see Figure 4.3]. For values of the coupling strength

K > Kc , the system starts to synchronize. This is reected in values of R > 0. The module

of the order parameter increases continuously towards one as the coupling strength increases.

This means that the system has a second-order phase transition at K = Kc [see the de�nition

given in section 2.1.3].

Figure 4.3: Typical second-order transition

in the order parameter R of the Kuramoto

model [see the de�nition and classi�cation

of phase transitions given in section 2.1.3].

The seminal work of Kuramoto inspired many successive papers (see [145] for a short review

and [1] for a more complete one). In some of them, particular mathematical aspects were

solved (that were not considered in the original analysis of Kuramoto); in others, di�erent

mathematical tools were applied.

On the other side, many successive papers consider simple modi�cations of the original model.

The most common one is to consider di�erent kinds of coupling functions. The sine function

represents only one particular and the simplest choice (which can be solved analytically).

Periodic coupling functions [36], containing more harmonics, were also proposed. Moreover,

there are oscillator models described by two angles (so-called top models [132]), instead of

just one.

In other papers [164, 110] a more realistic model with time-delayed interactions is proposed:

�i j('j � 'i ; t) = K

N
sin ('j(t � �)� 'i(t)) ; (4.8)

where � stands for the time-delay constant. Time delay implements the �nite velocity of

signal propagation. It must be considered when it has the same order of magnitude as the

intrinsic time of the system (� � 1


). The introduction of the delay � between stimulus and

e�ect gives some surprising results: multiple stable solutions with more than one synchro-

nization frequency and di�erent basins of attraction.
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Other papers study the e�ect of di�erent topologies. The consequence of a change in the

backbone is that the mean-�eld approach is no longer valid. In the simplest case, the in-

teraction network is built on a regular d-dimensional lattice [35, 148, 147, 163], where at

each site is a Kuramoto oscillator, coupled via short-range interactions with its nearest neigh-

bors. In this case, the problem can be treated using the renormalization group approach,

but with some di�culties to include the heterogeneity of the oscillator's frequencies. The

general feature is that the system tends to synchronize locally, and to organize into clusters

of coherent oscillators. At the moment, the analysis, which was performed by numerical

simulations, still misses some important points: to predict the lower critical dimension below

which no kind of synchronization can occur (if the dimension d of a lattice is smaller than the

lower critical dimension, a system of heterogeneous oscillators living on this lattice cannot

longer synchronize), the dynamical correlation length for the cluster formation and the upper

critical dimension above which the synchronization transition is mean-�eld like. Other au-

thors [62, 78, 98, 99, 113, 63, 1, 114, 11] also studied the Kuramoto model with short-range

interactions on complex topologies: random, small-world and scale-free [in models as the ones

described in sections 1.5.1, 1.5.2 and 1.5.3, respectively], but only numerically. In general,

these systems also tend to organize locally, and partial synchronization is found especially

between oscillators belonging to the same local ordered structures (communities and cycles).

4.1.2 Other Models

The Kuramoto model and its variations represent a \paradigm for synchronization" as the

large number of papers shows. It turned out to be useful for describing the phenomenon of

collective synchronization. But there are other models to tackle this problem as well (and

maybe in a more appropriate way). Historically, the Kuramoto model was not the �rst model

proposed to describe synchronization as a collective phenomenon, but the work of Kuramoto

was anticipated by A.T.Winfree [162].

Another model which was considered by physicists was a system of pulse-coupled oscilla-

tors [95]. Each unit is described by a variable that evolves continuously with its own frequency

but when it reaches a certain threshold, it �res and launches a pulse to its neighbors. The

period of the oscillator that receives the pulse becomes shorter (in the case of excitatory in-

teractions) or longer (in case inhibitory interactions). This model is reasonable for biological

oscillators, which often exhibit oscillations based on the buildup and sudden discharge of the

membrane voltage or other variables. For this reason it is also called the integrate-and-�re

model. It is likely that the activity of the neurons in the brain is regulated by this kind of

dynamical interaction, rather than a continuous interaction as in the case of Kuramoto os-

cillators.
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The phenomenon of synchronization can also be understood and studied in a system of cou-

pled chaotic oscillators [22]. Despite the fact that a chaotic oscillator exhibits a non periodic

motion when it does not interact with other oscillators, it is nevertheless possible to de�ne for

a chaotic oscillator the average (in time) phase and frequency. In these terms, a system of

coupled chaotic oscillators can be studied using the same formalism as in the case of regularly

oscillating systems and can be analyzed in the context of synchronization. Studies of this

type of system were performed, for example, in [117, 115, 168].

I note that the present section does not want to give a complete review of models for synchro-

nization. Therefore, I invite the interested reader to a have a look at books like [116, 146],

for more examples and more detailed explanations.
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Paper II Entrainment of coupled oscillators on regular networks by pacemakers

In the following Paper II [120] and Paper III [121] we present a study of the Kuramoto model

[see section 4.1.1] posed to the topology of complex networks. Previous papers like [62, 78,

113, 98, 99, 1, 114] and papers published after our work like [11, 10], together with our

results revealed that the behavior of the Kuramoto model strongly depends on the underlying

topology. Within these papers we specialize to a particular formulation of the Kuramoto

model, where the system consists of a homogeneous oscillating medium (i.e., a population

of Kuramoto oscillators with the same natural frequency) and a defect (i.e., a Kuramoto

oscillator with a natural frequency which di�ers from that of all the other oscillators). We

call this \defect" pacemaker.

Paper II

Entrainment of coupled oscillators on regular networks by
pacemakers

Filippo Radicchi and Hildegard Meyer-Ortmanns

Physical Review E 73, 036218 (2006)

As a function of the di�erence between the natural frequency of the medium and the frequency

of the pacemaker, as well as a function of the coupling strength, we observe a �rst-order phase

transition [see section 2.1.3] between a phase in which all the oscillators move together with

the pacemaker (i.e. full synchronization) and a phase in which the system loses synchroniza-

tion. We investigate these transitions on d-dimensional regular lattices. Interestingly, taking

the limit of in�nite dimension (d ! 1) in the analytical expressions on regular lattices, we

reproduce the functional dependence of the critical threshold numerically measured in net-

works [78]. This function depends only on the fact that networks are in�nite-dimensional

geometric objects.

Personal Contribution

I performed the analytical calculations and the numerical simulations reported in the following

paper. Moreover in the appendix A.1, I report some analytical results about the explicit

dependence of the depth of a lattice on the linear size of the lattice. The results obtained

in the following paper were based upon these calculations. In the appendix B.2, I briey

describe the methods adopted for the numerical simulations performed in the paper. The

same pseudo-code is also valid for the simulations performed in Paper III [121] .
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Entrainment of coupled oscillators on regular networks by pacemakers

Filippo Radicchi* and Hildegard Meyer-Ortmanns†

School of Engineering and Science, International University Bremen, P. O. Box 750561, D-28725 Bremen, Germany
�Received 12 December 2005; published 24 March 2006�

We study Kuramoto oscillators, driven by one pacemaker, on d-dimensional regular topologies with nearest
neighbor interactions. We derive the analytical expressions for the common frequency in the case of phase-
locked motion and for the critical frequency of the pacemaker, placed at an arbitrary position in the lattice, so
that above the critical frequency no phase-locked motion is possible. We show that the mere change in
topology from an open chain to a ring induces synchronization for a certain range of pacemaker frequencies
and couplings, while keeping the other parameters fixed. Moreover, we demonstrate numerically that the
critical frequency of the pacemaker decreases as a power of the linear size of the lattice with an exponent equal
to the dimension of the system. This leads in particular to the conclusion that for infinite-dimensional topolo-
gies the critical frequency for having entrainment decreases exponentially with increasing size of the system,
or, more generally, with increasing depth of the network, that is, the average distance of the oscillators from the
pacemaker.

DOI: 10.1103/PhysRevE.73.036218 PACS number�s�: 05.45.Xt, 05.70.Fh

I. INTRODUCTION

Synchronization is a ubiquitous phenomenon, found in a
variety of natural systems like fireflies �1�, chirping crickets
�2�, and neural systems, but it is also utilized for artificial
systems of information science in order to enable a well-
coordinated behavior in time �3�. As an important special
case, the coordinated behavior refers to similar or even iden-
tical units like oscillators that are individually characterized
by their phases and amplitudes. A further reduction in the
description was proposed by Kuramoto for an ensemble of
oscillators �4�, after Winfree had started with a first model of
coupled oscillators �5�. Within a perturbative approach Kura-
moto showed that for any system of weakly coupled and
nearly identical limit-cycle oscillators, the long-term dynam-
ics is described by differential equations just for the phases
�not for the amplitudes� with mutual interactions, depending
on the phase differences in a bounded form. It is this model,
later named after him, that nowadays plays the role of a
paradigm for weakly and continuously interacting oscillators.
In a large number of succeeding publications the original
Kuramoto model was generalized in various directions; for a
recent review see �6�. In particular the natural frequencies
were specialized in such a way that one oscillator plays the
role of a pacemaker with frequency higher than the natural
frequencies of all other oscillators �7,8�. Pacemakers play an
important role for the formation of patterns in Belousov-
Zhabotinsky system �9�. Special families of wave solutions
of the phases arise as a consequence of dynamically created
pacemakers �4,10�. Moreover pacemakers are important for
the functioning of the heart �5� and for the collective behav-
ior of Dictyostelium discoideum �11�, as well as for large-
scale ecosystems �12�. In �13� it is shown that a single peri-
odic pendulum oscillator can entrain or at least drastically

influence the dynamics of all chaotic pendula on two-
dimensional lattices. Furthermore in �8� the role of pacemak-
ers on complex topologies was analyzed in order to under-
stand the functioning of the neural network at the basis of the
circadian rhythm in mammals.

In this paper we consider a system of Kuramoto oscilla-
tors, coupled with their nearest neighbors on various regular
lattice topologies, and driven by a pacemaker, placed at an
arbitrary site of the lattice �Sec. II�. In particular, we analyti-
cally derive the common frequency of phase-locked motion
in case of generic networks �in particular for d-dimensional
regular lattices with open or periodic boundaries� in Sec. III.
Locked phases will be also called phase entrainment
throughout this paper. We also analytically derive the upper
bound on the absolute value of the ratio of the pacemaker’s
frequency to the coupling strength in case of one-
dimensional regular lattices �Sec. IV�. In Sec. V we consider
higher-dimensional lattices and extend the results obtained
for d=1 to any dimension d�2 of the lattice. We find that
the range of pacemaker frequencies for which one obtains
synchronization, the so-called entrainment window, de-
creases as an inverse power of the linear size N of the lattice
with an exponent given by the dimension d of the lattice.
This leads to the conclusion that the entrainment window of
an infinite-dimensional network decreases exponentially with
increasing linear size N if the pacemaker is asymmetrically
coupled to the other oscillators. This conclusion is supported
by our analysis of coupled oscillators on a Cayley tree, a
topology that amounts to an infinite-dimensional regular lat-
tice. These results confirm the results recently obtained by
Kori and Mikhailov �8� for random network topologies. For
random topologies the entrainment window decays exponen-
tially with increasing so-called depth of the network, that is,
the average distance of all other oscillators from the pace-
maker. For our regular topologies, the linear size of the net-
works for hypercubic lattices and the radius of the Cayley
tree are proportional to the network depth.

*Electronic address: f.radicchi@iu-bremen.de
†Electronic address: h.ortmanns@iu-bremen.de
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II. THE MODEL

The system is defined on a regular network. To each node
i, i=0, . . . ,N, we assign a limit-cycle oscillator, characterized
by its phase �i that follows the dynamics

�̇i = � + �i,s�� + �1 + �i,s��
K

ki
�

j

Aj,isin�� j − �i� . �1�

A is the adjacency matrix of the system �Ai,j =Aj,i=1 if the
nodes i and j are connected and Ai,j =0 otherwise�; it reflects
the underlying topology of the network. Here only nearest
neighbors are coupled. Moreover, ki=� jAj,i is the degree of
the ith node; it gives the total number of connections of this
node in the network. �i,j denotes the Kronecker delta ��i,j
=1 if i= j and �i,j =0 if i� j �. The oscillator at position s
represents the pacemaker. Its natural frequency differs by ��
with respect to the natural frequency � of all other oscilla-
tors. Without loss of generality we set �=0, because system
�1� is invariant under the transformation �i→�i+�t " i.
Moreover, the interaction of the pacemaker with the other
oscillators can be linearly tuned by the parameter −1��
�0. For �=0 the pacemaker is on the same footing as the
other oscillators. For �=−1 its interaction is asymmetric in
the sense that the pacemaker influences the other oscillators,
but not vice versa �the pacemaker acts like an external force�.
In natural systems both extreme cases as well as intermediate
couplings can be realized. The constant K�0 parametrizes
the coupling strength. The phases of the ith and jth oscilla-
tors interact via the sine function of their difference, as origi-
nally proposed by Kuramoto.

III. PHASE-LOCKED MOTION

We consider the conditions for having phase-locked mo-
tion, in which the phase differences between any pair of
oscillators remain constant over time, after an initial short
transient time. First we calculate the frequency 	 in common
to all oscillators in the phase-locked state. Imposing the
phase-locked condition �̇i�	 " i=0, . . . ,N to system �1�
and using the fact that the sine is an odd function �see Ap-
pendix A for details�, we obtain

	 = ��
ks

�1 + ���
i�s

ki + ks

. �2�

As long as 	 depends on the degree ks we see that the com-
mon frequency 	 increases with the degree of the pace-
maker. On the other hand, when the network has a homoge-
neous degree of connections, ki�k " i=0, . . . ,N, Eq. �2�
takes the form

	 =
��

�1 + ��N + 1
. �3�

It should be noticed that in this case the common frequency
does not depend on the common degree k of the network.

In terms of the original parametrization of the model �1�,
the common frequency after synchronization is 	+�. For
the derivation of Eqs. �2� and �3� we made use only of the

odd parity of the coupling function. The former results are
still valid for any other odd coupling function f�� j −� j�
which is 2
 periodic and bounded.

IV. ONE-DIMENSIONAL LATTICE

A. Linear chain

Let us consider first the case of N+1 Kuramoto oscillators
coupled along a chain �Fig. 1� with free boundary conditions
at the positions 0 and N �ki=1 if i=0 or i=N, ki=2 other-
wise�, the pacemaker located at position s , 0�s�N. In this
case it is convenient to introduce the phase lag between near-
est neighbors �i=�i−�i−1. Consider first the pacemaker
placed at position 0�s�N. We start with the nearest oscil-
lators to the right of the pacemaker, placed at position i=s
+1,

	 = K/2�sin�− �s+1� + sin��s+2��

Þsin��s+2� = 2	/K + sin��s+1� .

Moving again to the right, the equation of the �s+2�th oscil-
lator reads

	 = K/2�sin�− �s+2� + sin��s+3��Þsin��s+3�

= 2	/K + sin��s+2�Þsin��s+3�

= 4	/K + sin��s+1� .

Iteratively, we can write for each 1� j�N−s

sin��s+j� = 2�j − 1�
	

K
+ sin��s+1� . �4�

In particular when j=N−s we have

sin��N� = 2�N − s − 1�
	

K
+ sin��s+1� ,

but also at the boundary

	 = Ksin�− �N� .

From the last two equations we can simply determine the
value of sin��s+1� as a function of s, N, and 	. Substituting
this value into Eq. �4�, we obtain

sin��s+j� = 2�j − 1�
	

K
+ �2s − 2N + 1�

	

K
. �5�

When 	�0 �	�0�, Eq. �5� is always negative �positive�
and has its minimum �maximum� value for j=1. This means
that when the pacemaker succeeds in “convincing” its
nearest neighbor to the right to adopt its frequency, all the
others to the right do the same. Now, the absolute value of
the critical threshold can be calculated by using only the fact

FIG. 1. One-dimensional lattice with N+1 sites labeled by their
coordinates.

F. RADICCHI AND H. MEYER-ORTMANNS PHYSICAL REVIEW E 73, 036218 �2006�

036218-2



that the sine function is bounded ��sin��� � �1� and using the
expression for 	 as a function of � and N, as it is derived in
the Appendix A in Eq. �A2�:

R���

K
�

C
=

�1 + ��N − �

2N − 2s − 1
. �6�

Equation �6� yields the bound for oscillators to the right �R�
of s to approach a phase-locked state. Following the same
procedure, but moving to the left of the pacemaker, we find

L���

K
�

C
=

�1 + ��N − �

2s − 1
�7�

as bound for oscillators to the left �L� of the pacemaker to
synchronize in a phase-locked motion. Since we are inter-
ested in a state with all oscillators of the chain being phase
entrained, we need the stronger condition given by

���

K
�

C
= min	R���

K
�

C
,

L���

K
�

C

 . �8�

For the pacemaker placed at the boundaries s=0 or N, using
Eqs. �2� and �A2�, we obtain

���

K
�

C
=

�1 + ���2N − 1� + 1

2N − 1
. �9�

B. Ring topology

If we close the chain of N+1 oscillators to a ring, ki
�2 " i, the derivation of the upper bound on the pacemak-
er’s frequency ��� /K�C proceeds in analogy to that of Eq.
�9�. Using Eq. �3�, the final result is then given as

���

K
�

C
=

1

N
+ �1 + �� . �10�

In all former cases, for N→, the critical threshold ��� /K�C
goes to �1+�� �or values proportional to �1+���. Differently,
the common frequency 	 goes to � for 0���−1 and
N→, while 	 goes to �+�� for �=−1 and N→. There-
fore the symmetric coupling of the pacemaker to the rest of
the system favors the synchronizability of the system, while
it can no longer synchronize for a completely asymmetric
coupling of the pacemaker ��=−1�. This is plausible as it
must be easier for N oscillators to convince one pacemaker
to follow them �case ��−1� than the opposite case, in which
the pacemaker must convince N oscillators to follow it �case
�=−1�. For increasing system size, the latter case becomes
impossible, while the former is still possible.

C. Topological switch to synchronization

The numerical results of this paper are obtained by inte-
grating the set of Eqs. �1� with the Runge-Kutta method of
fourth order �dt=0.1�. The numerical value of the critical
threshold ��� /K�C is evaluated with an accuracy of
5�10−5. As one knows from �4�, in case of regular topolo-
gies, stable solutions with different winding numbers are

possible. To avoid different winding numbers, we always
choose homogeneous initial conditions �also the distribution
of phases would be different, in particular, in the synchro-
nized state�.

We summarize the results obtained so far in Fig. 2. The
analytical results for ��� /K�C are represented by lines for the
open chain �dotted line from Eq. �6� and dashed line from
Eq. �7�� and for the ring �full line from Eq. �10��, and by
crosses �Eq. �9�� in the case of an open chain with the pace-
maker at the boundaries, while the circles �open chain� and
squares �ring� represent numerical data that reproduce the
analytical predictions within the numerical accuracy. All re-
sults are obtained for N=20 and �=0; they are plotted as a
function of the pacemaker’s position s which matters only in
the case of the open chain. The horizontal line obviously
refers to the ring; the two branches �left and right�, obtained
for the chain, cross this line when the pacemaker is placed at
s=10 in the middle of the chain. When the pacemaker is
located at the boundaries s=0 and 20, we obtain two isolated
data points close to the horizontal line.

Let us imagine that for given N and � the absolute value
of the pacemaker’s frequency ���� and the coupling K are
specified out of range, such that the ratio is too large to allow
for phase-locked motion on a chain, but small enough to
allow the phase entrainment on a ring. It is then the mere
closure of the open chain to a ring that leads from nonsyn-
chronized to synchronized oscillators with phase-locked mo-
tion. Therefore, for a whole range of ratios ��� /K�, no fine
tuning is needed to switch to a synchronized state, but just a
simple change in topology, the closure of a chain to a ring.
Because this closure may be much more feasible in real sys-
tems than a fine tuning of parameters to achieve synchroni-
zation, we believe that this mechanism is realized in natural
systems and should be utilized in artificial ones. In our nu-
merical integration we simulated such a switch, and plot the
phase portrait in Fig. 3. The phases �i as a function of time
are always projected to the interval �0,2
�: we use a thick
black line for the phase of the pacemaker and thin dark gray
lines for the other oscillators. In this concrete numerical
simulation with T dt=4000 integration steps altogether, we

FIG. 2. Critical threshold ��� /K�C as function of the position s
of the pacemaker on a one-dimensional lattice. For further details
see the text.
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analyzed a one-dimensional lattice of Kuramoto oscillators
with N=6, s=2, �� /K=1, and �=0. In the time interval
from 0 to “ON” �T /3� we see a phase evolution with differ-
ent slopes and varying with time. Moreover, the pacemaker
and the left part of the system �oscillators i=0,1� have larger
frequencies than the right part of the system �oscillators i
=3,4 ,5 ,6�. At the instant “ON” we close the chain, passing
to a ring topology; the system almost instantaneously reaches
a phase-locked motion �all phases moving with the same and
constant frequency�. At time “OFF” �2T /3� we open the
ring; again, the system then behaves similarly to the first
phase, i.e., for t� �0,ON�.Furthermore it should be noticed
from Fig. 2 that it is also favorable to put the pacemaker at
the boundaries of an open chain to facilitate synchronization.
For d=1 the pacemaker then has to entrain only one rather
than two nearest neighbors so that the range of allowed fre-
quencies ���� increases.

V. HIGHER DIMENSIONS

All of our results obtained so far extend qualitatively to
higher dimensions d, when system �1� is placed on a hyper-
cubic lattice with �Nj +1� oscillators in each direction j, so
that we have an ensemble of � j=1

d �Nj +1� Kuramoto oscilla-
tors, where the ith oscillator’s position is labeled by a

d-dimensional vector i�, with 0� ij �Nj " j=1, . . . ,d. If the
condition for having a phase-locked motion is satisfied, the
system of oscillators reaches a common frequency still given
by Eq. �2�. This condition now is satisfied for ��� /K �
� ��� /K�C, the critical ratio for the pacemaker’s frequency
at position s�= �s1 , . . . ,sd� �see Fig. 4�. In the simplest case
when the lattice has �N+1� sites in each direction, we can
qualitatively extend all the previous results, obtained so far
for d=1, to any dimension d�2. For example, the “closure”
of the open boundaries of the lattice to a torus in d dimen-
sions favors synchronization of the system. We checked this
numerically for d=2 and N=10 �Fig. 4�. Except for the cen-
tral node at s�= �5,5�, the critical threshold in case of open
boundary conditions always lies below that for periodic
boundary conditions. Moreover, it is natural to assume that
the former results, obtained for one-dimensional lattices, in
the case of periodic boundary conditions extend to
d-dimensional lattices by replacing N in Eq. �10� by
�N+1�d−1

���

K
�

C
=

1

�N + 1�d − 1
+ �1 + �� . �11�

For �=−1 and fixed K, the entrainment window ��c de-
creases exponentially with increasing dimension d of the lat-
tice and as a power of the linear size of the lattice with
exponent d. This conjecture is supported by the numerical
results as documented in Fig. 5. For this reason we expect
that for infinite-dimensional systems �d→ � the entrain-
ment window decreases exponentially with increasing linear
size of the system if the pacemaker is asymmetrically
coupled with �=−1.

In order to verify this conjecture, we study a system of
limit-cycle oscillators placed on a Cayley tree �Fig. 6�. Cay-
ley trees have z branches to nearest neighbors at each node,
apart from nodes in the outermost shell, where the number of
nearest neighbors is z−1. Cayley trees are infinite-
dimensional objects in the sense that the surface of the sys-
tem �i.e., the number of nodes in the outermost shell at dis-
tance R from the center� is proportional to the volume of the
system �i.e., the total number of nodes in the tree�. The set of
evolution equations is still given by Eq. �1�, with the adja-
cency matrix A specialized to the underlying Cayley tree

FIG. 3. Phase portrait of a system of Kuramoto oscillators on a
one-dimensional lattice. This figure shows how it is possible to
switch “ON” and “OFF” synchronization via a simple topological
change of the system, passing from a linear chain to a ring, and vice
versa. A more detailed description is given in the text.

FIG. 4. Same as Fig. 2, but in d=2 dimensions. The linear size
of the system is N=10. The arrow indicates the value of the critical
threshold for periodic boundary conditions.

FIG. 5. Entrainment window for higher-dimensional lattices. We
plot the critical threshold ��� /K�C− �1+�� which is independent of
� as is seen from Eq. �11�. The main plot shows the dependence of
the entrainment window on the dimension d, while the inset shows
its dependence on the linear size N of the lattice. Numerical results
are plotted as symbols. They fit perfectly with our predictions ac-
cording to Eq. �11�.
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topology. For simplicity, we consider only the case of the
pacemaker placed at the center of the tree �s=0�.

When the number of branches per nodes z is 2, the Cayley
tree becomes a linear chain, with N=2R and the pacemaker
placed at position s=N /2=R. Obviously for z=2 we find the
same results as given in the previous section �see Appendix
B�.

The infinite dimensionality of the tree shows up for
z�2. We obtain

	 = ��
z − 2

z − 2 + �1 + ���2�z − 1�R − z�
�12�

as the common frequency for the phase-locked motion and

���

K
�

C
=

z − 2

2�z − 1�R − z
+ �1 + �� �13�

as critical ratio for obtaining the phase-locked motion. Both
Eqs. �12� and �13� are valid for R�2. In particular Eq. �13�
tell us that for �=−1 the entrainment window decreases ex-
ponentially with increasing radius R of the Cayley tree �see
Fig. 7�. For large z�2 it is easily seen that the radius R
becomes proportional to the depth D of the network �in the
limit z�2 one finds D�R�. These results nicely confirm
those recently obtained by Kori and Mikhailov �8�, who
found that in infinite-dimensional systems such as random
networks and small-world networks with a high number of
rewired edges, the entrainment window decreases exponen-
tially with increasing depth of the network. In order to con-
nect their results to ours, we note that not only the radius R
of the Cayley tree but also the linear size N of the hypercubic
lattices is proportional to the depth of these regular networks.

VI. SUMMARY AND CONCLUSIONS

Entrainment of Kuramoto oscillators coupled on regular
lattices via a pacemaker is possible for large system sizes

�N→ � only in the case of symmetric ��=0� couplings of
the pacemaker. As the pacemaker coupling becomes asym-
metric �−1���0�, synchronization becomes more and
more difficult, and impossible for large system sizes and �
=−1. However, we are not only interested in the “thermody-
namic” limit. For finite N and −1���0, we find that for a
whole range of ratios ��� /K� it is possible to induce syn-
chronization by a mere closure of a chain to a ring. The
sensitive dependence of synchronization on the topology in a
certain range of parameters may be exploited in artificial
networks and is—very likely—already utilized in natural
systems, in which a switch to a synchronized state should be
easily feasible �although we are currently not aware of a
concrete example from biological systems�. If the pacemaker
is coupled symmetrically to the other oscillators ��=0�, the
entrainment window stays finite in the large-N limit, but the
common frequency approaches zero for N→. In the other
extreme case, if the pacemaker is coupled asymmetrically to
the rest of the system ��=−1�, our main result is that the
entrainment window decreases as a power of the depth of the
network with the dimension d in the exponent. Extrapolating
this behavior to arbitrary dimension d, we see that one of the
reasons for the exponentially fast “closure” of the entrain-
ment window in complex network topologies �8� is their ef-
fective infinite dimensionality.

APPENDIX A: COMMON FREQUENCY

Imposing the phase-locked condition, setting �=0, and
dividing by K /ki " i=0, . . . ,N, system �1� takes the form

ki

K
	 = �i,s

ki

K
�� + �1 + �i,s��	i, �A1�

where

	i ª �
j�i

sin�� j − �i� .

From the odd parity of the sine function it follows that

FIG. 6. Cayley tree with z=3 branches and radius R=5.

FIG. 7. Entrainment window for Cayley trees as a function of
the radius R. Numerical results �full dots and squares� refer to z
=3 and 4. The full lines correspond to plots of ��� /K�C− �1+��, as
defined in Eq. �13�, for different coordination numbers z; from top
to bottom z=3, 4, 5, 6, 10, and 100, respectively.
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�
i

	i = 0 and �
i�g

	i = − 	g.

Summing �A1� over all i except i=s we obtain

�
i�s

	
ki

K
= �

i�s

�i,s
ki��

K
+ �

i�s

�1 + �i,s��	i

Þ
	

K
�
i�s

ki = − 	s

while summing �A1� over all i except i= j, where j�s, we
obtain

�
i�j

	
ki

K
= �

i�j

�i,s
ki��

K
+ �

i�j

�1 + �i,s��	i

Þ
	

K
�
i�j

ki =
ks��

K
− 	 j + �	s

Þ
	

K
�
j�s

�
i�j

ki = �
j�s

ks��

K
− �

j�s

	 j + �
j�s

�	s

Þ
	

K
�
j�s

�
i�j

ki =
Nks��

K
+ �1 + �N�	s.

It should be noticed that

�
j�s

�
i�j

ki = Nks + �N − 1��
i�s

ki,

so that we can write

	��1 + ���
i�s

ki + ks = ks�� ,

from which Eq. �2� is implied.
In the case of a one-dimensional lattice with open bound-

ary conditions, we have k0=1=kN and kj =2 " j�0,N, so
that

�
i�s

ki = �2N − 1 if s = 0 or s = N ,

2�N − 1� otherwise.

The common frequency of Eq. �2� can be written as

	 = ���
1

�1 + ���2N − 1� + 1
if s = 0 or s = N ,

1

�1 + ���N − 1� + 1
otherwise.

�A2�

APPENDIX B: COMMON FREQUENCY AND CRITICAL
THRESHOLD FOR CAYLEY TREES

Consider a node in the outermost shell, i.e., at distance R
from the pacemaker, reached along the path s�R
= �s1 ,s2 ,s3 , . . . ,sR−1 ,sR� from the central node. Here s1

=1 , . . . ,z, while si=1, . . . ,z−1" i=2, . . . ,R �see Fig. 6� la-

bel the choice of branch along the path. For this node we can
write Eqs. �1� as

�̇s�R
= 	 = Ksin��s�R−1

− �s�R
� Þ sin��s�R−1

− �s�R
�

=
	

K
,

from which we can see that all oscillators at distance R,
independently of the path along which they are reached from
the center, satisfy the same equation.

Proceeding in an analogous way as before, we find for the
shell R−1

�̇s�R−1
= 	 =

K

z 	 �
sR=1

z−1

sin��s�R
− �s�R−1

�+ sin��s�R−2
− �s�R−1

�

=

K

z
	− �z − 1�

	

K
+ sin��s�R−2

− �s�R−1
�


Þ sin��s�R−2
− �s�R−1

� =
	

K
�z + �z − 1�� .

Furthermore, for the shell R−2 we obtain

�̇s�R−2
= 	

=
K

z 	 �
sR−1=1

z−1

sin��s�R−1
− �s�R−2

�+ sin��s�R−3
− �s�R−2

�

=

K

z
	− �z − 1�

	

K
�z + �z − 1�� + sin��s�R−3

− �s�R−2
�


Þ sin��s�R−3
− �s�R−2

�

=
	

K
�z + z�z − 1� + �z − 1�2�

until we arrive for R− �t+1� at

sin��s�R−�t+1�
− �s�R−t

� =
	

K
�z�

q=0

t−1

�z − 1�q + �z − 1�t .

For t=R−1, we have

sin��s�0
− �s�1

� =
	

K
�z�

q=0

R−2

�z − 1�q + �z − 1�R−1 ,

but also, at the center of the Cayley tree,

	 = �̇s�0
= �� + �1 + ��

K

z
�
s1=1

z

sin��s�1
− �s�0

�

= �� − �1 + ��	�z�
q=0

R−2

�z − 1�q + �z − 1�R−1
from which
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	 = ��	1 + �1 + ���z�
q=0

R−2

�z − 1�q + �z − 1�R−1
−1

.

�B1�

For z=2 the Cayley tree reduces to a linear chain with
N+1 oscillators �N=2R�, open boundary conditions, and the
pacemaker placed at position s=N /2. The common fre-
quency given in Eq. �B1� becomes the same as in Eq. �A2�.

For z�2 we can rewrite the truncated geometric series as

�
q=0

R−2

�z − 1�q =
�z − 1�R−1 − 1

z − 2
�B2�

and obtain after some algebra Eq. �12�.
As we have seen, all oscillators at the same distance r

from the pacemaker satisfy the same equation. We can write

sin��r − �r−1� = −
	

K
�z �

q=0

R−r−1

�z − 1�q + �z − 1�R−r , �B3�

suppressing the path that was followed to reach the node. It
is easily seen that when 	�0 �	�0�, Eq. �B3� is always
negative �positive�, monotone and increasing �decreasing�,
and takes its minimum �maximum� value for r=1. Imposing
the bound of the sine function ��sin��� � �1� to Eq. �B3�,
with r=1, and inserting Eq. �B1� we obtain

���

K
�

C
=

1

z�
q=0

R−2

�z − 1�q + �z − 1�R−1

+ �1 + �� .

For z=2 again we obtain Eqs. �6� and �7� with s=N /2. For
z�2 we can again use the truncated geometric series of Eq.
�B2� and obtain Eq. �13�.
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Reentrant synchronization and pattern formation in
pacemaker-entrained Kuramoto oscillators

Filippo Radicchi and Hildegard Meyer-Ortmanns

Physical Review E 74, 026203 (2006)

In this paper, we continue our analysis of the Kuramoto model on complex topologies and

in the presence of a pacemaker. We determine that the behavior of this dynamical system

on a small-world model [see section 1.5.2] can be e�ectively described by introducing a

range-dependent factor in the interaction term. Moreover, the critical point of the transition

between the synchronized and the non-synchronized phases is a non-monotonic function of

the parameter which characterizes the range of the interaction, leading therefore to a so-

called reentrant phase transition. In the second part of the paper we explain the presence of

pacemakers in real systems, since they can be \dynamically" created [21] by local gradients

in the natural frequencies of a quasi-identical population of oscillators.
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Reentrant synchronization and pattern formation in pacemaker-entrained Kuramoto oscillators
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We study phase entrainment of Kuramoto oscillators under different conditions on the interaction range and
the natural frequencies. In the first part the oscillators are entrained by a pacemaker acting like an impurity or
a defect. We analytically derive the entrainment frequency for arbitrary interaction range and the entrainment
threshold for all-to-all couplings. For intermediate couplings our numerical results show a reentrance of the
synchronization transition as a function of the coupling range. The origin of this reentrance can be traced back
to the normalization of the coupling strength. In the second part we consider a system of oscillators with an
initial gradient in their natural frequencies, extended over a one-dimensional chain or a two-dimensional
lattice. Here it is the oscillator with the highest natural frequency that becomes the pacemaker of the ensemble,
sending out circular waves in oscillator-phase space. No asymmetric coupling between the oscillators is needed
for this dynamical induction of the pacemaker property nor need it be distinguished by a gap in the natural
frequency.

DOI: 10.1103/PhysRevE.74.026203 PACS number�s�: 05.45.Xt, 05.70.Fh, 89.75.Kd

I. INTRODUCTION

Synchronization in the sense of coordinated behavior in
time is essential for any efficient organization of systems,
natural as well as artificial ones. In artificial systems like
factories the sequence of production processes should be
synchronized in a way that time- and space-consuming stor-
age of input or intermediate products is avoided. The same
applies to natural systems like networks of cells which obvi-
ously perform very efficiently in fulfilling a variety of func-
tions and tasks. In a more special sense, the synchronized
behavior refers to oscillators with almost identical individual
units, in particular to phase oscillators with continuous inter-
actions as described by the Kuramoto model �1�. These sets
of limit-cycle oscillators describe synchronization phenom-
ena in a wide range of applications �2�. One of these appli-
cations is pattern formation in chemical oscillatory systems
�3�, described by reaction-diffusion systems. A well-known
example for such a chemical system is the Belousov-
Zabotinsky reaction, a mixture of bromate, bromomalonic
acid, and ferroin, which periodically changes its color corre-
sponding to oscillating concentrations of the red, reduced
state and the blue, oxidized state. In these systems, expand-
ing targetlike waves and rotating spiral waves are typical
patterns �4�. As Kuramoto showed �as, e.g., in �1��, these
dynamical systems can be well-approximated by phase oscil-
lators if the interaction is weak. For reaction-diffusion equa-
tions with a nonlinear interaction term he predicted circular
waves with strong similarities to the experimental observa-
tion of target patterns. In these systems, defects or impurities
seem to play the role of pacemakers, driving the system into
a synchronized state. Therefore he treated pacemakers as lo-
cal “defect” terms leading to heterogeneities in the reaction-
diffusion equations.

In this paper we consider two types of pacemakers. In the
first part they are introduced as “defects” in the sense that

they have a different natural frequency from the rest of the
system, whose oscillators have either exactly the same fre-
quency or small random fluctuations about some common
average by assumption, where in the second case the pace-
maker’s frequency is clearly different from the values of a
typical fluctuation. Actually, we will not consider the latter
case, since small fluctuations do not lead to any qualitative
change. The ad hoc distinction of the pacemaker may reflect
natural and artificial systems with built-in impurities like
those in the Belousov-Zhabotinsky system. We have recently
studied these systems for nearest-neighbor interactions �5�
and regular networks in d dimensions for periodic and open
boundary conditions. For such systems we have shown that it
is the mean distance of all other nodes from the pacemaker
�the so-called depth of the network� that determines its syn-
chronizability. Periodic boundary conditions facilitate syn-
chronization as compared to open boundary conditions. Here
we extend these results to a larger interaction range. The
effect of an extended interaction range on oscillatory systems
without a pacemaker were considered in �6�. We analytically
derive the entrainment frequency for arbitrary interaction
range between next-neighbor and all-to-all interactions. We
derive the entrainment window for all-to-all couplings ana-
lytically, for intermediate couplings numerically. The en-
trainment window depends nonmonotonically on the interac-
tion range, so that the synchronization transition is reentrant.
In our system the reentrance can be explained in terms of the
weight of the interaction term and the normalization of the
coupling strength.

In the second part we consider a system of oscillators
without a “defect,” all oscillators on the same footing up to
the difference in their natural frequencies. An obvious choice
for the natural frequencies would be a Gaussian distribution
or another random distribution to describe fluctuations in
natural frequencies in otherwise homogeneous systems,
without impurities. Such systems have been studied by Bla-
sius and Tönjes �7� for a Gaussian distribution. The authors
showed that in this case an asymmetric interaction term is
needed to have synchronization, this time driven by a dy-
namically established pacemaker, acting as a source of con-
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centric waves. This result shows that conditions exist under
which a system establishes its own pacemaker in a “self-
organized” way. In contrast to the random distribution of
natural frequencies we are interested in a �deterministic� gra-
dient distribution, in which the natural frequencies linearly
decrease over a certain region in space. Such a deterministic
gradient alone is probably not realistic for natural systems,
but considered as a subsystem of a larger set of oscillators
with natural frequency fluctuations it may be realized over a
certain region in space. Here we suppress the fluctuations
and focus on the effect of the gradient alone. As it turns out,
the asymmetry in the natural frequency distribution is suffi-
cient for creating a pacemaker as the center of circular waves
in oscillator-phase space, without the need for an asymmetric
term in the interaction. The oscillator with the highest natural
frequency becomes the source of circular waves in the syn-
chronized system. We call it dynamically induced as its only
inherent difference is its local maximum at the boundary in
an otherwise “smooth” frequency distribution. The type of
pattern created by the pacemaker has the familiar form of
circular waves. Beyond a critical slope in the natural fre-
quencies, full synchronization is lost. It is first replaced by
partial synchronization patterns with bifurcation in the fre-
quencies of synchronized clusters, before it gets completely
lost for too steep slopes.

The outline of the paper is as follows. In the first part we
treat the pacemaker as defect and derive the common en-
trainment frequency for arbitrary interaction range and topol-
ogy �Sec. II�. Next we determine the entrainment window,
analytically for all-to all coupling and numerically for inter-
mediate interaction range �Sec. II�. Here we see the reen-
trance of the transition as a function of the interaction range
�Sec. II�. In the second part �Sec. III� we consider dynami-
cally induced pacemakers, first without the asymmetric inter-
action term, for which we analytically derive the synchroni-
zation transition as a function of the gradient in the
frequencies �Sec. III A�. In Sec. III B we add an asymmetric
term, so that the pattern formation is no longer surprising due
to the results of �7�, but the intermediate patterns of partial
synchronization are different. In Sec. IV we summarize our
results and conclusions.

II. PACEMAKER AS DEFECT IN THE SYSTEM

The system is defined on a network, regular or small-
world like. To each node i, i=0, . . . ,N, we assign a limit-
cycle oscillator, characterized merely by its phase �i, which
follows the dynamics

�̇i = � + �i,s�� +
K

ki
�
j�i

Aj,i sin�� j − �i� �1�

with the following notations. The frequency � denotes the
natural frequencies of the system. In this system we treat the
pacemaker as a defect. It is labeled by s and has a natural
frequency that differs by �� from the frequency of the other
oscillators having all the same frequency �. �i,j denotes the
Kronecker delta. The constant K�0 parametrizes the cou-
pling strength. We consider regular networks and choose

Aj,i = rj,i
−�,

rj,i is the distance between nodes j and i, that is

rj,i = min���j − i�,�N + 1� − �j − i��� �2�

on a one-dimensional lattice with periodic boundary condi-
tions. In two or higher dimensions it is the shortest distance
in lattice links. The parameter 0���� tunes the interaction
range. Alternatively we consider Aj,i as the adjacency matrix
on a small-world topology: Aj,i=1 if the nodes j and i are
connected and Aj,i=0 otherwise�. Moreover, ki=� j Aj,i is the
degree of the ith node, it gives the total number of connec-
tions of this node in the network. This system was consid-
ered before in �5� for nearest-neighbor interactions ��→��
on a d-dimensional hypercubic lattice and on a Cayley tree.
Here we extend the results to long-range interactions via
0��	�.

Entrainment frequency and entrainment window

In the Appendix of �5� we derived the common entrain-
ment frequency 
 in the phase-locked state, for which
�̇i�
 for all i, to be given as


 = ��
ks

�
i

ki

�3�

in the rotated frame, in which the natural frequency � is
zero. In particular such a result is obtained directly from
system �1�, applying the transformation to the rotating frame
�i→�i+�t " i, multiplying the ith equation by ki, summing
over all equations, and then using the fact that
�i � j Aj,i sin�� j −�i�=0 because the symmetry of the adja-
cency matrix A and the antisymmetry of the sin function.
Whenever ki�k is independent of i as it happens for periodic
boundary conditions and homogeneous degree distributions,
in particular for �=0 �all-to-all coupling�, the common fre-
quency �in the nonrotated frame� is given by


 =
��

N + 1
+ � ,

independent of �. In the limit N→� the system synchronizes
at �.

Analytical results for the entrainment window were de-
rived for open and periodic boundary conditions and �→�
in �5�. For �=0, the result is the same as for �→�, periodic
boundary conditions and d�1

���

K
�

c
=

1

N
+ 1. �4�

This is seen as follows. Since for all-to-all couplings the
mean-field approximation becomes exact, it is natural to re-
write the dynamical equations �1� in terms of the order pa-
rameter Rei� defined according to
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Rei� =
1

N
�
j�s

ei�j .

This quantity differs from the usual order parameter just by
the fact that the sum runs over j�s. Equation �1� then takes
the form


 = �� + KR sin�� − �s� for i = s ,


 =
K

N
sin��s − �i� + KR sin�� − �i�, " i � s . �5�

Using �i=� for all i�s as one of the possible solutions and
the fact that the sin function is bounded, these equations
imply the entrainment window as given by Eq. �4� with N the
total number of nodes minus 1. As we have shown in �5�, the
same dependence in terms of N holds for a d-dimensional
hypercubic lattice with N� nodes per side and nearest-
neighbor couplings, for which N= �N�+1�d−1, so that the
entrainment window for nearest-neighbor interactions and on
a regular lattice decays exponentially with the depth of the
network in the limit of infinite dimensions d; for random and
small-world networks the same type of decay was derived in
�8�.

The intermediate interaction range 0	�	� cannot be
treated analytically. Here the numerical integration of Eq. �1�
�via a fourth-order Runge-Kutta algorithm with time step
dt=0.05 and homogeneous initial conditions� shows that the
entrainment window is even smaller than in the limiting
cases �=0 or �=� for otherwise unchanged parameters �that
is fixed size N, dimension d, coupling K�. For these cases
formula �4� gives an upper bound on the entrainment win-
dow, as one can easily see from Eq. �1� for i=s because
� j�s sin�� j −�s� /rj,s

� �� j�s 1/rj,s
� =ks, "�. Actually the en-

trainment window becomes smaller for intermediate interac-
tion range, a feature leading to the reentrance of the synchro-
nization transition as a function of �, as we shall see in Figs.
1 and 2 below.

Reentrance of the phase transition

Reentrance phenomena are observed in a variety of phase
transitions, ranging from superconductor-insulator transitions
as a function of temperature �9� and noise-induced transi-
tions �10� to chaotic coupled-map lattices as function of the
coupling �11�. In �12� a reentrance phenomenon is discussed
as an artifact of the approximation. Reentrance of phase tran-
sitions is challenging as long as it appears counterintuitive.
For example, it is counterintuitive when synchronization is
first facilitated for increasing coupling and later gets blocked
when the coupling exceeds a certain threshold, so that syn-
chronization depends nonmonotonically on the coupling. As
we see in Fig. 1 for a one-dimensional system with periodic
boundary conditions and for various system sizes N, the en-
trainment window ��� /K�c depends nonmonotonically on
the interaction range, parametrized by �. This dependence is
easily explained by looking at the total weight coming from
the sum of interactions. This contribution depends nonmono-
tonically on �, as � j sin� j −i� /rj,i

� decreases for increasing
�, while the coupling strength increases under the same

change of �, so that there is a competition between the two
factors leading to a minimum of the weight for a certain
value of �. In contrast, if we scale the coupling strength by a
constant factor K /N, independently of the degree of the node
i, the overall weight of the sum decreases for increasing �
and along with this, the drive to the synchronized state. As it
is shown in the inset of Fig. 1, the threshold monotonically
decreases with � if the coupling strength is normalized by
1/N independently of the actual degree, as expected from
our arguments above. The second inset shows the
N-dependence of the value of � for which synchronization is
most difficult to achieve, it converges to �=3 for large N.
Similar nonmonotonic behavior is observed if the interaction
range is tuned via the number k of nearest neighbors on a
ring rather than via �, see Fig. 2�a� and for a small-world
topology �13�, see Fig. 2�b� Here the small world is con-
structed by adding random shortcuts with probability p from
a regular ring with nearest-neighbor interactions �p=0� to an
all-to-all topology �p=1� �14�.

III. DYNAMICALLY INDUCED PACEMAKERS

In view of dynamically induced pacemakers we study the
dynamical system

�̇i = �i +
K

ki
�

j

Aj,i��� j − �i� �6�

without a pacemaker. The interaction term � is given by

��� j − �i� = sin�� j − �i� + ��1 − cos�� j − �i�� , �7�

where �=0 corresponds to antisymmetric interaction, and �
�0 to asymmetric interaction. In the following we consider

FIG. 1. Normalized entrainment window as a function of the
interaction range parametrized via �, for a one-dimensional lattice
with N+1 sites, periodic boundary conditions, and for interaction
strength between the oscillators i and j suppressed by the power �
of their distance rj,i. The main plot indicates the reentrance of the
synchronization transition. The upper inset shows the size depen-
dence of �m, for which the entrainment window becomes minimal,
it saturates at �	3. The lower inset shows the monotonic depen-
dence on � for constant coupling strength K /N. The figure was
obtained for homogeneous initial conditions. The qualitative fea-
tures remain the same for random initial conditions.
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the cases �=0 and �=2. The value �=2 is chosen for con-
venience in order to compare our results with those of Bla-
sius and Tönjes �7�, but different values of ��0 lead to
qualitatively the same features.

We focus on lattices with periodic boundary conditions in
one and two dimensions. Moreover, we consider only
nearest-neighbor interactions, so that in d=1 we have ki
=2 " i and ki=4 " i in d=2. The natural frequencies �i are
chosen from a gradient distribution

�i = �� − ri,s
��

maxi ri,s
, �8�

where ri,j is the network distance between the oscillators i
and j, given by Eq. �2� in one dimension and by the shortest
path along the edges of the square lattice in two dimensions.
The oscillator s is the oscillator with the highest natural fre-
quency. For a one-dimensional lattice with periodic boundary
conditions �ring� and N+1 oscillators, choosing s=0 for sim-
plicity, maxi ri,0=N�, with N�=N /2 for N even and N�= �N
+1� /2 for N odd. In the following we choose N as even; the
case of N odd is very similar.

A. Pattern formation for �=0

1. Entrainment frequency

Next we derive the common frequency in the case of
phase-locking �̇i�
, "i. Summing the equations of �6� and

using the antisymmetry of � for �=0, we obtain

�N + 1�
 = �
i=0

N

�i = �� + 2���
i=1

N/2

�1 − 2i/N�

= ��
1 + N − 4/N
N/2�N/2 + 1�

2
�

= ��
N

2
,

leading to


 = ��
N

2�N + 1�
, �9�

so that 
→�� /2 for N→�.

2. Entrainment window

It is convenient to rewrite the differential equations �6� in
terms of phase lags �i=�i−�i−1, so that the equation for the
oscillator at position 0 reads


 = �0 + K sin��1� Þ sin��1� =

 − �0

K
.

For the other oscillators we obtain


 = �1 + K/2�sin��2� − sin��1��

Þ sin��2� = 2

 − �1

K
+ sin��1� ,


 = �2 + K/2�sin��3� − sin��2��

Þ sin��3� = 2

 − �2

K
+ sin��2� ,

so that in general


 = �i−1 + K/2�sin��i� − sin��i−1��

Þ sin��i� = 2

 − �i−1

K
+ sin��i−1�

or

sin��i� = �
j=1

i−1

2

 − � j

K
+ sin��1� .

The former sum can be performed as

�
j=1

i−1

2

 − � j

K
=

2

K
�
j=1

i−1

�
 − ���1 − 2j/N��

=
2

K
�
 − ����i − 1� + ��

2

K

i�i − 1�
N

,

from which

sin��i� =

 − ��

K
�2i − 1� +

��

K

2i2 − 2i

N
,

or, using Eq. �9�,

FIG. 2. Normalized entrainment window as function of the
number of neighbors k �a� and of the probability p for adding short-
cuts in a small-world topology �b� for a one-dimensional lattice
with periodic boundary conditions and N+1 sites. Average values in
�b� are taken over 50 realizations, error bars correspond to the stan-
dard deviation. Again the nonmonotonic behavior indicates reen-
trance of the synchronization transition.
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sin��i� =
��

K
�2i − 1�
 N

2�N + 1�
− 1� +

��

K

2i�i − 1�
N

=
��

K

�1 − 2i�

N + 2

2�N + 1�
+

2i�i − 1�
N

� . �10�

For given N, we first determine the position im at which the
right-hand side of Eq. �10� takes its minimum �maximum�
value as a function of i. This value is constrained by the
left-hand side of Eq. �10� to be out of �−1,1�. For i treated as
a continuous variable the derivative of Eq. �10� with respect
to i yields

im =
N�N + 2�
4�N + 1�

+
1

2
. �11�

On the other hand

im � 1 Û N � �2 �12�

and

im �
N

2
Û N � 1 + �3, �13�

so that for N�1, 1� im�N /2 is certainly satisfied. Upon
inserting im from Eq. �11� we have

���

K
�

C
= ��1 − 2im�

N + 2

2�N + 1�
+

2im�im − 1�
N

�−1

= N2�N + 2�2 + 4�N + 1�2

8N�N + 1�2 �−1

.

The critical threshold is then given by

���

K
�

C
=

8N�N + 1�2

N2�N + 2�2 + 4�N + 1�2 . �14�

This relation is plotted in Fig. 3, where the full line repre-
sents the theoretical prediction, while the full dots corre-
spond to the threshold values, numerically determined by
integrating the system of differential Equations �6�, starting
with N=2. �The case of N=2 violates the constraint �13� in
agreement with the fact that for N=2 the system degenerates
to the former case of having a pacemaker as a defect and two
oscillators with natural frequencies �1=�2=0.� Furthermore,

it should be noticed that Eq. �14� scales as 1 /N for large
values of N, the large-N behavior is, however, not visible for
the range of N �N�20� plotted in Fig. 3.

For a ring with maximal distance N�=N /2 and given N
and K, the slope �� /N� in the natural frequencies deter-
mines whether synchronization is possible or not. The oscil-
lators synchronize if the values of N lead to a ratio ��� /K�
below the bound ��� /K�C of Eq. �14�, named as in Sec. II,
Eq. �4�, but with �� now standing for the maximal differ-
ence between the highest and the lowest natural frequencies.
If for given N the slope, parametrized by ��, exceeds this
threshold, no entrainment is possible. For N→� the allowed
slope goes to zero, the system does no longer synchronize.
To further characterize the synchronization patterns, we mea-
sure the stationary frequency f i of the individual oscillators i,
defined according to

f i = lim
t→�

�i�t + t0� − �i�t0�
t − t0

, �15�

as well as its average f = 1
N+1�i=0

N fi and variance �
=� 1

N+1�i=0
N �f i− f�2�1/2. The average frequency and variance

are introduced to characterize the intermediate patterns of
partial synchronization and to distinguish it from the case
�=2 in Sec. III B. In all numerical calculations we set from
now on K=1. Figure 4 shows the natural frequencies ��i�
�represented as a full line� and the stationary �f i� frequencies
�shown as dots� for four slopes ��=0.01, 0.1, 0.2, and 0.3
respectively, as function of the position on a linear chain
of 100 oscillators, of which we show only one-half due to
the symmetric arrangement. The case of ��=0.01 corre-
sponds to full synchronization, while the other three figures
represent partial synchronization of two ���=0.1� and more
clusters. It should be noticed that the two clusters for

FIG. 3. Critical threshold for a one-dimensional lattice as func-
tion of its linear size N, full line corresponds to the analytic predic-
tion, full dots to numerical results for N�2, the symmetry breaking
parameter is chosen as �=0.

FIG. 4. Natural frequencies �i �full lines� and measured, station-
ary frequencies f i �full dots� as a function of the position i of the
oscillators on a one-dimensional lattice, for N=100, periodic
boundary conditions, and four values of the maximal natural fre-
quency ��. The oscillator with maximal natural frequency �� is at
position s=0. Only half of the oscillators up to index 50 are shown
because of the symmetric arrangement. The symmetry breaking pa-
rameter is chosen as �=0.
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���=0.1� would violate the condition �14� if they were iso-
lated clusters of 50 oscillators each with a slope determined
by ��=0.1, but due to the nonlinear coupling to the oscilla-
tors of the second cluster, the partial synchronization is a
stationary pattern. Fig. 5 displays the frequencies f i as func-
tion of the slope, again parametrized by ��. Here we have
chosen N=20. We clearly see the bifurcation in frequency
space starting at the critical value of ���0.36 and ending
with complete desynchronization, in which the stationary
frequencies equal the natural frequencies. For frequency syn-
chronization the phases are locked, but their differences to
the phase of say the oscillator s=0 ��i=�i−�0� increases
nonlinearly with their distance from s, as seen in Fig. 6.
Therefore the distance between points of the same � de-
creases with i.

In two dimensions we simulated 100�100 oscillators on
a square lattice with periodic boundary conditions and the
oscillator s with the highest natural frequency placed at the
center of the square lattice. The natural frequencies of the
oscillators are still given by Eq. �8�. Their spatial distribution
looks like a square pyramid centered at the middle of the
square lattice. Figure 7 displays sin �i on this grid. It exhibits
stationary patterns after 2�104 steps of integration, for six
choices of ��, all above the synchronization threshold. We
see some remnants of synchronization, most pronounced in
Fig. 7�A�, in which a circular wave is created at the center at
s, and coexists with waves absorbed by sinks at the four
corners of the lattice. The projection of Fig. 7�A� on one
dimension corresponds to Fig. 4�B� with a bifurcation into
two cluster frequencies. Note that it is again the oscillator
with the highest natural frequency that becomes the center of
the outgoing wave, while the corners with the lowest natural
frequencies ��i=0� become sinks. Although Fig. 7�F� shows
almost no remnant of synchronization, it is interesting to
follow the time evolution towards this “disordered” pattern
via a number of snapshots, as displayed in Fig. 8 after
9�22.5� �A�, 41 �102.5� �B�, 150 �375� �C�, 393 �982.5� �D�,
490 �1225� �E�, and 1995 �4987.5� �F� integration steps T �T
�� time steps in units of natural periods �1/��� of Eq. �8��.
While the pattern of Fig. 8�A� would be stationary in case of
full synchronization, here it evolves after iterated reflections

to that of Fig. 8�F�. The pattern of Fig. 8�F� is stationary in
the sense that it stays “disordered,” on a “microscopic” scale
it shows fluctuations in the phases. The evolution takes a
number of time steps, since the interaction is mediated only
via nearest neighbors and not of the mean-field type �all-to-
all coupling�.

FIG. 5. Bifurcation in cluster-frequency space above a critical
slope in the natural frequencies, parametrized by ��, the maximal
natural frequency. Numerically measured frequencies f i �normal-
ized such that f i /��� �0,1�� as a function of �� for a one-
dimensional lattice with N=20 and periodic boundary conditions.
The symmetry breaking parameter is chosen as �=0. FIG. 6. Phase differences �i=�i−�0 �from the oscillator at

i=0� as a function of the oscillator index i for a one-dimensional
lattice, with N=100 and periodic boundary conditions, for different
values of the maximal natural frequency �� and �=0. The differ-
ence depends nonlinearly on the distance from the oscillator at
i=0. The “steps” in these plots are due to the projection of the
variables �i onto the interval �0,2��.

FIG. 7. Pattern formation for symmetry breaking parameter
�=0 on a two-dimensional lattice with N=100 oscillators per side.
The oscillator s with the maximal natural frequency is placed at the
center of the lattice. We plot sin �i for every oscillator i. The colors
vary between white, corresponding to −1, and black, corresponding
to 1. The plots are realized after 2�104 integration steps and for
different values of �� �therefore after different time in natural units
of 1 /���: �A� 0.1 �102�, �B� 0.5 �5�102�, �C� 1.0 �103�, �D� 5.0
�5�103�, �e� 10 �104�, and �F� 50 �5�104�. A cross section through
the pattern of �a� would reveal a frequency distribution as in Fig.
4�B�.
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B. Pattern formation for �=2

Next let us consider system �6� for �=2, for which we
expect pattern formation from the results of �7� due to the
broken antisymmetry of sin via a cosine term in the interac-
tion. The main difference shows up in the partial synchroni-
zation patterns above the synchronization threshold. As it is
evident from Figs. 9 and 10 the size of the one synchronized
cluster, filling the whole lattice below the threshold, shrinks
with increasing ��, since the oscillators with the highest
natural frequencies decouple from the cluster, but the re-
maining oscillators do not organize in other synchronized
clusters, the cluster-frequency does no longer bifurcate as
before. Along with this, the two-dimensional stationary pat-

terns change to those of Fig. 11, whereas the evolution to-
wards Fig. 11�F� is now displayed in Fig. 12 with snapshots
taken after 9�22.5� �A�, 48�120� �B�, 160 �400� �C�, 277
�692.5� �D�, 386 �965� �E�, and 2926 �7315� �F� integration
steps �T 1/�� as above�.

A further manifestation of the difference in the partial
synchronization patterns is seen in the average frequency f
and the variance � as a function of �� �Fig. 13�. Above the
synchronization transition the average frequency remains
constant for �=0, but increases for �=2 in agreement with
Figs. 9 and 10, the variance increases in both cases ��=0 and
�=2� above the transition, so that it may serve as the order
parameter. Therefore we can tune the synchronization fea-
tures via the slope of the gradient.

The main qualitative feature, however, is in common to
both systems with and without antisymmetric coupling: the
oscillator with the highest natural frequency becomes the
center of outgoing circular waves, it is dynamically estab-
lished as the pacemaker. The patterns, seen here in the case
of full and partial synchronization, are quite similar to those
predicted by Kuramoto �1� for reaction-diffusion systems

FIG. 8. Time evolution of the “disorder” in Fig. 7�f� for sym-
metry breaking parameter �=0. All plots are realized for ��=50,
after a different number of integration steps �time in natural units of
1 /���: �A� 9 �22.5�, �B� 41 �102.5�, �C� 150 �375�, �D� 393 �982.5�,
�E� 490 �1225�, and �F� 1995 �4987.5�. Only the pattern of �F� is
stationary on a global scale, i.e., up to local fluctuations in the
phases.

FIG. 9. Natural and measured frequencies for symmetry break-
ing parameter �=2. The frequency of the synchronized cluster de-
creases and the cluster size shrinks, until all oscillators keep their
natural frequency in a completely desynchronized state.

FIG. 10. Bifurcation in cluster-frequency for symmetry breaking
parameter �=2. Above the synchronization threshold the size of the
original synchronized cluster shrinks with ��. Oscillators outside
this cluster stay isolated in contrast to Fig. 5.

FIG. 11. Pattern formation for symmetry breaking parameter
�=2. We use the same parameter choice as in Fig. 7. Now �A�, �B�,
and �C� correspond to full synchronization, while one-dimensional
cross sections through �D�, �E�, and �F� would reveal distributions
of f i as in Figs. 9�C� and 9�D�.
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with continuous diffusion terms, and to those experimentally
observed in chemical oscillatory systems �4�.

IV. SUMMARY AND CONCLUSIONS

For pacemakers implemented as defect we have extended
former results on the entrainment frequency and the entrain-
ment window to arbitrary interaction range, analytically for
�=0, numerically for intermediate 0	�	�. For large di-
mensions the entrainment window decays exponentially with
the average distance of nodes from the pacemaker so that
only shallow networks allow entrainment. The synchroniza-
tion transition is reentrant as a function of � �or k, the num-
ber of neighbors on a ring, or p, the probability to add a
random shortcut to the ring topology�. The entrainment gets
most difficult for �	3 and large N, while it is most easily
achieved for next-neighbor and all-to-all couplings. This re-
entrance is easily explained in terms of the normalization of

the coupling strength. For the same system without a pace-
maker, but with a gradient in the initial natural frequency
distribution, the oscillator with the highest natural frequency
becomes the center of circular waves, its role as a pacemaker
is dynamically induced without the need for an asymmetric
term in the interaction. Here we analytically determined the
synchronization transition as a function of the gradient slope.
Above some threshold, full synchronization on one- or two-
dimensional lattices is lost and replaced by partial synchro-
nization patterns. These patterns depend on the asymmetry
parameter �. For �=0 we observe a bifurcation in frequency
space, for �=2 the one synchronized cluster shrinks in its
size, before for even steeper slopes synchronization is com-
pletely lost. For artificial networks these results may be used
to optimize the placement and the number of pacemakers if
full synchronization is needed, or to control synchronization
by tuning the slope of natural frequency gradients.
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Chapter 5

Evolutionary Algorithms on Social

Complex Networks

Introduction

During the recent years, statistical physicists extended their interest to problems apparently far

from the standard topics of physics. Physicists have a propensity to generate models that are

able to capture the basics ingredients of phenomena, independently of the \nature" of these

phenomena, and statistical physics provides the proper mathematical tools for an accurate

analysis of these models. In this context, the research about social phenomena gave some

very interesting results. A multitude of recent papers shows how much statistical physics can

be useful for understanding typical social phenomena: opinion formation, cultural assimilation

and dissemination, social segregation, language formation and grammar construction are just

a few examples.

In this chapter, I will discuss a particular social problem: the problem of social balance. The

reader will see how social balance involves not only social scientists [section 5.1.1], but also

mathematicians [section 5.1.2] and physicists [section 5.1.3]. Moreover, the reader will see

in section 5.2 that social balance can be considered in an analogous way to a particular

formulation of satis�ability problems of computer science. In this very interdisciplinary spirit,

I conclude the chapter by reporting my own contributions in Paper IV [124] and Paper

V [123] .
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PHYSICS

5.1 A Common Problem in Social Science, Mathematics

and Physics

5.1.1 Social Balance in Social Science

The notion of social balance was introduced during the 1940s by the sociologist F.Heider [57,

58]. In its basic formulation, a social unit (also called triad) is composed of three persons

or agents [see Figure 5.1(a)]. Each person knows the other two persons. Moreover there

is a binary social relationship between every couple of persons: they can like or dislike each

other. In social terms, this binary interpersonal relationship between two agents can easily be

interpreted in several meaningful ways: the agents are friends or enemies, the agents have the

same acquaintance or not, and so on. In a triad there are three binary relationships. Based

on a well established principle in social science [58], Heider formulates its simple de�nition

of social balance: a unit of three agents is called balanced if all three persons are friends

or if two persons having a common enemy are friends, while the triad is called imbalanced

otherwise.

(a) Heider's triad (b) k-cycle

Figure 5.1: (a) Basic unit in the social balance theory of F. Heider [57, 58]. The agents (i , j and k)

are represented as dots, while the binary (here for simplicity +/�) interpersonal relationships as lines

connecting pairs of agents. (b) Generic representation of a k-cycle composed of the nodes (persons)

i1; i2; i3; : : : ; iq; : : : ; ik�1; ik .

While the de�nition of balanced and imbalanced triads appear to be reasonable, the binary

representation of a social relationship is evidently an oversimpli�cation of reality. In real social
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interactions, one person may not simply like or dislike another person. In general, one person

should consider several aspects and characteristics of the other person: he likes some of them,

while he dislikes others. Therefore, one can not simply say that two persons like or dislike

each other, but one should introduce a sort of degree of liking between them. Moreover, in

Heider's theory a relationship between two persons is completely symmetric, while sometimes

in reality a social interaction can be asymmetric: a �rst person likes a second person, but the

second person can dislike the �rst person or can be just indi�erent to the �rst person. Despite

the oversimpli�cation (so far described by its most evident features of simpli�cation) of the

model, the Heider's triad will be the starting point in the following. In fact, this simple model

applied to more complex social networks than a simple triad nevertheless leads to interesting

and non-trivial aspects.

5.1.2 Social Balance in Mathematics

Further extensions followed after the seminal work of Heider, mostly due to the studies of

mathematicians interested in social problems. The main mathematical results about social

balance constitute a small branch of graph theory called signed graph theory and they are

produced mainly by the works of D.Cartwright, F.Harary and R.Z.Norman [29, 56, 55] and

F.S.Roberts [133]. From a mathematical point of view, a social network can be described

as a graph [see section 1.2]: a set of nodes (or vertices), each representing a person, and

a set of unordered pairs of nodes (also called as links or edges), each representing a social

relationship. The triad of Heider [see Figure 5.1(a)] can therefore be viewed as a graph

with three nodes (i ,j and k) and three edges [(i ; j), (j; k) and (k; i)]. As already stated in

chapter 1, the simplest way of describing a graph is to use its adjacency matrix A. This is a

square matrix, where the number of columns equals the rows and both are equal to the total

number of nodes of the graph, and the generic element Ai ;j = 1 if there exists a connection

between the nodes i and j , while Ai ;j = 0 in case this connection does not exist. In this

framework, it is convenient to store the binary representation of social relationships in the

adjacency matrix as well [see Figure 5.2], so that considering the social network as a weighted

graph where only two weights, namely the signs, are allowed [see section 1.2.1]. The generic

element Ai ;j standing for a social relationship between the agents i and j can be: Ai ;j = 1 if i

and j are friends; Ai ;j = �1 if i and j are enemies; or Ai ;j = 0 if i and j are just indi�erent or

if they do not know each other. The use of the adjacency matrix A leads to a more formal

de�nition of social balance for an Heider's triad. De�ning the sign Si ;j;k of a triad, composed

of the nodes i , j and k , as product

Si ;j;k = Ai ;jAj;kAk;i
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(a) Social network (b) Adjacency matrix

Figure 5.2: (a)Sample social network and (b) its adjacency matrix. The negative links are represented

as dashed lines, while positive links are full lines. In (b) the bold small indices refer to the same indices

of the nodes used in (a).

one can say: if Si ;j;k = 1 the triad is balanced, otherwise if Si ;j;k = �1 the triad is imbalanced.
The mathematical description of social networks as graphs leads to a simple extension of

Social Balance not only restricted to a simple triad, but extended to general k-cycles [29]. A

k-cycle is de�ned as a close path between k nodes i1, i2, . . . , iq, . . . , ik , where the existence

of the path is determined by the conditions Ai1;i2 6= 0, . . . , Aiq�1;iq 6= 0, Aiq ;iq+1 6= 0 [refer

to de�nition given in section 1.2 and see Figure 5.1(b)]. The sign of a k-cycle i1; : : : ; ik is

de�ned as

Si1;:::;ik =

k∏
v=1

Aiv ;iv+1 ; (5.1)

with ik+1 � i1. Therefore the k-cycle i1; : : : ; ik is balanced if Si1;:::;ik = 1, while it is imbalanced

if Si1;:::;ik = �1.
A generic network will be composed of several k-cycles and one will say that the network itself

is balanced if and only if all the k-cycles belonging to the network are balanced [29]. Therefore

if only one imbalanced k-cycle belongs to the network, the network is called imbalanced. Since

every k-cycle of a network should be balanced in a balanced con�guration of the network itself,

the number of negative links in each k-cycle should be an even number. Depending on the

network topology, this observation leads naturally to the formulation of the possible balanced

con�guration of a network. In the case of fully connected topology [Figure 5.3(a)], the only

possible balanced con�gurations are given by bipartitions of the network in two \cliques": all

the nodes belonging to the same clique are friends, while two nodes belonging to two di�erent
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cliques are enemies (Structure theorem [29, 133]). In the case of diluted random networks

[Figure 5.3(b)], the possibility that some pairs of nodes are not connected leads to more

elastic balanced con�gurations. A balanced con�guration can be formed by several cliques

such that only hyper-cycles1 of even length are allowed between cliques. On two-dimensional

regular topologies [Figure 5.3(c)], the space should be decomposed in di�erent regions of

local friendships bounded by closed paths of unfriendly relationships: a k-cycle is by de�nition

a closed path and evidently it should cross an even number of times a boundary of negative

links in order to be balanced. Since the former feature should be satis�ed by every k-cycle in

every region of the space, it naturally follows that in a balanced con�guration each negative

link should belong to only one closed path of negative links: this means that several closed

paths of negative links can simultaneously be present, but they cannot have any intersections.

In particular, in Figure 5.3(c) I draw with the thickest line the biggest cluster of connected

negative links and I remark on the meaning of its typical length � [see section 2.2.2]: both

are fundamental quantities in the numerical measurements perfomed in my Paper V [123] .

(a) All-to-all network (b) Diluted network (c) Two-dimensional lattice

Figure 5.3: Possible balanced con�gurations for di�erent network topologies. For more detailed

descriptions see the text.

5.1.3 Social Balance in Physics

Physicists have recently focused their attention on the dynamical features of social balance.

The interest of physicists in social balance is more recent and, at the moment, restricted to

the work of T.Antal et al. [9] and F.Radicchi et al. (Paper IV [124] and Paper V [123] ).

The study of social balance is not only devoted to the identi�cation of the possible static

balanced con�gurations but also to the dynamical aspects of social balance. Physicists stress

1One indicates with \hyper-cycle" a cycle between di�erent cliques, or \hyper-nodes", of the social network.
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their attention to the way in which a network can dynamically reach a balanced con�guration,

since real networks of social interactions evolve in time and they are not only static systems.

In [9] a dynamical algorithm is introduced as a typical dynamical process towards social

balance. This algorithm belongs to the class of Monte-Carlo algorithms, as they are quite

often used in di�erent physical contexts [106]. This algorithm is then generalized in Paper

IV [124] . A propensity parameter 0 � p � 1 is introduced with the meaning of the \positive

propensity" that two persons in the network make friendship. The value of p as well the value

of k , for the length of cycles considered in the dynamical process, are �xed a priori. At each

step of the algorithm a k-cycle is selected randomly. If it is balanced nothing happens. If the

selected k-cycle is imbalanced, then one of its links changes its value and automatically the

selected k-cycle becomes balanced as well as the other imbalanced k-cycles, sharing the same

link with the selected k-cycle. The other balanced k-cycles, however, sharing the same ipped

link, become simultaneously imbalanced. The way in which one selects the link that should

be ipped depends on the type of the selected imbalanced k-cycle and/or on the propensity

parameter p. In particular, if the selected k-cycle contains both negative and positive links,

then a random number 0 � r � 1 is chosen out of a uniform distribution: if r � p, one of the

negative links belonging to the selected k-cycle is selected randomly and ipped to a positive

value; if r > p, one of the positive links belonging to the selected k-cycle is selected randomly

and ipped to a negative value. If the selected imbalanced k-cycle contains only negative

links (and this can happen only for odd values of k), one of its negative links is selected

randomly and ipped to a positive value. At each selection, the time of the simulation is

increased by 1=L, where L is the total number of links of the network, so that L selections

are performed in one time unit. It should be remarked that the fact that a k-cycle is selected

does not correspond automatically to a ip of the sign of one link, since this happens only

when the selected k-cycle is imbalanced and not when it is balanced.

The former dynamical algorithm allows the study of the social balance in a familiar way for

physicists. The introduction of simple order parameters such as the density of positive links �

(used in [9] and in Paper IV [124] ) or the probability of having an in�nity cluster of connected

negative links P1 (used in Paper V [123] ) become natural quantities for the analysis of the

phase-structure of social balance [see section 2.1]. Of course the phase structure is studied

as a function of the propensity parameter p and this analysis reveals a critical behavior of the

system at a critical value pc . As the reader will see in the following papers the critical value

pc as well as the features of the critical phenomenon itself are dependent on the particular

topology of the network analyzed. Moreover, the introduction of a dynamics, and therefore of

a time unit, in the problem of social balance also gives the chance to study the system from a

dynamical point of view and to measure interesting dynamical observables: the relaxation time

needed by the network to reach a balanced con�guration or the dynamical critical exponents

84



CHAPTER 5. EVOLUTIONARY ALGORITHMS ON SOCIAL COMPLEX

NETWORKS

of the transition are just a few examples.

In physical terms the notion of social balance becomes equivalent to the one of frustration in

spin systems. The sign of each link can be interpreted as a spin value. Moreover, it is quite

natural to introduce a cost function

H = � 1

M

M∑
s=1

Hs ; (5.2)

where

Hs =

k∏
v=1

A s iv ; s iv+1 ; (5.3)

with s iv+1 � s i1, is the local cost function associated with the s-th k-cycle. E�ectively

Eq.(5.3) is the same as Eq.(5.1) and represents the sign of the s-th k-cycle. The cost

function of Eq.(5.2) is then given by the normalized sum of the signs of all the M k-cycles

present in the system and represents e�ectively the degree of frustration of the system. It

is obvious that balanced (or unfrustrated) con�gurations represent the absolute minima of

the cost function. Moreover, it is natural to consider the algorithm, described so far, as

equivalent to a Monte Carlo algorithm. Monte Carlo algorithms are typically used in physical

problems in order to explore a cost function's landscape. They are able to �nd the global or

local minima of this cost function. In this connection, it should be noticed that the ability

of the algorithm so far proposed to �nd a global minima resides in the fact that it works

e�ectively as a Monte Carlo algorithm with simulated annealing and so it is able to escape

from eventual local (and non-global) minima of the cost function of Eq.(5.2). As already

stated, the single ip of the spin associated with a link belonging to a unbalanced k-cycle can

increase the degree of frustration of the network: since all the other k-cycles, sharing the

same link, automatically change their state, then after the single ip there is the possibility

that the total number of frustrated k-cycles of the system increases by this single spin ip.

In a di�erent algorithm proposed in [9], the constraint that the degree of frustration of the

system can never be increased by a single spin ip leads to a completely di�erent approach

to social balance: during the dynamics, the network can also fall into and no longer exit from

jamming frustrated con�gurations that actually represent local minima of the cost function

of Eq.(5.2).

5.2 Satis�ability Problems in Computer Science

Satis�ability problems constitute an interesting theoretical clue in computer science. Let me

�rst discuss in an informal way what I mean by a satis�ability problem in computer science
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and then restrict my attention to a special class of satis�ability problems known as random

k-satis�ability problems.

Every problem on a computer is e�ectively represented by a main Boolean function or formula.

The main Boolean formula can then be composed of several independent Boolean functions.

These secondary functions can then be decomposed in several other functions and so on. All

the formulas can therefore be represented by a hierarchical structure of formulas nested in

other formulas. At the lowest level of the hierarchy there should be the Boolean variables

involved in the problem. The possible choices of the variables on the lowest level represent the

space of the con�gurations. A particular con�guration is called a solution of the problem if

the actual value, dependent on the con�guration of variables, of the formulas at all the levels

of the hierarchy are such that the main formula is satis�ed. General problems can have just

one solution or several di�erent solutions or they can have no solutions at all. In the former

two cases, the problem is said to be satis�able while when no solution exists, the problem

is clearly said to be unsatis�able. From a theoretical and practical point of view, computer

scientists are �rst of all interested in understanding when the main problem is satis�able or

not. It should be stressed that the satis�ability of one problem implies the existence of at least

one algorithm able to solve the problem. Therefore, a complete analysis of the satis�ability

of one problem also includes the study of the computational speed or the so-called complexity

of the possible algorithms able to �nd the solution, since in practical problems fast algorithms

are clearly preferred to slow ones at parity of ability to �nd a solution (when a solution

exists). Moreover, it should be stressed that the hierarchical description of the problem is

made just for convenience. E�ectively, the functions presented at the intermediate levels are

not needed for knowing whether the problem is satis�ed or not for a given con�guration of the

variables. In principle, one could apply a brute algorithm trying all the possible con�gurations

to see whether the problem is satis�ed or not for any given con�guration. Of course, this

is computationally the most expensive approach for �nding a solution, but this approach is

in principle applicable. The knowledge of the functions at the intermediate levels of the

problem is convenient because one can use it in order to drive an algorithm towards the right

direction for �nding the solution of the problem, when this solution really exists. A good

example of this last observation can be made in terms of one of the most famous problems

in computer science: the problem of sorting a determined set of numbers [77]. I do not

describe the possible ways to translate this problem in terms of Boolean functions: it should

be clear to the reader that every problem is translated by a computer in terms of zeroes and

ones and elementary operations between them, that is, in terms of Boolean variables and

Boolean functions. In the case of sorting, the problem is always satis�able, and there is only

one sequence with the right order so that there exists only one solution to the problem. A

brute approach here means that one has to try all the possible sequences of numbers and
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one has to verify for each of them whether the numbers are really sorted or not. In this

brute approach one has to try N! di�erent sequences if N is the total number of elements in

the initial set. In contrast, using the \intermediate" knowledge that the numbers should be

sorted locally in couples, one can construct an algorithm, called bubble sort, that takes N2

elementary operations for �nding the solution to the problem. Moreover, using some more

tricks, one can realize the possibility of �nding the solution using other kind of algorithms

(merge sort, quick sort, etc.) and reduce the complexity of the algorithm to N logN.

From a theoretical point of view it can be interesting to study an apparently simple situation.

The attention is restricted to a problem with only one intermediate level of Q functions Cq,

with q = 1; : : : ; Q. With each clause are associated k Boolean variables, randomly chosen

out of B total variables. The former sentence explains why this model is called the k random

satis�ability problem (kS). Moreover, in each clause Cq, the assigned variables xqi1 , x
q
i2
, . . . ,

xqik are connected by simple OR operations (
∨
) and some of these variables can be eventually

negated. All the clauses Cq are then connected via logical AND operations (
∧
) in the main

formula F , that actually represents the problem. The problem will be satis�ed when a properly

chosen con�guration of the variables simultaneously satis�es all the clauses Cq and therefore

the formula F . The algorithm proposed for �nding the solution to this theoretical model is the

so-called random walk satis�ability (RWS) algorithm. At each update, one unsatis�ed clause

Cq is selected at random out of all the possible unsatis�ed clauses present in the problem.

Then one variable xqi� belonging to the selected Cq is chosen at random out of all k variables

belonging to Cq. The value of xqi� is inverted. At each update the time of the simulation

is increased by 1=B. The algorithm runs until unsatis�ed clauses are no longer present in

the problem, which means until a solution to the problem is found. The algorithm is based

on the knowledge of the e�ective structure of the problem since one tries to �nd a solution

satisfying one clause per time. The k random satis�ability problem represents an interesting

model for physicists since it can be directly mapped to a spin glass model [92, 96, 97, 33].

5.2.1 Connection between Social Balance and Satis�ability Problems

One can draw an interesting connection between satis�ability problems in computer science

and social balance if considers a subclass of the kS: the k random XOR satis�ability problem

(kXS) [20, 131, 14, 33, 93, 84]. In this case the connection between Boolean variables xqi is

via the logical operator XOR so that the clauses Cq amount to parity checks of the sum of

their k Boolean variables xqi1 ,. . . ,x
q
ik
, such that

Cq = xqi1 + x
q
i2
+ : : :+ xqik mod 2 : (5.4)

87



5.2. SATISFIABILITY PROBLEMS IN COMPUTER SCIENCE

Figure 5.4: Translation of social balance into terms of the k-XOR satis�ability problem. The transla-

tion is represented by a one-to-one mapping.

As Eq.(5.4) says, if the number of true variables is an odd number, then Cq = 1, otherwise

Cq = 0. It is simple to realize an analogy between socially balanced networks and the kXS

[see Figure 5.4]. Each link in the social network is a variable in the corresponding kXS. Of

course a negative value for one link corresponds to a false value for the respective variable,

while a positive value for one link corresponds to a true value for the respective variable. In

this way, each k-cycle in the social network corresponds to a clause in the kXS. If the sign

of one k-cycle [de�ned in Eq.(5.1)] is positive then the respective clause is satis�ed, while

a negative sign for a k-cycle means that the corresponding clause is false. The \inverse"

translation from a kXS to a social network is not directly true [see Figure 5.5]. When k � 1

variables simultaneously belong to k � 1 di�erent clauses, it is not possible to consider the

kXS in terms of a social network. In this case, the translation is possible only if multiple

edges between nodes in the social network are allowed, otherwise there is no other way to

draw the network. Nevertheless, this possibility can be neglected for kXS with a su�ciently

large number of Boolean variables B.
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Figure 5.5: Translation of the k-XOR satis�ability problem into terms of social balance. In general,

the translation is possible only if multiple edges are allowed in the social network.
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Paper IV Social balance as a satis�ability problem of computer science

The following papers, Paper IV [124] and Paper V [123] , represent our own contributions

to the topic of social balance. We generalize the recent work of T.Antal et al. [9] in two main

aspects. First we extend their triad dynamics to any cycle of length k and we fully solve the

mean-�eld case. Then we extend the notion of social balance to more general and realistic

topologies than the mere all-to-all network.

Paper IV

Social balance as a satis�ability problem of computer science

Filippo Radicchi, Daniele Vilone, Sooyeon Yoon and Hildegard
Meyer-Ortmanns

Physical Review E 75, 026106 (2007)

In this paper we �rst study social balance and k-cycle dynamics in cases of fully connected

networks. Since the mean-�eld approximation becomes exact for this topology, several an-

alytical predictions can be made. All these predictions are supported by numerical results

obtained by computer simulations. In the second part of the paper, the social network is

not fully connected anymore but diluted more realistically. This allows us to describe in de-

tail the connection between social balance and k-XOR satis�ability problems, performing a

meaningful qualitative and quantitative analysis.

Personal Contribution

I produced all analytical calculations of the following paper apart from those about the size-

dependence of the relaxation time. The latter calculations were mainly performed together

with Dr.D.Vilone. The analogy between social balance and satis�ability problems of computer

science came out of discussions and suggestions of Dr.Martin Weigt. All the numerical

results reported in the paper were performed personally by myself. In appendix A.2 I report,

for completeness, my mean-�eld analytical prediction of k-cycle dynamics for the case of

k = 5 (the results of these calculations are reported in the following paper). Moreover, in

appendix B.3 I describe in detail the numerical implementation of k-cycle dynamics.
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Social balance as a satisfiability problem of computer science
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Reduction of frustration was the driving force in an approach to social balance as it was recently considered
by Antal et al. �T. Antal, P. L. Krapivsky, and S. Redner, Phys. Rev. E 72, 036121 �2005��. We generalize their
triad dynamics to k-cycle dynamics for arbitrary integer k. We derive the phase structure, determine the
stationary solutions, and calculate the time it takes to reach a frozen state. The main difference in the phase
structure as a function of k is related to k being even or odd. As a second generalization we dilute the all-to-all
coupling as considered by Antal et al. to a random network with connection probability w�1. Interestingly,
this model can be mapped to a satisfiability problem of computer science. The phase of social balance in our
original interpretation then becomes the phase of satisfaction of all logical clauses in the satisfiability problem.
In common to the cases we study, the ideal solution without any frustration always exists, but the question
actually is as to whether this solution can be found by means of a local stochastic algorithm within a finite time.
The answer depends on the choice of parameters. After establishing the mapping between the two classes of
models, we generalize the social-balance problem to a diluted network topology for which the satisfiability
problem is usually studied. On the other hand, in connection with the satisfiability problem we generalize the
random local algorithm to a p-random local algorithm, including a parameter p that corresponds to the
propensity parameter in the social balance problem. The qualitative effect of the inclusion of this parameter is
a bias towards the optimal solution and a reduction of the needed simulation time.

DOI: 10.1103/PhysRevE.75.026106 PACS number�s�: 89.75.Fb, 02.50.Ey, 05.40.�a

I. INTRODUCTION

Recently Antal et al. �1� proposed a triad dynamics to
model the approach of social balance. An essential ingredient
in the algorithm is the reduction of frustration in the follow-
ing sense. We assign a value of +1 or −1 to an edge �or link�
in the all-to-all topology if it connects two individuals who
are friends or enemies, respectively. The sign ±1 of a link we
call also its spin. If the product of links along the boundary
of a triad is negative, the triad is called frustrated �or imbal-
anced�, otherwise it is called balanced �or unfrustrated�. The
state of the network is called balanced if all triads are bal-
anced. If the balanced state is achieved by all links being
positive the state is called “paradise,” as in Antal et al. �1�.
The algorithm depends on a parameter p� �0,1� called pro-
pensity which determines the tendency of the system to re-
duce frustration via flipping a negative link to a positive one
with probability p or via flipping a positive link to a negative
with probability 1− p. For an all-to-all topology Antal et al.
predict a transition from imbalanced stationary states for p
�1/2 to balanced stationary states for p�1/2. Here the
dynamics is motivated by social applications so that the no-
tion of frustration from physics goes along with frustration in
the psychological sense.

In the first part of this paper �Sec. II� we generalize the
triad dynamics to k-cycle dynamics with arbitrary integer k.
In the context of social balance theory, Cartwright and
Harary �2� introduced the notion of balance describing a bal-

anced state with all k cycles being balanced and k not re-
stricted to three. We first study this model on fully connected
networks �Sec. III�. For given fixed and integer k�3 in the
updating rules, we derive the differential equations of the
time evolution due to the local dynamics �Sec. III A� and
predict the stationary densities of k cycles, k arbitrary inte-
ger, containing j�k negative links �Sec. III B�. As long as k
is odd �Sec. III B 1� in the updating dynamics, the results are
only quantitatively different from the case of k=3 considered
in �1�. An odd cycle of length 3, however, is not an allowed
loop in a bipartite graph, for which links may only exist
between different types of vertices so that the length of a
loop of minimal size in a bipartite graph is 4. In addition, it
should be noticed that a 4-cycle with four negative links �that
is four individuals each of which dislikes two others� is bal-
anced and not frustrated, although it may be called the “hell”
�in contrast to the “paradise”�, so it does not need to be
updated in order to reduce its frustration. �To call the hell
with four negative links “balanced” is not specific for the
notion of frustration in physics; also in social balance theory
it is the product over links in the loop which matters and
which decides about balance or frustration �3�.� This differ-
ence is essential as compared to the triad dynamics, in which
a triad of three unfriendly links is always updated. It has
important implications on the phase structure as we shall
show. For even values of k and larger than 4, again there are
only quantitative differences in the phase structure as com-
pared to k=4 �Sec. III B 2�.

Beyond the social context, the notion of frustration is fa-
miliar from the physics of spin glasses. It is the degree of
frustration in spin glasses that determines the qualitative fea-
tures of the energy landscape. A high �low� degree of frus-
tration corresponds to many �few� local minima in the energy
landscape. In terms of energy landscape it was speculated by
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Sasai and Wolynes �4� that it is the low degree of frustration
in a genetic network which is responsible for the few stable
cell states in the high-dimensional space of states.

Calculational tools from spin-glass theory like the replica
method �5� turned out to be quite useful in connection with
generic optimization problems �as they occur, for example,
in computer science� whenever there is a map between the
spin-glass Hamiltonian and a cost function. The goal in find-
ing the ground state energy of the Hamiltonian translates to
the minimization of the costs. A particular class of optimiza-
tion problems refers to satisfiability problems. More specifi-
cally one has a system of B Boolean variables and Q logical
constraints �clauses� between them. In this case, minimizing
the costs means minimizing the number of violated con-
straints. In case of the existence of a nonviolating configura-
tion the problem is said to be satisfiable, it has a zero ground
state energy in the Hamiltonian language. Here it is obvious
that computer algorithms designed to find the optimal solu-
tion have to reduce the frustration down to a minimal value.

The algorithms we have to deal with belong to the so-
called incomplete algorithms �6–8� characterized by some
kind of Monte Carlo dynamics that tries to find the solution
via stochastic local moves in configuration space, starting
from a random initial configuration. It either finds the solu-
tion “fast” or never �this will be made more precise below�.
Among the satisfiability problems there is a special class of
models �so-called k -SAT �kS� problems �9–11��, for which
actually no frustration-free solution exists if the density of
clauses imposed on the system exceeds a certain threshold.
In this case the unsatisfiability is not a feature of the algo-
rithm but intrinsic to the problem. However, there is a special
case of these problems �so-called k-XOR-SAT �kXS� prob-
lems� �7,8,11,12� which are always solvable by some global
algorithm. The challenge here is to find the solution by some
kind of Monte Carlo dynamics, a local stochastic algorithm
within a finite time, scaling at most algebraically with the
system size. The algorithm is very similar to the one used for
solving the kS problem, where actually no solution may ex-
ist.

Now it can be easily shown �10–12� that the satisfiability
problem kS �and also the subclass kXS� can be mapped onto
a k-spin model that is a spin glass. The kS problem is a real
spin glass in the sense that it may not be possible to reduce
the degree of frustration to zero, while such a frustration-free
solution always exists for the kXS problem. Moreover, as we
shall show in the second part of this paper, the kXS problem
can be mapped to both the k-spin model and the kXS prob-
lem. In particular, the three-spin model can be mapped to the
triad dynamics of Antal et al. �1� if we choose the propensity
parameter p=1/3. Therefore, in the context of the satisfiabil-
ity problems, we will generalize the algorithm to include an
additional parameter p that has the meaning of the propensity
parameter in the social context. As we shall show, a choice of
p�1/3 accelerates the finding of the solution, since it pro-
vides a bias towards the solution. Furthermore, for the kS
problem, and similarly for the kXS problem, the phase struc-
ture is usually studied as a function of the dilution of the
network, parametrized by �, the ratio of the total number of
clauses to the total number of links. The reason is that the
interesting changes in the static or dynamic features of the

problem solution appear at certain threshold parameters in
the dilution, while the all-to-all case is not of particular in-
terest there.

Therefore, as a second generalization, we have to gener-
alize the k-cycle dynamics from its all-to-all topology to the
topology of a diluted network. This generalization is anyway
natural from the social interpretation. Either two individuals
may not know each other at all �this is very likely in case of
a large population size� or they neither like nor dislike each
other, but are indifferent as emphasized in �2� as an argument
for the postulated absence of links. We then discuss the phase
structure of the 3XS problem as a function of the dilution �,
and the propensity parameter p. The main results are addi-
tional absorbing states in the k-cycle dynamics if considered
on a diluted topology, and the finding of solutions for p
�1/3 in cases which looked unsolvable before for p=1/3.
We remark that we do not generalize the k-cycle dynamics to
a true spin glass, for which one may no longer expect a
frustration-free solution to exist.

II. MODEL FOR SOCIAL BALANCE

We represent individuals as vertices �or nodes� of a graph
and a relationship between two individuals as a link �or
edge� that connects the corresponding vertices. Moreover, to
a link �i , j� between two nodes i and j we assign a binary
spin variable si,j = ±1, with si,j =1 if the individuals i and j
are friends, and si,j =−1 if i and j are enemies. We consider
the standard notion of social balance extended to cycles of
order k �2,13�. In particular a cycle of order k �or a k cycle�
is defined as a closed path between k distinct nodes i1,i2,. . .,
ik of the network, where the path is performed along the links
of the network �i1 , i2�,�i2 , i3�,. . .,�ik−1 , ik�,�ik , i1�. Given a
value of k we have k+1 different types T0,T1,. . .,Tj,. . .,Tk of
cycles of order k containing 0,1,…,j ,k negative links, re-
spectively. A cycle of order k in the network is considered as
balanced if the product of the signs of links along the cycle
equals 1, otherwise the cycle is considered as imbalanced or
frustrated. Accordingly, the network is considered as bal-
anced if each k cycle of the network is balanced.

We consider our social network as a dynamical system.
We perform a local unconstrained dynamics obtained by a
natural generalization of the local triads dynamics, recently
proposed by Antal et al. �1�. We first fix a value of k. Next, at
each update we choose at random a k cycle Tj. If this k cycle
Tj is balanced �j is even� nothing happens. If Tj is imbal-
anced �j is odd� we change one of its links as follows: if j
�k, then Tj→Tj−1 occurs with probability p, while Tj
→Tj+1 occurs with probability 1− p; if j=k, then Tj→Tj−1
happens with probability 1. During one update, the positive
�negative� link which we flip to take a negative �positive�
sign is chosen at random between all the possible positive
�negative� links belonging to the k cycle Tj. One unit of time
is defined to have passed if the number of updates equals L,
where L is the total number of links of the network. In Fig. 1
we show a simple scheme that illustrates the dynamical rules
in the case of k=4�A� and k=5�B�. It is evident from the
figure that for even values of k the system remains the same
if we simultaneously flip all the spins si,j→−si,j ∀ �i , j� and
make the transformation p→1− p. The same is not true for
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odd values of k. The reason is that a k cycle with only “un-
friendly” links is balanced for even values of k, while it is
imbalanced for odd values of k. The presence of this sym-
metry property for even values of k is responsible for very
different features in the phase structure as compared to odd
values of k. This will be studied in detail in the following
sections.

As in �1�, for odd values of k, we shall distinguish be-
tween stationary states in the infinite volume limit and in the
finite volume. In the infinite volume limit, the stationary
states can be either balanced �for p�1/2� or frustrated �for
p�1/2� since it is not possible to reach the paradise in a
finite time. They are predicted as solutions of mean field
equations. In the finite volume, such as in numerical simula-
tions, fluctuations about their stationary values do not die out
in the phase for p�1/2 so that some frustration remains,
while for p�1/2 frozen states are always reached in the
form of the paradise. �Other balanced states with a finite
amount of negative links are in principle available, but are
quite unlikely to be realized during the finite simulation time.
They are exponentially suppressed due to their small weight
in configuration space.� We calculate the time it takes to
reach a frozen state at and above the phase transition �Sec.
III C 1�. For even values of k we have only two types of
stationary frozen states, “paradise” and “hell” with all links
being positive and negative, respectively. In this case the
time to reach the frozen states at the transition can be calcu-
lated in two ways. The first possibility applies for both even
and odd values of k and is based on calculating the time it
takes until a fluctuation is of the same order in size as the
average density of unfriendly links. The second one, appli-
cable to the case of even values of k, can be obtained by
mapping the social system to a Markov process known as the
Wright-Fisher model for diploid organisms �14�, for which
the decay time to one of the final configurations �all “posi-
tive” or all “negative” genes� increases quadratically in the
size N of the system �Sec. III C 2�.

III. COMPLETE GRAPHS

We first consider the case of fully connected networks.
Later we extend the main results to the case of diluted net-
works in Sec. IV. In a complete graph every individual has a
relationship with everyone else. Let N be the number of
nodes of this complete graph. The total number of links of
the network is then given by L= � N

2
�, while the total number

of k cycles is given by M = � N
k

� with M = � N
k

� the binomial
coefficient. Moreover we define Mj as the number of k cycles
containing j negative links, and mj =Mj /M the correspond-

ing density of k cycles of type Tj. The total number of posi-
tive links L+ is then related to the number of k cycles accord-
ing to

L+ =

�
i=0

k

�k − i�Mi

�N − 2�!/��N − k�!�k − 2�!�
. �1�

A similar relation holds for the total number of negative links
L−,

L− =

�
i=0

k

iMi

�N − 2�!/��N − k�!�k − 2�!�
. �2�

In particular, in Eqs. �1� and �2� the numerators give the total
number of positive and negative links in all k cycles, respec-
tively, while the same denominator results from the fact that
one link belongs to � N−2

k−2
�= �N−2�! / ��N−k�!�k−2�!� different

k cycles. Furthermore, the density of positive links is �
=L+ /L=1−�i=0

k imi, while the density of negative links is 1
−�.

A. Evolution equations

In view of deriving the mean field equations for the un-
constrained dynamics, introduced in the former Sec. II, we
need to define the quantity Mj

+ as the average number of k
cycles of type Tj which are attached to a positive link. This
number is given by

Mj
+ =

�k − j�Mj

L+ ,

while similarly

Mj
− =

jMj

L−

counts the average number of k cycles of type Tj attached to
a negative link. In term of densities we can easily write

mj
+ =

�k − j�mj

�
i=0

k

�k − i�mi

�3�

and

mj
− =

jmj

�
i=0

k

imi

. �4�

Now let �+ be the probability that a link flips its sign from
positive to negative in one update event and �− the probabil-
ity that a negative link changes its sign to +1 in one update
event. We can express these probabilities in terms of mj
according to

FIG. 1. Dynamical rules in case of k=4 �A� and k=5 �B�. The
cycles containing an odd number of “unfriendly” links are consid-
ered as imbalanced and evolve into balanced ones. Full and dashed
lines represent “friendly” and “unfriendly” links, respectively.

SOCIAL BALANCE AS A SATISFIABILITY PROBLEM OF… PHYSICAL REVIEW E 75, 026106 �2007�

026106-3



�+ = �1 − p� �
i=1

�k−1�/2

m2i−1 �5�

and

�− = p �
i=1

�k−1�/2

m2i−1 + mk, �6�

valid for the case of odd k. For even values of k, these prob-
abilities read

�+ = �1 − p��
i=1

k/2

m2i−1 �7�

and

�− = p�
i=1

k/2

m2i−1. �8�

Since each update changes �N−2�! / ��N−k�!�k−2�!� cycles,
and the number of updates in one time step is equal to L
update events, the rate equations in the mean field approxi-
mation can be written as

�
d

dt
m0 = �−m1

− − �+m0
+

d

dt
m1 = �+m0

+ + �−m2
− + − �−m1

− − �+m1
+

]

d

dt
mj = �+mj−1

+ + �−mj+1
− + − �−mj

− − �+mj
+

]

d

dt
mk−1 = �+mk−2

+ + �−mk
− + − �−mk−1

− − �+mk−1
+

d

dt
mk = �−mk−1

− − �−mk
−.

� �9�

We remark that the only difference between the cases of odd
and even values of k comes from Eqs. �5� and �6�, and Eqs.
�7� and �8�, respectively. This difference is the main reason
why the two cases of odd and even values of k lead to com-
pletely different behavior and why we treat them separately
in the following Sec. III B.

B. Stationary states

Next let us derive the stationary states from the rate equa-
tions �9� that give a proper description of the unconstrained
dynamics of k cycles in a complete graph. Imposing the sta-
tionary condition d

dtmj =0, ∀ 0� j�k, we easily obtain

mj−1
+ = mj

−, ∀ 1 � j � k . �10�

Then, forming products of the former quantities appearing in
Eq. �10�, we have

mj−1
+ mj+1

− = mj
+mj

−, ∀ 1 � j � k

and, using the definitions of Eqs. �3� and �4�, we finally
obtain

�k − j + 1��j + 1�mj−1mj+1 = �k − j�j�mj�2, �11�

valid ∀ 1� j�k. Moreover the normalization condition
�imi=1 should be satisfied. Furthermore, in the case of sta-
tionarity, the density of friendships should be fixed, so that
we should impose �+=�−.

1. Case of odd values of k

In the case of odd values of k, the condition for having a
fixed density of friendships reads

mk = �1 − 2p� �
i=1

�k−1�/2

m2i−1, �12�

where we used Eqs. �5� and �6�. In principle the k equations
of Eq. �11� plus the normalization condition and the fixed
friendship relation �12� determine the stationary solution. For
k=3 Antal et al. �1� found

mj = �3

j
	��

3−j�1 − ��� j, ∀ 0 � j � 3, �13�

where

�� = 
1/��3�1 − 2p� + 1� , if p � 1/2

1, if p � 1/2
� �14�

is the stationary density of friendly links. In the same way
we can also solve the case k=5 exactly with the solution

mj = �5

j
	��

5−j�1 − ��� j, ∀ 0 � j � 5, �15�

where

�� = �5�1 − 2p��1 +�1 +
1

5�1 − 2p�
	 + 1�−1

�16�

for p�1/2, while ��=1 for p�1/2.
In Fig. 2 we plot the densities mj given by Eq. �15� and

the stationary density of friendly links ��, given by Eq. �16�
as a function of p. Moreover, we verified the validity of the
solution performing several numerical simulations on a com-
plete graph with N=64 nodes �full dots in the top panel�. We
compute numerically the average density of positive links
after 103 time steps, where the average is done over 102

different realizations of the system. At the beginning of each
realization we select at random the values of the signs of the
links, where each of them has the same probability to be
positive or negative, so that �0=0.5. The numerical results
perfectly reproduce our analytical predictions.

As one can easily see, both solutions �13� and �15� are just
binomial distributions. This means that the densities of a
cycle of order k=3 or a cycle of order k=5 with j negative
links are simply given by the probability of finding these
densities on a complete graph in which each link is set equal
to 1 with probability �� or equal to −1 with probability 1
−��. �As already noticed in �1�, this result may come as a
surprise, because three-cycle or here the five-cycle dynamics
seem to be biased towards the reduction of frustration; on the
other hand it is a bias for individual triads without any con-
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straint of the type that the frustration of the whole “society”
should get reduced.�

For odd values of k	5, a stationary solution always ex-
ists. This solution becomes harder to find as k increases,
because the maximal order of the polynomials involved in-
creases with k �for k=3 we have polynomials of first order,
for k=5 polynomials of second order, for k=7 of third order,
and so on�. So it becomes impossible to find the solution
analytically as the maximal order of solvable equations is
reached. Nevertheless, we can give an approximate solution
using a self-consistent approach as we shall outline in the
following. We suppose that the general solution for the sta-
tionary densities is of the form

mj = �k

j
	��

k−j�1 − ��� j, ∀ 0 � j � k , �17�

Eq. �17� is an appropriate ansatz as we can directly see from
the definition of the density of friendly links ��=1
−�i=0

k imi=1− �1−���, where the last term comes out as mean
value of the binomial distribution. �Actually such self-
consistency condition is satisfied by any distribution of the
mjs with mean value equal to 1−��.� Moreover, the ansatz
for the stationary solution in the form of Eq. �17� has the
following features: first it is valid for the special cases k=3
and k=5, and second, it is numerically supported. In Fig. 3
we show some results obtained by numerical simulations. We
plot the densities mj for different values of k �k=7 �A�, k
=9 �B�, k=11 �C�, and k=21 �D�� and different values of p
�p=0 �black circles�, p=0.3 �red squares�, p=0.44 �green
diamonds�, and p=0.49 �blue crosses��. We performed 50

different realizations of a system of N=64 vertices, where
the densities are extrapolated from 106 samples �k cycles� at
each realization and after 5
102 time steps of the simula-
tions �so that we have reached the stationary state�. The ini-
tial values of the signs are chosen to be friendly or unfriendly
with the same probability ��0=0.5�. The full lines are given
by Eq. �17� for which the right value of �� is given by the
average stationary density of friendly links and the average is
performed over all simulations. Furthermore, we numerically
check whether Eq. �17� holds, with the same �� if we mea-
sure the densities of cycles also of order k��k and, more-
over, whether it holds during the time while using the time
dependent density of friendly links ��t� instead of the station-
ary one ��. Since all these checks are positive, we may say
that if at some time the distribution of friendly links �and
consequently of unfriendly links� is uncorrelated, it will stay
so forever.

Let us assume that the ansatz �17� is valid, we then evalu-
ate the unknown value of �� self-consistently by imposing
the condition that the density of friendly links is fixed at the
stationary state

�+ = �− ⇔ �1 − 2p� �
i=1

�k−1�/2

m2i−1 = mk.

In particular we can write

�
i=1

�k−1�/2

m2i−1 + mk = �
i=1

�k+1�/2

m2i−1 = � , �18�

and so

FIG. 2. �Color online� Exact stationary densities mj for the
cycles of order k=5 from Eq. �15� �middle and bottom panels, for k
cycles with an even and odd number of negative links, respectively�
and stationary density of friendly links �� from Eq. �16� �top panel�,
both as a function of the dynamical parameter p. Numerical results
are also reported in the top panel for a system with N=64 vertices.
Each value �full dot� is obtained by averaging the density of
friendly links reached after 103 time steps over 102 different real-
izations with random initial conditions ��0=0.5�.

FIG. 3. �Color online� Stationary densities mj for the k cycles
with j negative links and different values of k �k=7 �A�, k=9 �B�,
k=11 �C�, and k=21 �D��, and for different values of p �p=0 �black
circles�, p=0.3 �red squares�, p=0.44 �green diamonds�, and p
=0.49 �blue crosses��. The numerical results �symbols� represent the
histograms extrapolated from 106 samples and over 50 different
realizations of the network. In particular the initial values of the
spins are equally likely at each realization �so that �0=0.5�, the
distributions are sampled after 5
102 time steps and the system
size is always N=64. The prediction of Eq. �17� is plotted as a full
line and the value of �� used is taken from the simulations as the
average value of the stationary density of positive links.
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mk = �1 − 2p��� − mk�

from which

�� = 1 −  ��1 − 2p�
2�1 − p� �1/k

, �19�

for p�1/2, while ��=1 for p�1/2. In particular we notice
that Eq. �19� goes to zero as k→� for p�1/2, because 0
���1. This means that in the limit of large k the stationary
density of friendly links takes the typical shape of a step
function centered at p=1/2, with ��=0 for p�1/2 and ��

=1 for p	1/2. This is exactly the result we find for the case
of even values of k �see Sec. III B 2�, and it is easily ex-
plained since in the limit of large k the distinction between
the cases of odd and even values of k should become irrel-
evant.

Furthermore, it should be noticed that � defined in Eq.
�18� is nothing else than a sum of all odd terms of a binomial
distribution. For large values of k we should expect that the
sum of the odd terms is equal to the sum of the even terms of
the distribution, so that

� = �
i=1

�k+1�/2

m2j−1 �
1

2
� �

i=0

�k−1�/2

m2j ,

because of the normalization. In Fig. 4 we plot the quantity
�1−���k obtained by numerical simulations for different val-
ues of k �k=3 �black circles�, k=5 �red squares�, k=7 �blue
diamonds�, k=9 �violet triangles�, k=11 �orange crosses�� as
a function of p. Each point represents the average value of
the density of positive links �after 103 time steps� over 102

different realizations. The system size in our simulations is
N=64, while, at the beginning of each realization, the links
have the same probability to have positive or negative spin
��0=0.5�. From Eq. �19� we expect that the numerical results
collapse on the same curve ��1−2p� / �2−2p�, depending on
the parameter �. Imposing �=1/2 �dashed line� we obtain an
excellent fit for all values of p. Only for small values of p the
fit is less good than for intermediate and large values of p,
which is explained by the plot in the inset of Fig. 4. There
Eq. �18� is shown as function of p for k=3 �black dotted line�
and for k=5 �red full line�. The values of mj are taken di-
rectly from the binomial distribution of Eq. �17� with values
of �� known exactly from Eqs. �14� and �16� for k=3 and
k=5, respectively. We can see how well the approximation
�=1/2 works already for k=3 and how it improves for k
=5, with the only exception for small values of p where �
	1/2. Furthermore, we see that ��1/2 for p�1/2, but in
this range the dependence on � of Eq. �19� becomes weaker
since the factor ��1−2p� tends to zero anyway.

2. Case of even values of k

The stability of a k cycle with all negative links in the
case of even k �see Fig. 1� has far reaching implications on
the global behavior of the model. Actually the elementary
dynamics is now symmetric. Only the value of p gives a
preferential direction �towards a completely friendly or un-
friendly cycle� to the basic processes. With odd k, for p
�1/2 the tendency of the dynamics to reach the state with a
minor number of positive links in the elementary processes
�without completely unfriendly cycles� is overbalanced by
the process Tk→Tk−1 which happens with probability 1, so
that in the thermodynamical limit the system ends up in an
active steady state with a finite average density of negative
links due to the competition between the basic processes.
Instead, for even k, nothing prevents the system from reach-
ing the “hell,” that is a state of only negative links, because
here a completely negative cycle is stable. Only for p=1/2
we expect to find a nonfrozen fluctuating final state, since in
this case the elementary dynamical processes are fully sym-
metric. Imposing the stationary conditions on the system we
do not get detailed information about the final state. As we
can see from Eqs. �7� and �8�, for p�1/2 the only possibility
to have �+=�− is the trivial solution for which both prob-
abilities are equal to zero, so that the system must reach a
frozen configuration, while for p=1/2, �+ and �− are always
equal, in this case we expect the system to reach immediately
an active steady state, cf. Eq. �20� below. �However, in con-
trast to odd values of k, due to the different time dependence
on the size of the system, we shall observe frozen states in a
finite volume, either heaven or hell, also in case of p=1/2.�
In order to describe more precisely the final configuration of
this active steady state, it is instructive to consider the mean
field equation for the density of positive links. For generic
even value of k, it is easy to see that the number of positive
links increases in updates of type T2j−1→T2�j−1� with prob-
ability p, whereas it decreases in updates of type T2j−1
→T2j with probability 1− p, so that the mean field equation
that governs the behavior of the density of friendly links is
given by

FIG. 4. �Color online� Numerical results �symbols� and approxi-
mate solution �dashed line� for the function �1−���k, depending on
the stationary density of positive links �� and the parameter k �k
=3 �black circles�, k=5 �red squares�, k=7 �blue diamonds�, k=9
�violet triangles�, k=11 �orange crosses��, as a function of the dy-
namical parameter p. The theoretical result, plotted here as a dashed
line, is given by Eq. �19� for �=1/2. This prediction is in good
agreement with the numerical results obtained by averaging the
density of friendly links after 103 time steps over 102 different
realizations. The system size is N=64. Each simulation starts with
random initial conditions ��0=0.5�. Moreover, as we can see from
the inset, the value of � calculated for k=3 �red full line� and for
k=5 �black dotted line� is very close to 1/2 for an extended range
of p.
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d�

dt
= �2p − 1���1 − ���

i=1

k/2 � k

2i − 1
	�k−2i�1 − ��2�i−1�. �20�

For p�1/2 we have only two stationary states, ��=0 and
��=1 �the other roots of the steady state equation are com-
plex�. It is easily understood that for p�1/2 the stable con-
figuration is ��=0, while for p	1/2 it is ��=1. In contrast,
for p=1/2 we have ��t�=const at any time, so that ��=��t
=0�=�0. These results are confirmed by numerical simula-
tions. Moreover, the convergence to the thermodynamical
limit is quite fast, as it can be seen in Fig. 5, where we plot
the density of friendly links �� as a function of p for the
system sizes N �N=8 �dotted line�, N=16 �dashed line�, and
N=32 �full line�� and for k=4. Each curve is obtained from
averages over 103 different realizations of the dynamical sys-
tem. In all simulations the links get initially assigned the
values ±1 with equal probability, so that �0=0.5.

C. Frozen configurations

When all k cycles of the network are balanced we say that
the network itself is balanced. In particular, in the case of our
unconstrained dynamics we can say that if the network is
balanced it has reached a frozen configuration. The configu-
ration is frozen in the sense that no dynamics is left since the
system cannot escape a balanced configuration. Furthermore,
it was proven �2� that if a complete graph is balanced for a
fixed odd value of k, then it is balanced for any choice of k
and that the only possible balanced configurations are given
by bipartitions of the network in two subgroups �or
“cliques”�, where all the individuals belonging to the same
subgroup are friends while every couple of individuals be-
longing to different subgroups are enemies �this result is also
known as structure theorem �3��. In the case of even values
of k the latter result is still valid if all the individuals of one
subgroup are enemies, while two individuals belonging to
different subgroups are friends. It should be noticed that one

of the two cliques may be empty and therefore the configu-
ration of the paradise �where all individuals are friends� is
also included in this result, as well as the hell with all indi-
viduals being enemies for the case of even values of k. In the
following we will combine our former results about the sta-
tionary states �Sec. III B� with the notion of frozen configu-
rations in order to predict the probability of finding a particu-
lar balanced configuration and the time needed for freezing
our unconstrained dynamical process. For clarity we analyze
the cases of odd and even values of k separately, again.

1. Freezing time for odd values of k

p�1/2: Let 0�N1�N be the size of one of the two
cliques. Therefore the other clique will be of size N−N1. In
such a frozen configuration the total number of positive �L+�
and negative �L−� links are related to N1 and N by

L+ =
N1�N1 − 1�

2
+

�N − N1��N − N1 − 1�
2

�21�

and

L− = N1�N − N1� , �22�

respectively. As we have seen in the former Sec. III B 1, for
odd values of k and p�1/2, all k cycles are uncorrelated
during the unconstrained dynamical evolution, if we start
from an initially uncorrelated configuration. In these cases,
we can consider our system as a random process in which the
values of the spins are chosen at random with a certain prob-
ability. In particular, the probability of a link to be positive is
given by �, the density of positive links �while 1−� is the
probability for a link to be negative�. The probability of
reaching a frozen configuration, characterized by two cliques
of N1 nodes and N−N1 nodes, is then given by

P��,N1� = � N

N1
	�N�N−1�/2−N1�N−N1��1 − ��N1�N−N1�. �23�

The binomial coefficient � N
N1

� in Eq. �23� counts the total
number of possible bipartitions into cliques with N1 and N
−N1 nodes �i.e., the total number of different ways for choos-
ing N1 nodes out of N�, and each of these bipartitions is
considered as equally likely because of the randomness of
the process. We should also remark that in Eq. �23� we omit
the time dependence of �, although the density of positive
links � follows the following master equation:

d�

dt
= �1 − ��k + �2p − 1� �

i=1

�k−1�/2 � k

2i − 1
	�2i−1�1 − ��k−2i+1.

�24�

Equation �24� follows in analogy to Eq. �20� with the only
difference of k being odd. Equation �23� shows that the prob-
ability of having a frozen configuration with cliques of N1
and N−N1 nodes is extremely small, because the number of
the other equiprobable configurations with the same number
of negative and positive links is equal to � L

L− �� � N
N1

�, where
L− should satisfy Eq. �22�. This allows us to ignore the tran-
sient time to reach the stationary state �we expect that the

FIG. 5. Behavior of the stationary density of friendly links �� as
a function of p for three �small� values of N �N=8 �dotted line�, 16
�dashed line�, and 32 �full line�� and for k=4. The values of the
initial configuration are randomly chosen to be ±1 with density of
friendly links �0=0.5. The curves are obtained from averages over
103 different realizations.
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system goes to the stationary state exponentially fast for any
k, as shown in �1� for k=3� and consider the probability for
obtaining a frozen configurations as

P���� = �
N1=0

N

P���,N1� . �25�

This probability provides a good estimate for the order of
magnitude in time  that is needed to reach a frozen configu-
ration, because �1/ P����. Unfortunately this estimate re-
veals that the time needed for freezing the system becomes
very large already for small sizes N �i.e.,  increases almost
exponentially as a function of L�N2�. This means that it is
practically impossible to verify this estimate in numerical
simulations.

p=1/2: At the transition, for the dynamical parameter p
=1/2 we can follow the same procedure as used by Antal et
al. �1�. The procedure is based on calculating the time it
takes until a fluctuation in the number of negative links
reaches the same order of magnitude as the average number
of negative links. In this case the systems happens to reach
the frozen configuration of the paradise due to a fluctuation.
The number of unfriendly links L−�A�t� can be written in
the canonical form �15�

A�t� = La�t� + �L��t� , �26�

where a�t� is the deterministic part and ��t� is a stochastic
variable such that ���=0. Let us consider the elementary
processes

A→�
A − 1, rate Mk

A − 1, rate p �
i=1

�k−1�/2

M2i−1

A + 1, rate �1 − p� �
i=1

�k−1�/2

M2i−1
� �27�

and therefore

A2→�
A2 − 2A + 1, rate Mk

A2 − 2A + 1, rate p �
i=1

�k−1�/2

M2i−1

A2 + 2A + 1, rate �1 − p� �
i=1

�k−1�/2

M2i−1

.� �28�

We then obtain the following equations for the mean values
of A and A2:

d�A�
dt

= − �Mk� + �1 − 2p� �
i=1

�k−1�/2

�M2i−1�

and

d�A2�
dt

= ��1 − 2A�Mk� + p��1 − 2A� �
i=1

�k−1�/2

M2i−1�
+ �1 − 2p���1 + 2A� �

i=1

�k+1�/2

M2i−1� .

For p=1/2 we find

d�A�
dt

= − �Mk� �29�

and

d�A2�
dt

= �Mk� + �
i=1

�k−1�/2

�M2i−1� − 2�AMk� .

Since it is �A��a and �Mk��ak, we get from Eq. �29�

da

dt
� − ak, �30�

from which

a�t� � t−1/�k−1�. �31�

On the other hand, considering that d�A�2 /dt=2�A�d�A� /dt
and by definition �= �A2�− �A�2= ��2�, we have

d�

dt
= �Mk� + �

i=1

�k−1�/2

�M2i−1� − 2��AMk� − �A��Mk�� . �32�

Moreover, we can write

�AMk� − �A��Mk� = ��La + �L��Mk� − La�Mk� = �L��Mk� .

It is easy to see that ��Mk����Ak�= ���La+�L��k�, so that

��Mk� � ���Lkak + kLk−1/2ak−1� + ¯ + Lk/2�k��

� kLk−1/2ak−1��2� + O���3�� . �33�

Dividing Eq. �32� by Eq. �30� and using Eq. �33� we get

d�

da
= − 2kak−1� − �

i=1

�k+1�/2 � k

2i − 1
	a2i−1�1 − a�k−2i+1� . �34�

Here we have taken into account that

�Mj� � �k

j
	aj�1 − a�k−j . �35�

It is straightforward to find the solution of Eq. �34� as

��a� = Ca2k +
�k

a
+ ¯ +

�0

ak−2 ,

with C and � j suitable constants. From Eq. �31�, for t→� we
have

� � a−�k−2� � t�k−2�/�k−1�.

For ����, we finally obtain

� � t�k−2�/�2�k−1��.

In general, the system will reach the frozen state of the para-
dise when the fluctuations of the number of negative links
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become of the same order as its mean value. �Note that in
this case the mean field approach is no longer valid.� Then,
in order of finding the freezing time  we have just to set
equal the two terms on the right hand side of Eq. �26�.

La�� � �L��� . �36�

Since L�N2, we get a power-law behavior

 � N� �37�

with exponent � as a function of k according to

� = 2
k − 1

k
. �38�

It is worth noticing that in the limit k→� we obtain �=2,
which is the same result as in the case of even values of k as
we shall see soon. The analytical results of this subsection
are well confirmed by simulations, cf. Fig. 6. There we study
numerically the freezing time  as a function of the system
size N for different odd values of k �k=3 �black circles�, k
=5 �red squares�, k=7 �blue diamonds�, k=9 �violet tri-
angles�, and k=15 �orange crosses��. The freezing time is
measured until all links have positive sign and paradise is
reached. Other frozen configurations are too unlikely to be
realized. Each point stands for the average value over a dif-
ferent number of realizations of the dynamical system �100
realizations for sizes N�64, 50 realizations for 64�N

�256, and 10 realizations for N	256�, where the initial
configuration is always chosen as an antagonistic society �all
the links being negative so that �0=0� to reduce the statisti-
cal error. The standard deviations around the averages have
sizes comparable to the size of the symbols. The full lines
stand for power laws with exponents given by Eq. �38�. They
perfectly fit with the numerical measurements.

p	1/2: For p	1/2 the freezing time  scales as

 � ln N . �39�

We skip the derivation since it would be the same as in the
paper of Antal et al. �1�. It should be noticed that for p
	1/2 the paradise is reached the faster the larger k. For
simplicity let p=1 and imagine that the system is at the clos-
est configuration to the paradise, for which only one link in
the system has negative spin. This link belongs to R= � N−2

k−2
�

different k cycles. At each update event we select one k cycle
at random out of M = � N

k
� total k cycles. This way we have to

wait a number of update events E�M /R until the paradise is
reached, which leads to a freezing time �E /L, with L the
total number of links independent on k, so that

 �
1

k�k − 1�
. �40�

For values of 1 /2� p�1 the k dependence of  should be
weaker than the one in Eq. �40�, but anyway  should be a
decreasing function of k. The inset of Fig. 6 shows the nu-
merical results obtained for p=3/4 as a function of the size
of the system N. The freezing time  is measured for differ-
ent values of k. We plot the average value over 103 different
realizations with initial condition �0=0.

2. Freezing time for even values of k

p=1/2: In the case of even values of k and p=1/2 the
master equation for the density of positive links �Eq. �20��
reads as d� /dt=0. Therefore the density of friendly links �
should be constant during time for an infinite large system.
In finite-size systems the dynamics is subjected to non-
negligible fluctuations. This allows to understand the scaling
features of the freezing time  with the system size. The
order of the fluctuations is �L because the process is com-
pletely random as we have seen for the case of odd values of
k and p�1/2. Differently from the latter case, for even val-
ues of k and p=1/2 the system has no preferred tendency to
go to a fixed point that would be determined by p because
d� /dt=0. In common with Eq. �24� we can view the dynami-
cal system as a Markov chain, here without bias due to p,
with discrete steps in time and state space, for which the
transition probability for passing from a state with L−�t−1�
negative at time t−1 to a state with L−�t� negative links at
time t is given by

P�L−�t��L−�t − 1��

= � L

L−�t�
	�L − L−�t − 1�

L
	L−L−�t��L−�t − 1�

L
	L−�t�

. �41�

Therefore the probability of having L−�t� negative links at
time t is just a binomial distribution where the probability of

FIG. 6. �Color online� Numerical results �full dots� at p=1/2 for
the freezing time  as a function of the system size N and for
various k �k=3 �black circles�, k=5 �red squares�, k=7 �blue dia-
monds�, k=9 �violet triangles�, and k=15 �orange crosses��. Each
point is given by the average value over several realizations �100
realizations for sizes N�64, 50 realizations for 64�N�256, and
10 realizations for N	256�. Moreover, as initial configuration of
each realization the links are chosen all negative ��0=0, antagonis-
tic society� in order to reduce the statistical error �the standard
deviation is comparable with the symbol size� caused by the small
number of realizations at larger sizes of the system. The full lines
have slope 2�k−1� /k as expected from Eq. �38�. The inset shows
the numerical results for the freezing time , for different values of
k �the same as in the main plot�, as a function of the system size N
and for p=3/4. Each point of the inset is given by the average over
103 different realizations with initial antagonistic society.
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having one negative link is given by
L−�t−1�

L , the density of
negative links at time t−1. This includes both the random-
ness of the displacement of negative links and the absence of
a particular fixed point dependent on p. The Markov process,
with transition probability given by Eq. �41�, is known under
the name of the Wright-Fisher model �14� from the context
of biology. The Wright-Fisher model is a simple stochastic
model for the reproduction of diploid organisms �“diploid”
means that each organism has two genes, here named as “�”
and “�”�, it was proposed independently by Fisher and
Wright at the beginning of the 1930s �14�. The population
size of genes in an organism is fixed and equal to L /2 so that
the total number of genes is L. Each organism lives only for
one generation and dies after the offsprings are made. Each
offspring receives two genes, each one selected with prob-
ability 1 /2 out of the two genes of a parent of which two are
randomly selected from the population of the former genera-
tion. Now let us assume that there is a random initial con-
figuration of positive and negative genes with a slight surplus
of negative genes. The offspring generation selects its genes
randomly from this pool and provides the pool for the next
offspring generation. Since the pools get never refreshed by a
new random configuration, the initial surplus of negative
links gets amplified in each offspring generation until the
whole population of genes is “negative.” Actually the solu-
tion of the Wright-Fisher model is quite simple. The process
always converges to a final state with L−=0 �L+=L� or L−

=L �L+=0�, corresponding to our heaven and �hell� solutions
for even values of k. Repeating many times the simulations
and starting always from the same density of positive links
�0, the fraction of times one ends up in “heaven” in all these
trials is just determined by �0 and in “hell” by 1−�0, so that
the number of negative links L− averaged over different trials
equals �1−�0�L. Furthermore, on average, the number of
negative links decays exponentially fast to one of the two
extremal values

�L−�t�� � L
e−t/L

1 − e−t/L�
with typical decay time

 � L � N2. �42�

This result is perfectly reproduced by the numerical data
plotted in Fig. 7. The main plot shows the average time
needed to reach a balanced configuration as a function of the
size of the system N and for different values of k �k=4 �black
circles�, k=6 �red squares�, k=8 �blue diamonds�, and k
=12 �violet crosses��. The averages are performed over dif-
ferent numbers of realizations depending on the size N �1000
realizations for sizes N�128, 500 realizations for 128�N
�384 and 50 realizations for N=384 and N=512 cand 10
realizations for N=1024�. The dashed line in Fig. 7 has, in
the log-log plane, a slope equal to 2, all numerical data fit
very well with this line. Furthermore it should be noticed that
there is no k dependence of the freezing time , as it is
described by Eq. �41�. This is reflected by the fact that  is
the same for all the values of k considered in the numerical
measurements. Nevertheless, there is a difference between

our model and the Wright-Fisher model that should be no-
ticed. During the evolution of our model there is the possi-
bility that the system freezes in a configuration different
from the paradise �L−=0� or the hell �L−=L�. The probability
of this event is still given by Eq. �23�, with �=L+�N1� /L as
the stationary condition �L+�N1� is given by Eq. �21��. In this
way Eq. �23� gives us P�N1�, the non-normalized probability
for the system to freeze in a balanced configuration with two
cliques of N1 and N−N1 nodes, respectively. It is straightfor-
ward to see that P�N1�=1 for N1=0 or for N1=N, so that the
paradise has a nonvanishing probability to be a frozen con-
figuration. Differently for any other value of 0�N1�N,
P�N1� decreases to zero faster than 1/N. This means that for
values of N large enough it is appropriate to forget about the
intermediate frozen configurations and to consider the fea-
tures of our model as being very well approximated by those
of the Wright-Fisher model. In the inset �B� of Fig. 7 the
function P�N1� is plotted for different values of N �N=6 �full
line�, N=8 �dashed line�, and N=10 �dotted line�� with N1 a
continuous variable for clarity of the figure �we approximate
the factorial with Stirling’s formula�. Obviously P�N1� goes
to zero for 0�N1�N as N increases, already for reasonably
small values of N.

FIG. 7. �Color online� Numerical results for the freezing time 
as a function of the system size N and for various even values of k
�k=4 �black circles�, k=6 �red squares�, k=8 �blue diamonds�, and
k=12 �violet crosses�� and for p=1/2. Each point is given by the
average value over several realizations �100 realizations for sizes
N�64, 50 realizations for 64�N�256, and 10 realizations for
N	256�. Moreover, at the beginning of each realization the links
are chosen to be positive or negative with the same probability
��0=0.5�. The dashed line has, in the log-log plane, slope 2 as
expected in Eq. �42�. The inset �A� shows the numerical results for
the freezing time , for different values of k �the same as in the
main plot�, as a function of the system size N and for p=3/4. Each
point of the inset is given by the average over 103 different realiza-
tions with random initial conditions. The full lines are all propor-
tional to ln N as expected. The inset �B� shows the not-normalized
probability P�N1� as a function of the ratio N1 /N and for different
values of the system size N �N=6 �full line�, N=8 �dashed line�, and
N=10 �dotted line��. As one can see, P�N1� is extremely small for
values of 0�N1�N already for N=10.
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The dependence �N2 can also be obtained using the
same procedure as the one in Sec. III C 1 for the case odd
values of k and p=1/2. In particular for even values of k we
can rewrite Eq. �27� according to

A→ �A − 1, rate p�
i=1

k/2

M2i−1

A + 1, rate �1 − p��
i=1

k/2

M2i−1
� �43�

and therefore Eq. �28� according to

A2→ �A2 − 2A + 1, rate p�
i=1

k/2

M2i−1

A2 + 2A + 1, rate �1 − p��
i=1

k/2

M2i−1

. � �44�

For p=1/2 we have

d�A�
dt

= 0 �45�

and

d�A2�
dt

= �
i=1

k/2

�M2i−1� .

Equation �45� tells us that a��A�=const, so that we have

� � �t ,

if we recall Eq. �35�. As in the previous case, for determining
the freezing time we impose the condition that the average
value is of the same order as the fluctuations �Eq. �36��, and,
for L�N2, we obtain again Eq. �42�.

p�1/2: For even values of k and for p�1/2 the time 
needed for reaching a frozen configuration scales as 
� ln N. In the inset of Fig. 7 numerical estimates of  for p
=3/4 and different values of k demonstrate this dependence
on the size N of the system. Each point is obtained from
averaging over 103 different simulations with the same initial
conditions �0=0.5. Again, as in the case of k odd and p
	1/2,  is a decreasing function of k and the same argument
used for obtaining Eq. �40� can be applied here, too.

IV. DILUTED NETWORKS

In this section we extend the former results, valid in the
case of fully connected networks, to diluted networks. Real
networks, apart from very small ones, cannot be represented
by complete graphs. The situation in which all individuals
know each other is in practice very unlikely. As mentioned in
the introduction, links may be also missing, because indi-
viduals neither like nor dislike each other but are just indif-
ferent with respect to each other. In the following we analyze
the features of dynamical systems, still following the uncon-
strained k-cycle dynamics, but living on topologies given by
diluted networks.

For diluted networks there is an interesting connection to
another set of problems usually considered in connection

with computer science. It leads to a new interpretation of the
social balance problem in terms of a so-called k-SAT �kS�
problem �SAT stands for satisfiability� �9–11�. In this type
of problem a formula F consists of Q logical clauses
�Cq�q=1,. . .,Q which are defined over a set of B Boolean vari-
ables �xi=0,1�i=1,. . .,B which can take two possible values 0
=FALSE or 1=TRUE. Every clause contains k randomly cho-
sen Boolean variables that are connected by logical OR op-
erations �∨�. They appear negated with a certain probability.
In the formula F, all clauses are connected via logical AND

operations �∧�

F = ∧
q=1

Q

Cq,

so that all clauses Cq should be simultaneously satisfied in
order to satisfy the formula F. A particular formulation of the
kS problem is the k-XOR-SAT �kXS� problem �7,8,11,12�,
in which each clause Cq is a parity check of the kind

Cq = xi1
q + xi2

q + ¯ + xik
q mod2, �46�

where q=1, . . . ,Q and i1 , . . . , ik� �1, . . . ,B�. Parity check is
understood in the sense that Cq is TRUE if the total number of
true variables which define the clause is odd, while otherwise
the clause Cq is FALSE. It is straightforward to map the kXS
problem to our former model for the case of odd values of k.
Actually, each clause Cq corresponds to a k cycle �Q�M�
and each variable xv to a link �i , j�. Furthermore, �B�L�
with the correspondence si,j =1 for xv=1, while si,j =−1 for
xv=0. For the case of even values of k, one can use the same
mapping but consider as clause Cq in Eq. �46� its negation
Cq. In this way, when the number of satisfied variables xi

q is
odd the clause Cq is unsatisfied for odd values of k, but
satisfied for even values of k.

Moreover, a typical algorithm for finding a solution of the
kS problems is the so-called random-walk SAT �RWS�. The
procedure is the following �7,8�: select one unsatisfied clause
Cq randomly, next invert one randomly chosen variable of its
k variables xi*

q ; repeat this procedure until no unsatisfied
clauses are left in the problem. Each update is counted as
1/B units of time. As one can easily see, this algorithm is
very similar to our unconstrained dynamics apart from two
aspects. First, in our unconstrained dynamics we use the dy-
namical propensity parameter p, which is absent in the RWS.
Second, in our unconstrained dynamics we count also the
choice of a balanced k cycle as update event, although it does
not change the system at all. Because of this reason, the
literal application of the original algorithm of unconstrained
dynamics is computationally very expensive if it is applied to
diluted networks. Apart from the parameter p, we can there-
fore use the same RWS algorithm for our unconstrained dy-
namics of k cycles in the diluted case. This algorithm is more
reasonable because it selects at each update event only im-
balanced k cycles which are actually the only ones that
should be updated. In case of an all-to-all topology there are
so many triads that a preordering according to the property
of being balanced or not is too time consuming so that in this
case our former version is more appropriate. In order to
count the time as in our original framework of the uncon-
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strained dynamics, we should impose that, at the nth update
event, the time increases as

tn = tn−1 +
1

L

�

�u
�n−1� . �47�

Here �=M /L stands for the ratio of the total number of k
cycles of the system �i.e., total number of clauses� to the total
number of links �i.e., total number of variables�. The param-
eter � is called the “dilution” parameter, it can take all
possible values in the interval �0, � L

k
� /L�. �u

�n−1�

=�i=1
�k+1�/2M2i−1 /L is the ratio of the total number of imbal-

anced �or “unsatisfied”� k cycles over the total number of
links, in particular �u

�n−1� is computed before an instant of
time at which the nth update event is implemented. There-
fore the ratio � /�u

�n−1� gives us the inverse of the probability
for finding an imbalanced k cycle, out of all, balanced or
imbalanced, k cycles, at the nth update event. This is a good
approximation to the time defined in the original uncon-
strained dynamics. It should be noticed that this algorithm
works faster in units of this computational time, but the
simulation time should be counted in the same units as de-
fined for the unconstrained dynamics introduced in Sec. II.

The usual performance of the RWS is fully determined by
the dilution parameter �. For ���d the RWS always finds a
solution of the kS problem within a time that scales linearly
with the number of variables L. In particular for the kXS
problem �d=1/k. For �d����c the RWS is still able to
find a solution for the kS problem, but the time needed to
find the solution grows exponentially with the number of
variables L. For the case of the 3XS problem �c�0.918. �d
is the value of the dilution parameter for which we have the
“dynamical” transition, depending on the dynamics of the
algorithm, while �c represents the transition between the
SAT and the UNSAT regions: for values of ���c the RWS
is no longer able to find any solution for the kS problem, and
in fact no such solution with zero frustration exists for the kS
problem �while there still exists a solution for the kXS prob-
lem, but it can no longer be found by the RWS algorithm�.
Furthermore, there is a third critical threshold �s, with �d
��s��c. For values of ���s all solutions of the kS prob-
lem found by the RWS are located in a large cluster of solu-
tions and the averaged and normalized Hamming distance
inside this cluster is �d��1/2. For �	�s the solution space
splits into a number of small clusters �that grows exponen-
tially with the number of variables L�, for which the aver-
aged and normalized Hamming distance inside each cluster
is �d��0.14, while the averaged and normalized Hamming
distance between two solutions lying in different clusters is
still �d��1/2 �12�. For the special case of the 3XS problem
�s was found to be �s�0.818.

In order to connect the problems of social balance on
diluted networks to the kXS problem on a diluted system we
shall first translate the parameters into each other. We need to
calculate the ratio �=M /L of the total number of k cycles of
the network to the total number of links L as a function of w
�Sec. IV A�. Next we consider the standard RWS applied to
the kXS problem taking care on the right way of computing
the time as it is given by the rule �47� and the introduction of

the dynamical parameter p �Sec. IV B�. In particular we fo-
cus on the “dynamical” transition at �d �Sec. IV B 1� and the
transition in solution space concerning the clustering proper-
ties of the solutions at �s �Sec. IV B 2�. The dynamical pa-
rameter p, formerly called the propensity parameter, leads to
a critical value pc above which it is always possible to find a
solution within a time that grows at most linearly with the
system size. Here we only summarize our results �Sec.
IV B 3� without going into detail. We also comment on the
validity range of the mean field approximation and translate
the phase structure as a function of � back into the phase
structure as a function of w.

A. Ratio � for random networks

Let us first consider Erdös-Rényi networks �16� as a di-
luted version of the all-to-all topology that we studied be-
fore. An Erdös-Rényi network, or a random network, is a
network in which each of the � N

2
� different pairs of nodes is

connected with probability w. The average number of links is
simply �L�=w� N

2
�. The average number of cycles of order k is

given �M�=wk� N
k

�, so that the average ratio ��� can be esti-
mated as

��� � wk−12Nk−2

k!
. �48�

In Fig. 8 we plot the numerical results obtained for the ratio
� as a function of the probability w, in the particular case of
cycles of order k=3. The reported results, from bottom to

FIG. 8. Numerical results �full dots� for the ratio �=M /L be-
tween the total number of cycles M of order k=3 and the total
number of links L as a function of the probability w for different
sizes of Erdös-Rényi networks. In particular the numerical results
refer to different network size N: from bottom to top N=16, 32, 48,
64, 96, 128, 192, and 256. Each point is given by the average over
103 network realizations. The full lines are the predicted values
given by Eq. �48�, while the dotted lines denote the critical values
�d=1/3, �s=0.818, and �c=0.918 as described in detail in the text.
In particular the numerical values of the probability w for which
these three critical values of � are realized are denoted by wd �open
circles�, ws �open squares�, and wc �gray squares�, respectively, they
are plotted in the inset, where the full lines are extrapolated by Eq.
�48� as wi=�3�i /N, i=d ,s ,c. The two upper curves for ws and wc

almost coincide.
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top, have been obtained for values of N=16, 32, 48, 64, 96,
128, 192, and 256. Each point is given by the average over
103 different network realizations. In particular these numeri-
cal results fit very well with the expectations �full lines� of
Eq. �48�, especially for large values of N and/or small values
of w. Furthermore the critical values �d=1/3, �s=0.818, and
�c=0.918 �dotted lines� are used for extrapolating the nu-
merical results to wd �open circles�, ws �open squares�, and
wc �gray squares�, respectively �see the inset of Fig. 8�. wi,
i=d ,s ,c are the values of the probabilities which correspond
to the ratios �i, i=d ,s ,c, respectively. As expected, they fol-
low the rule wi=�3�i /N, i=d ,s ,c predicted by Eq. �48�, for
k=3.

According to the isomorphism traced between the kXS
problem and the social balance for k cycles, from now on it
is natural to use the following pairs of words synonymously:
variable and link, k clause and k cycle, value and sign �or
spin�, false and negative �or unfriendly�, true and positive �or
friendly�, satisfied and balanced �or unfrustrated�, unsatisfied
and imbalanced �or frustrated�.

B. p-random-walk SAT

So far we have established the connection between the
kXS problem and the social balance for k cycles, proposed in
this paper. In particular we have determined how the dilution
parameter � is related to the parameter w parametrizing �di-
luted� random networks. In this section we extend the known
results for the standard RWS of �7,8� to the p-random-walk
SAT �pRWS� algorithm, that is the RWS algorithm extended
by the dynamical parameter p that played the role of a pro-
pensity parameter in connection with the social balance
problem. The steps of the pRWS are as follows:

1. Select randomly a frustrated clause between all
frustrated clauses.

2. Instead of randomly inverting the value of anyone of
its k variables, as for an update in the case of the RWS, apply
the following procedure:

�i� if the clause contains both true and false variables,
select a random numer r between 0 and 1. If r� p choose
randomly one variable out of the false ones belonging to the
clause and flip it. Go then to step 3;

�ii� if the clause contains both true and false variables
and r� p choose randomly one out of the true variables and
flip it to the false value, go then to step 3;

�iii� if the clause contains only false values �k should
be odd�, select with probability 1 one of its false variables,
randomly chosen between all the false variables belonging to
the clause, and flip it to the true value.

3. Go back to point 1 until no unsatisfied clauses remain
in the problem.

The update rules of point 2 are the same used in the case
of k cycle dynamics and illustrated in Fig. 1 for the cases k
=4 �A� and k=5 �B�. For the special case of the 3XS prob-
lem, the standard RWS algorithm and the pRWS algorithm
coincide for the dynamical parameter p=1/3.

1. Dynamical transition at �d

The freezing time , that is the time  needed for finding
a solution of the problem, abruptly changes at the dynamical
critical point �d=1/k. Figure 9 reports the numerical esti-
mate of the freezing time  as a function of the dilution
parameter � and for different values of the dynamical param-
eter p �p=0 �circles�, p=1/3 �squares�, p=1/2 �diamonds�,
and p=1 �crosses��. As one can easily see, for p=1/3 and
p=0,  drastically changes around �d, increasing abruptly for
values of �	�d. For p=1/2 and for p=1 this drastic change
is not observed. This is understandable from the fact that
both values of p provide a bias towards paradise, while p
=1/3 corresponds to a random selection of one of the three
links of a triad as in the original RWS and p=0 would favor
the approach to the hell if it were a balanced state. The
simulations are performed over a system with L=103 vari-
ables. Moreover, each point stands for the average over 102

different networks and 102 different realizations per network
of the dynamics on such topologies. At the beginning of each
simulation the variables take the values 1 or 0 with the same
probability. The inset shows the relation between the time *

calculated using the standard RWS and the time  calculated
according to Eq. �47�. The almost linear relation �the dashed
line has a slope equal to 1� between * and  means that there
is no qualitative change between the two different ways of
counting the time.

Following the same argument as in �7�, we can specify for
the update event at time t the variation of the number of
unsatisfied clauses Mt

�u� as

FIG. 9. Time  for reaching a solution for a system of L
=1000 variables as a function of the ratio � and for different values
of the dynamical parameter p �p=0 �circles�, p=1/3 �squares�, p
=1/2 �diamonds�, and p=1 �crosses��. The pRWS performed for
p=1/3 shows a critical behavior around �s=1/3: for values of �
��s,  grows almost linearly with �, while it jumps to an expo-
nential growth with � for �	�s. The same is qualitatively true for
p=0, but the time  needed for reaching a solution increases more
slowly with respect to the case p=1/3 for �	�s. For p=1/2 and
p=1 there seems to be no drastic increment of  for �	�s. More-
over, the inset shows the dependence of *, the freezing time as
calculated in the standard RWS �7,8�, on the freezing time  calcu-
lated according to Eq. �47�. The almost linear dependence of * on
 �the dashed line has slope 1� explains that there is no qualitative
change if we describe the dynamical features of the system in terms
of  or * as time used by the simulations.
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�Mt
�u� = − �k�u�t� + 1� + k�s�t� = k� − 2k�u�t� − 1,

with �u the ratio of unsatisfied clauses over L, because, by
flipping one variable of an unsatisfied clause, all the other
unsatisfied clauses which share the same variable become
satisfied, while all the satisfied clauses containing that vari-
able become unsatisfied. In the thermodynamic limit L→�,
one can use Mt

�u�=L�u�t�. Moreover, the amount of time of
one update event is given by Eq. �47� so that we can write

�̇u�t� =
�u�t�

�
�k� − 2k�u�t� − 1� . �49�

Equation �49� has as stationary state �or a plateau� at

�u =
k� − 1

2k
. �50�

Therefore when the ratio � �that is the ratio of the number of
clauses over the number of variables� exceeds the critical
“dynamical” value

�d =
1

k
, �51�

the possibility of finding a solution for the problem drasti-
cally changes. This result was already found in �7,8�. While
for values of ���d we can always find a solution because
the plateau of Eq. �50� is always smaller or equal to zero, for
�	�d the solution is reachable only if the system performs a
fluctuation large enough to reach zero from the nonzero pla-
teau of Eq. �50�. In Fig. 10 we report some numerical simu-
lations for �u as a function of time for different values of p
��A� p=0, �B� p=1/3, �C� p=1/2, �D� p=1�, and for differ-
ent values of the dilution parameter � ��=0.3 �black, bot-
tom�, �=0.5 �red, middle�, �=0.85 �blue, top��. The numeri-

cal values �full lines� are compared with the numerical
integration of Eq. �49� �dashed lines�. They fit very well
apart from large values of t, for �=0.85 and for p=1/2 or
p=1. The initial configuration in all cases is that of an an-
tagonistic society �xi=0, ∀ i=1, . . . ,L�, while the number of
variables is L=104.

2. Clustering of solutions at �s

In order to study the transition in the clustering structure
of solutions at �s, we numerically determine the Hamming
distance between different solutions of the same problem,
starting from different random initial conditions on the same
network. More precisely, given a problem of L variables and
M clauses, we find T solutions �xi

r�i=1,. . .,L
r=1,. . .,T of the given prob-

lem. This means that we start T times from a random initial
configuration and at each time we perform a pRWS until we
end up with a solution. We then compute the distance be-
tween these T solutions as normalized Hamming distance
�normalized over the total number of mutual possible
distances�

�d� =
1

LT�T − 1� �
r,s=1

T

�
i=1

L

�xi
r − xi

s� . �52�

The numerical results for L=20 are reported in Fig. 11. We
average the distance over T=102 trials and over 102 different
problems �i.e., network topologies� for each value of �. As

FIG. 10. �Color online� Time behavior of the ratio �u of unsat-
isfied clauses for different values of p ��A� p=0, �B� p=1/3, �C�
p=1/2, �D� p=1� and for different values of the dilution parameter
� ��=0.3 �black, bottom�, �=0.5 �red, middle�, �=0.85 �blue,
top��. Numerical results of simulations �full lines� are compared
with the numerical integration of Eq. �49� �dashed lines� leading to
a very good fit in all cases, except for �=0.85 and for p=1/2 and
p=1. The initial configuration in all the cases is the one of an
antagonistic society �xi=0, ∀ i=1, . . . ,L�, while the number of vari-
ables is L=104.

FIG. 11. Normalized Hamming distance �d� �Eq. �52�� between
solutions as a function of the ratio � and different values of the
dynamical parameter p �p=0 �circles�, p=1/3 �squares�, p=1/2
�diamonds�, and p=1 �crosses��. For the standard RWS �p=1/3� the
distance drops down around the critical point �s. Different values of
p perform not-really-random walks and lead to effective values of
�s smaller than the former one. The inset shows the dependence of
�d� on the dynamical parameter p. As it is shown for different
values of � ��=0.3 �full line�, �=0.5 �dotted line�, and �=0.85
�dashed line�� the peak of the distance between solutions is for a
pRWS which is really random, that is for p=1/3. All the points
here, in the main plot as well as in the inset, are obtained for a
system of L=20 variables. Each point is obtained averaging over
102 different networks and on each of these networks the average
distance is calculated over 102 solutions. At the beginning of each
simulation the value of one variable is chosen to be 1 or 0 with
equal probability.
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expected for p=1/3 �squares� the distance between solutions
drops down around �s �actually it drops down before �s
because of the small number of variables�. For different val-
ues of p �p=0 �circles�, p=1/2 �diamonds�, and p=1
�crosses��, the pRWS is less random and �d� drops down
before �s �or at least before the point at which the case of
p=1/3 drops down�. In particular, if we plot �as in the inset�
the distance �d� as a function of p and for different values of
� ��=0.3 �full line�, �=0.5 �dotted line�, and �=0.85
�dashed line�� we see a clear peak in the distance �d� around
p=1/3. This suggests that a completely random, unbiased
RWS always explores a larger region in phase space, it leads
to a larger variety of solutions as expected.

3. Further thresholds in �

Differently from the general kS problem, the kXS prob-
lem is known to be always solvable �8� and the solution
corresponds to one of the balanced configurations as de-
scribed in Sec. III C for the all-to-all topology. Nevertheless,
the challenge here is whether the solutions can be found by a
local random algorithm like RWS. In the application of the
RWS it can happen that the algorithm is not able to find one
of these solutions in a “finite” time, so that the problem is
called “unsatisfied.” The notion is made more precise in �12�.
For practical reasons the way of estimating the critical point
�c that separates the SAT from the UNSAT region is related
to the so-called algorithmic complexity of the RWS. A pre-
scription for identifying this threshold was given by �7,8,17�.
Here we do not go into any detail, but summarize the results
we obtained for studying the analogous question in the vi-
cinity of �d. In general the ability of the algorithm for finding
the solution depends on �, p, L, and the waiting time tw. As
it turned out in our simulations, a choice of p�1/3 in the
pRWS can strongly improve the performance of the RWS
due to the tendency of increasing �p�1/3� or decreasing the
number �p	1/3� of negative links. In particular, as we have
seen in the former sections, for p�1/2 the pRWS ap-
proaches the configuration of the paradise for the largest
value of �= � L

k
� /L��c and in a time that scales as �L�, so

that there is no UNSAT region at all. If the bias goes in the
wrong direction, the performance gets worse, but remains
better than in the unbiased case of p�1/3.

As a further “threshold” in the dilution parameter we con-
sider the value of �, here called �m, above which the mean
field approximation applies that we used for deriving the
results in the all-to-all topology. By construction the “topol-
ogy” of a kS problem is completely random �for this reason
it is sometimes called explicitly the Random k-SAT prob-
lem�. Each of the L variables can appear in one of the �L
clauses with probability v= 1

L + 1
L−1 + ¯ + 1

L−k . In particular
for L�k one can simply write v� k

L . Then the probability Pr
that one variable belongs to r clauses can be described by the
Poisson distribution

Pr =
��k�r

r!
e−�k, �53�

with mean value �r�=�k and variance �r=��k. Pr is plotted
in Fig. 12, where the numerical results �symbols, r=0 �black

circles�, r=1 �red squares�, r=2 �blue diamonds�, and r�3
�violet crosses�� are compared to the analytical expectations
�lines, r=0 �black full line�, r=1 �red dotted line�, r=2 �blue
dashed line�, and r�3 �violet dotted-dashed line��.

If we start from an antagonistic society �all variables
false� the minimum value of the dilution �min needed to
reach the paradise �if p�1/2� is that all variables belong to
at least one clause. This means that P0�1/L, from which

�min =
ln L

k
. �54�

As we have shown in a comparison of the numerically mea-
sured values to the theoretical mean field predictions for the
stationary density �t��� of true variables, �min of Eq. �54�
provides already a good estimate for the onset of the mean
field regime. Moreover, it should be noticed from Fig. 13 that
for �	�min almost all variables belong to at least three
clauses. This fact allows the pRWS to explore a larger part
of configuration space. Let us assume that one variable be-
longs to less than three clauses: an eventual update event that
flips this variable �so that the one triad becomes balanced�
can never increase the number of unsatisfied clauses by frus-
trating other clauses it belongs to. This reminds us to the
situation in an energy landscape in which an algorithm gets
stuck in a local minimum when it never accepts a change in
the “wrong” direction, i.e., towards higher energy.

4. Effect of the dilution in an Erdös-Rényi network

Let us briefly translate the results we obtained so far for
diluted networks as a function of the dilution parameter �, to
diluted �social� Erdös-Rényi networks, for which the dilution
is parametrized by w, the probability for a randomly chosen
pair of nodes to be connected. Here we made the connection
explicit only for the case of k=3. The mean field description
and the results about the phase structure remain valid down

FIG. 12. �Color online� Probability pr that one variable belongs
to r clauses as function of the dilution parameter �. The symbols
stand for numerical results obtained over 103 different realizations
for L=128 variables �r=0 �black circles�, r=1 �red squares�, r=2
�blue diamonds�, and r�3 �violet crosses��. The lines stand for
analytical predictions of Eq. �53� �r=0 �black full line�, r=1 �red
dotted line�, r=2 �blue dashed line�, and r�3 �violet dotted-dashed
line��.
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to a certain degree of dilution, characterized by wm. This
threshold for the validity of the mean field description prac-
tically coincides with the criterion whether a single link be-
longs to at least three triads �for w	wm� or not �w�wm�. If
it does so, an update event can increase the number of frus-
trated triads. For w�wm, or more precisely w�wd�wm it
becomes easier to realize frozen configurations different
from the paradise. Isolated links do not get updated at all and
isolated triads can freeze to a “�”-“�” configuration. The
time to reach such a frozen configuration �in general differ-
ent from the paradise� grows then only linearly in the system
size. Also the solution space, characterized by the average
Hamming distance between solutions, has different features
below and above another threshold, called ws with wd�ws
�wm. Therefore one of the main differences between the
all-to-all and the sufficiently diluted topology are the frozen
configurations. For the all-to-all case we observed the para-
dise above pc for odd and even values of k and the hell for
even values of k below pc, because the probability to find a
two-clique-frozen configuration �different from paradise or
hell� was calculated to be negligibly small. For larger dilu-
tion, also other balanced configurations were numerically
found, as mentioned above, and the time passed in the nu-
merical simulations for finding these solutions followed the
theoretical predictions.

V. SUMMARY AND CONCLUSIONS

In the first part of this paper we generalized the triad
dynamics of Antal et al. to a k-cycle dynamics �1�. Here we
had to distinguish the cases of even values of k and odd
values of k. For all values of integer k there is again a critical
threshold at pc=1/2 in the propensity parameter. For odd k
and p� pc the paradise can never be reached in the thermo-

dynamic limit of infinite system size �as predicted by the
mean field equations which we solved exactly for k=5 and
approximately for k	5�. In the finite volume, in principle
one could reach a balanced state made out of two cliques �a
special case of this configuration is the “paradise” when one
clique is empty�. However, the probability for reaching such
type of frozen state decreases exponentially with the system
size so that in practice the fluctuations never die out in the
numerical simulations. For p	1/2 the convergence time to
reach the paradise grows logarithmically with the system
size. At p=1/2 paradise is reached within a time that follows
a power law in the size N, where we determined the k de-
pendence of the exponent. In particular, the densities of k
cycles with j negative links, here evolved according to the
rules of the k-cycle dynamics, could be equally well obtained
from a random dynamics in which each link is set equal to 1
with probability �� or equal to −1 with probability 1−��.
This feature was already observed by Antal et al. for k=3
�1�. It means that the individual updating rules which seem to
be “socially” motivated in locally reducing the social ten-
sions by changing links to friendly ones, end up with random
distributions of friendly links. The reason is a missing con-
straint of the type that the overall number of frustrated k
cycles should not increase in an update event. Such a con-
strained dynamics was studied by Antal et al. in �1�, but not
in this paper.

For even values of k, the only stable solutions are
“heaven” �i.e., paradise� and “hell” for p	1/2 and p�1/2,
respectively, and the time to reach these frozen configura-
tions grows logarithmically with N. At pc=1/2 other realiza-
tions of the frozen configurations are possible, in principle.
However, they have negligible probability as compared to
heaven and hell. Here the time to reach these configurations
increases quadratically in N, independently of k. This result
was obtained in two ways: either from the criterion to reach
the stable state when a large enough fluctuation drops the
system into this state �so we had to calculate how long one
has to wait for such a big fluctuation�. Alternatively, the re-
sult could be read off from a mapping to a Markov process
for diploid organisms, ending up in a genetic pool of either
all “�” genes or all “�” genes. The difference in the pos-
sible stable states of diploid organisms and ours consists in
two-clique stable solutions that are admissible for the even
k-cycle dynamics, in principle, however, such clique states
have such a low probability of being realized that the differ-
ence is irrelevant.

The difference in the exponent at pc and the stable con-
figurations above and below pc between the even and odd
k-cycle dynamics was due to the fact that “hell,” a state with
all links negative as in an antagonistic society, is a balanced
state for even k, not only by the frustration criterion of physi-
cists, but also according to the criterion of social scientists
�2�.

As a second natural generalization of the social balance
dynamics of Antal et al. we considered a diluted network.
Here we found a mapping of the k-cycle social balance dy-
namics of networks to a k-XOR-SAT �kXS� problem, that is
a typical satisfiability problem in optimization tasks. We also
traced a mapping between the social dynamical rules and the
Random-Walk SAT �RWS� algorithm, that is one approach

FIG. 13. Difference ��m���− �t���� between �t��� the theoretical
prediction for the stationary density of friendly variables �Eq. �14��
and the numerically measured value �m���, as a function of the
dilution parameter �. �m��� is obtained as the average of the density
of friendly links �registered after a waiting time T=200.0, so that is
effectively stationary� over 50 different problems and 50 different
pRWS for each problem. The results displayed here are obtained for
L=128 �open symbols� and L=256 �gray filled symbols� and for
different values of p �p=0 �circles�, p=1/3 �squares�, p=1/2 �dia-
monds�, p=1 �triangles��. The initial conditions are those of an
antagonistic society. The dashed lines are proportional to e−3�.
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for solving this problem in a random local way. As we have
shown, the diluted version of the three-cycle social dynamics
with propensity parameter p=1/3 corresponds to a 3XS
problem solved by the RWS algorithm in its standard form
�as used in �7,8��.

The kXS problem is always solvable like the k-cycle so-
cial balance, for which a two-clique solution always exists
due to the structure theorem of �2�, containing as a special
solution the so-called paradise. The common challenge, how-
ever, is to find this solution by a local stochastic algorithm.
The driving force, shared by both sets of problems, is the
reduction of frustration. The meaning of frustration depends
on the context: for the k-cycle dynamics it is meant in a
social sense as a reduction of social tension, for the kXS
problem it corresponds to violated clauses. The mathematical
criterion is the same. The local stochastic algorithm works in
a certain parameter range, but outside this range it fails. The
paradise is never reached for a propensity parameter p
�1/2, independently of k. Similarly, the solution of the kXS
problem is never found if the dilution parameter is larger
than �c, and the RWS algorithm needs an exponentially long
time already for �	�d, with �d��c.

We generalized the RWS algorithm, usually chosen for
solving the kSAT �kS� problem as well as the kXS problem,
to include a parameter p that formerly played the role of the
propensity parameter in the social dynamics �pRWS�. The
effect of this parameter is a bias towards the solution so that
�d, the threshold between a linear and an exponential time

for solving the problem, becomes a function of p. Problems
for which the pRWS algorithm needed exponentially long
for p=1/3, now become solvable within a time that grows
less than logarithmically in the system size for p	1/2 and
less than powerlike in the system size for p=1/2. Along with
the bias goes an exploration of solution space that has on
average a smaller Hamming distance between different solu-
tions than in the case of the 1

3RWS algorithm that was for-
merly considered �7,8�.

It would be interesting to generalize the social dynamics
to a true spin glass with variables assigned to both nodes and
links and to allow for a finite degree of frustration even in
the optimal solution.

Our paper has illustrated that the reduction of frustration
may be the driving force in common to a number of dynami-
cal systems. So far we were concerned about “artificial” sys-
tems like social systems and satisfiability problems. Next one
may search for natural networks whose evolution was deter-
mined by the goal of reducing the frustration, not necessarily
to zero degree, but to a low degree at least.
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Universality class of triad dynamics on a triangular lattice

Filippo Radicchi, Daniele Vilone and Hildegard Meyer-Ortmanns

Physical Review E 75, 021118 (2007)

In the following paper, we study the k-cycle dynamics applied to two-dimensional triangular

lattices. In particular we focus our attention �rst on the socially balanced con�gurations that

the lattice reaches when the k-cycle dynamics is applied. It is possible to describe it as a

percolation transition, where here the parameter p is not the same as de�ned in standard

percolation theory [see section 2.2] but p is the propensity parameter of k-cycle dynamics [see

section 5.1.3]. We make use of all the tools of �nite-size scaling analysis [see section 2.2.3]

and we properly compute the critical exponents of the transition. Similarly, we study the

critical transition as a function of the time [analogously to what was explained in the case of

directed percolation in section 2.2.4]. Since, as opposed to a static percolation description

our model is dynamical, this allows us to include also the time in our �nite-size scaling analysis

and to calculate the dynamical critical exponents. This analysis is performed in the second

part of the paper.

Personal Contribution

I produced the numerical results reported in the following paper. In particular, in appendix B.3

I describe in detail the fast numerical implementation of k-cycle dynamics used during my

simulations on two-dimensional lattices.
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We consider triad dynamics as it was recently considered by Antal et al. �Phys. Rev. E 72, 036121 �2005��
as an approach to social balance. Here we generalize the topology from all-to-all to the regular one of a
two-dimensional triangular lattice. The driving force in this dynamics is the reduction of frustrated triads in
order to reach a balanced state. The dynamics is parametrized by a so-called propensity parameter p that
determines the tendency of negative links to become positive. As a function of p we find a phase transition
between different kinds of absorbing states. The phases differ by the existence of an infinitely connected
�percolated� cluster of negative links that forms whenever p� pc. Moreover, for p� pc, the time to reach the
absorbing state grows powerlike with the system size L, while it increases logarithmically with L for p� pc.
From a finite-size scaling analysis we numerically determine the static critical exponents � and �� together
with �, �, �, and the dynamical critical exponents �� and �. The exponents satisfy the hyperscaling relations.
We also determine the fractal dimension df that satisfies a hyperscaling relation as well. The transition of triad
dynamics between different absorbing states belongs to a universality class with different critical exponents.
We generalize the triad dynamics to four-cycle dynamics on a square lattice. In this case, again there is a
transition between different absorbing states, going along with the formation of an infinite cluster of negative
links, but the usual scaling and hyperscaling relations are violated.

DOI: 10.1103/PhysRevE.75.021118 PACS number�s�: 05.40.	a, 64.60.Ak, 89.75.Fb

I. INTRODUCTION

Recently Antal et al. �1� proposed a so-called triad dy-
namics to model the approach to social balance �2–4�. An
essential ingredient in the algorithm is the reduction of frus-
tration in the following sense. We assign a value of +1 or −1
to a link �or bond� in the all-to-all topology if it connects two
individuals who are friends or enemies, respectively. We call
the sign ±1 of a link its spin. If the product of links along the
boundary of a triad is negative, the triad is called frustrated
�or imbalanced�, otherwise it is called balanced �or unfrus-
trated�. The state of the network is called balanced if all
triads are balanced. The algorithm depends on a parameter
p� �0,1�, called the propensity parameter. It determines the
tendency of the system to reduce frustration via flipping a
negative link to a positive one. For an all-to-all topology
Antal et al. predict a transition from an imbalanced nonab-
sorbing stationary state for p
1/2 to a balanced absorbing
state for p�1/2. Here the dynamics is motivated by social
applications so that the notion of frustration from physics
goes along with frustration in the psychological sense. The
mathematical criterion for checking the status of frustration
is the same.

In a recent paper �5� we generalized the triad dynamics in
two aspects. The first generalization refers to a k-cycle dy-
namics which contains the triad dynamics for k=3. Here it
turned out that the main difference comes from the difference
of whether k is even or odd, since the phase structure is
symmetric about p=1/2 for k even. Even in the infinite-
volume limit there are only absorbing states, apart from the

transition point at p=1/2. The second generalization con-
cerned the network topology from all-to-all connections to a
diluted network. We studied the phase structure as a function
of the propensity p and the dilution. As it turned out, the
diluted k-cycle dynamics can be mapped on a certain satis-
fiability problem in computer science, the so-called
k-XOR-SAT problem �6�, and socially balanced states in one
problem correspond to all logical constraints satisfied in the
k-XOR-SAT problem. In both models we have phases of im-
balanced nonabsorbing states in the infinite-volume limit,
separated by a phase transition from phases of balanced or
absorbing states. In a finite volume one only observes bal-
anced states, but as a remnant of the infinite-volume phase
structure, the time to reach the absorbing states differs in a
characteristic way.

In this paper we study triad dynamics on a two-
dimensional triangular lattice and four-cycle dynamics
�called tetrad dynamics� on a square lattice. From the inter-
pretation as an approach to social balance, triad or tetrad
dynamics on a regular topology are not more realistic than
on an all-to-all topology. Still, triad dynamics shows inter-
esting features in terms of a percolation transition if we com-
pare snapshots of frozen states for different values of p. Also
for tetrad dynamics we observe a transition between different
absorbing states, but the description in terms of a percolation
transition fails. As we shall see, due to the restrictive topol-
ogy, imbalanced triads and tetrads allow only two elementary
processes: either they diffuse or they annihilate each other.
As a result, the system always approaches a balanced absorb-
ing state; nevertheless we observe a transition as a function
of the propensity parameter p, this time between different
absorbing states. The difference is characterized by the pres-
ence or absence of an infinite cluster of connected unfriendly
�negative� links and for triad dynamics by the time to reach
these frozen states. The parameter p should not be confused
with the occupation probability of a single bond with a posi-

*Electronic address: f.radicchi@iu-bremen.de
†Electronic address: d.vilone@iu-bremen.de
‡Electronic address: h.ortmanns@iu-bremen.de
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tive sign as it is usually used in connection with bond per-
colation. Therefore, here for p� pc we observe an infinite
cluster of negative links, while such a cluster is absent for
p� pc. For triad dynamics the time to reach the frozen state
grows logarithmically with the system size for p� pc and as
a power of the size for p� pc. In contrast, for tetrad dynam-
ics it grows as a power of the system size only at the transi-
tion point, while it grows logarithmically above and below
pc. For triad dynamics we numerically determine the critical
exponents from a finite-size scaling analysis of the frozen
patterns. We analyze the probability P� for a link to belong
to the infinite cluster that serves as an order parameter as
well as the order parameter susceptibility and the distribution
of clusters of finite size s. The static critical exponents �, ��,
�, �, and � satisfy the usual hyperscaling relations as well as
the fractal dimension df and the dynamical critical exponents
�� and �. The critical exponents turn out to be new and com-
pletely different from those of standard percolation in two
dimensions �7,8�.

The outline of the paper is the following. In Sec. II we
define the triad dynamics on a triangular lattice. In Sec. III
we analyze the finite-volume dependence of the frozen states
as a function of the propensity parameter p and present the
results for the static critical exponents as well as for the
fractal dimension. Moreover, we analyze the finite-time de-
pendence of the geometrical properties of the evolving states
as a function of p and report the values of the dynamical
critical exponents. Section IV deals with tetrad dynamics on
a square lattice for which the hyperscaling relations are vio-
lated. In Sec. V we summarize the conclusions.

II. TRIAD DYNAMICS

Our dynamical system is defined on an undirected graph
�network� composed of nodes and links. Each link �i , j� be-
tween the nodes i and j takes spin values ��i,j�=−1 or ��i,j�
= +1 if the nodes i and j are “enemies” or “friends,” respec-
tively. A triad ��� �i , j ,k� is characterized by the values as-
signed to its three links �i , j�, �j ,k�, and �k , i�. We have four
types of triads, depending on the number of negative links
they contain in their boundary: 0, 1, 2, and 3, where the
subscript stands for the number of negative �or “unfriendly”�
links. We use the standard notion of social balance as pro-
posed in �2,3� and apply this notion to triads. The sign of a
triad is defined as the product of the spins assigned to the
links of the triad. A triad is considered as “balanced” or
“unfrustrated” if its sign is positive, otherwise it is called

“imbalanced” or “frustrated.” The triads 0 �all friends� and
2 �two friends have the same enemy� are balanced, while
the triads 1 and 3 are imbalanced. The network itself is
called balanced if and only if all triads belonging to the
network are balanced.

As in �1,5� we perform a local unconstrained dynamics in
order to reduce the frustration of the network. As it turns out,
the local algorithm always drives the network to a fully bal-
anced state without frustrated triads, but the time it needs for
reaching the frozen state depends on the choice of param-
eters. At each update event one triad is selected at random. If

FIG. 1. Local dynamics of one update event. The imbalanced
triads are represented as filled triangles, while the balanced ones as
empty triangles. The shared link is represented as bold; this is the
link involved in the update event. �a� When the update event flips
the link shared by one imbalanced and one balanced triad we have
diffusion. �b� When the update event flips the link shared by two
imbalanced triads we have annihilation.

FIG. 2. Typical frozen configurations for a triangular lattice with
periodic boundary conditions, with linear size L=129 and for dif-
ferent values of p: �a� p=0.44, �b� p= pc=0.4625, �c� p=0.48. In the
plots only negative links are shown.
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the selected triad is balanced �type 0 or 2� nothing hap-
pens. If the selected triad is imbalanced �type 1 or 3� it is
updated into a balanced one by flipping one of its link. In
particular a triad 1 is changed with probability p into a triad
0 �flipping the only negative link of the triad 1�, and it is
changed with probability 1− p into a triad 2 �choosing at
random one of the two positive links belonging to the triad
1 and inverting the spin to a negative value�. A triad 3 is
changed into a triad 2 with probability 1, choosing at ran-
dom one of its three negative links and reversing its spin to a
positive sign. We summarize the updating rules of the local
algorithm in the following scheme:

0←
p

1 ——→
1−p

2←
1

3. �1�

One time unit has passed when the number of single update
events equals the total number of links M of the network.

We study the triad dynamics on two-dimensional triangu-
lar lattices with periodic boundary conditions. We character-
ize a triangular lattice using its linear size L. The total num-
ber of sites in the lattice is N=L�L−1�. The term L−1 results
from the periodic boundary conditions. The total number of
links of the lattice is M =3N, while the total number of triads
is N=2N. In particular each link is shared only by two
nearest-neighbor triads, so that the triad dynamics cannot
increase the total number of imbalanced triads: a single up-
date changes one selected imbalanced triad into a balanced
one, while it modifies the other triad, sharing the same up-
dated link, either from balanced to imbalanced �Fig. 1�a�� or
from imbalanced to balanced �Fig. 1�b��. The former we call

FIG. 3. Binder cumulant UL as a function of the propensity
parameter p. The main plot shows UL in the vicinity of the critical
point. The numerical results for different linear lattice sizes L have
a common intersection at pc�0.4625. The inset shows the ln-ln plot
of �dUL /dp�pc

. From the relation �dUL /dp�pc
�L1/�� we find 1/��

=0.64�7� �solid line�.

FIG. 4. Probability P� that a bond belongs to the largest cluster
as a function of p and for different linear sizes of the lattice. We
perform a finite-size scaling for determining the critical point pc

=0.4625�5� �see the zoom around the critical point in the inset �a��
with the critical exponents � /��=0.297�3� �solid line� as is shown
in the inset �b�, where P� at the critical point is plotted as a function
of the linear size of the lattice L. The numerical simulations are the
same as in Fig. 3.

FIG. 5. Same data as in Fig. 4, but now the abscissa is rescaled
according to �p− pc�L1/�� with 1/��=0.64. The inset shows a zoom
around zero. The numerical simulations are the same as in Fig. 3.

FIG. 6. Susceptibility � of P� as a function of p. In the main
plot we zoom the region around the critical point pc, while in the
inset we plot � at the critical point as a function of L leading to
� /��=1.28�3� �solid line�. The numerical simulations are the same
as in Fig. 3.
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diffusion, because the imbalanced triad diffuses, the latter
annihilation between two imbalanced triads.

Obviously, for a finite-size system we always observe a
frozen configuration as the stationary state �see Fig. 2�, inde-
pendently of the initial configuration. From now on we focus
on these frozen configurations and study their geometrical
properties by using the standard tools of percolation theory
�7�. It should be noticed, however, that the dynamical param-
eter p of the triad dynamics is very different from the occu-
pation probability as it is defined in percolation theory, where
it is also called p.

III. NUMERICAL SIMULATIONS TO DETERMINE
THE CRITICAL THRESHOLD AND

THE CRITICAL EXPONENTS

In order to study the geometry of the frozen configura-
tions, we consider the distribution of negative links on the
lattice. In particular we numerically compute the probability
that a negative link belongs to an infinite cluster P�

=M�
− /M, as the ratio of the number of links belonging to the

largest cluster of connected negative links M�
− to the total

number of links M.

A. Critical propensity parameter pc

Let us first determine the critical point pc. Binder’s cumu-
lant �9�, defined as the fourth-order reduced cumulant of the
probability distribution

UL = 1 −
	P�

4 

3	P�

2 
2 , �2�

allows us to determine the critical point pc without tuning
any parameter. In Eq. �2� 	·
 stands for the average over all
realizations of the distribution. It is known that the Binder
cumulant should satisfy the scaling relation �9�

UL = Ũ��p − pc�L1/��� , �3�

with Ũ�·� a universal function. From Fig. 3 it is obvious that
the Binder cumulants for different linear sizes of the lattice L
have a common intersection at p=0.4625�5�, so that we use
pc=0.4625 as the critical propensity parameter in the follow-
ing analysis. The numerical results of Fig. 3 are extracted
from numerical simulations for L=17, 33, 49, 65, 97, 129,
193, and 257. The averages are taken over several frozen
configurations as they are reached as absorbing states of the
triad dynamics, starting from initial conditions where each
link is randomly assigned a value of +1 or −1 with the same
probability 1 /2. The number of realizations is 104 for values
of L up to 65 and 103 for larger values of L.

FIG. 7. Finite-size scaling for the susceptibility �. The data are
the same as in Fig. 6. In the inset we zoom the function �L−�/��

around the critical point pc, while in the main plot we rescale the
abscissa as �p− pc�L1/��. The critical exponents are chosen as
� /��=1.28 and 1/��=0.64.

FIG. 8. Distribution of the cluster size ns�pc� at the critical point
pc and for L=257 �main graph�. The distribution is extracted from
103 frozen configurations. As expected this distribution follows a
power law ns�s−�; the solid line plotted here corresponds to �
=2.19. The inset shows the second moment of the distribution of
the cluster size M2 at the critical point as a function of the linear
size of the lattice. M2 increases as a power of the linear size L of the
lattice with exponent � /��=1.28�2� �solid line�.

FIG. 9. Numerical test of the validity of Eq. �7�. We plot the
ratio ns�p� /ns�pc�, where ns is the distribution of the cluster size, as
a function of the rescaled quantity �p− pc�s� with � chosen as 0.41
from Eq. �13� knowing � and �. The main plot refers to L=257, the
inset to L=129.
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B. Critical exponent ��

In order to extract the value of the critical exponent ��

that characterizes the divergence of the correlation length ��

in the vicinity of the critical point, we consider the absolute
value of the first derivative of the Binder cumulant calculated
at pc, �dUL /dp�pc

. We expect from Eq. �3� to have
�dUL /dp�pc

�L1/��. This relation is actually satisfied for
1 /��=0.64�7� as it is seen in the inset of Fig. 3, from which
��=1.6�2�. For the numerical estimate of the derivative of

UL we use �dUL /dp�pc
= ��q=1

Q qaL,qpc
q−1� where the coefficients

aL,q are obtained by interpolating the cumulant UL with a
polynomial UL=�q=0

Q aL,qpq. Here we choose Q=5 and re-
strict the interpolation to the interval �0.46,0.465�.

C. Critical exponent �

According to percolation theory, the probability P� satis-
fies the following finite-size scaling relation:

P� = L−�/��P̃��p − pc�L1/��� , �4�

where pc is the critical value of the propensity parameter p
for which the phase transition occurs. �In the infinite-volume

limit we have P�=1 for p� pc, while P�=0 for p� pc.� P̃�·�
is a universal function. A plot of P�L�/�� as a function of p
and for different values of L is shown in Fig. 4. For a value
of � /��=0.297�3� �see inset �b�� all curves have an intersec-
tion in pc=0.4625�5� as is more obvious from the inset �a�.
Using for �� the value calculated so far, we obtain �
=0.46�5�.

If we rescale the abscissa as �p− pc�L1/�� with pc

=0.4625 and 1/��=0.64, all curves for different values of L
collapse into one �see Fig. 5�. This is true especially close to
zero as the inset of Fig. 5 clearly shows.

D. Critical exponent �

Moreover, in Fig. 6 we plot the susceptibility

� = M�	P�
2 
 − 	P�
2� , �5�

in which we only show a zoom around p= pc, while in the
inset we plot the value of �, at the critical point, as a function
of the linear size of the lattice L. From the inset we find
� /��=1.28�3�, because ��L�/�� at pc; therefore �=2.0�3�.
The susceptibility should satisfy the finite-size scaling rela-
tion

FIG. 10. Mass of negative links M inside a triangular box with
r links per side. The mass is measured on a triangular lattice with
L=257 and periodic boundary conditions. Each point is given by
the average over 103 frozen configurations, while the number of
boxes considered for each r is 102. The numerical results fit a power
law with df =1.703 �solid line� and d=2 �dotted line�.

FIG. 11. Average time T needed for reaching a frozen configu-
ration. The data sets are the same as in Fig. 3. In �a� we plot the
standard variance �T over the average value T as a function of p and
for different values of L. The peaks of this ratio are all around the
critical point pc. In �b� we show a ln−ln plot of T as a function of
the linear size of the lattice L at the critical point pc �full circles�
and at p=1/3 �open circles�. It implies that T�Lz for p� pc. We
have z=2.36�1� �solid line� at pc, while z=2.24�2� �dotted line� at
p=1/3. In �c� the plot of T versus the logarithm of L for p=1 �full
circles� and 3/4 �open circles� shows that T� ln�L� for p� pc. The
numerical simulations are the same as in Fig. 3.

FIG. 12. Finite-size scaling of the time-dependent behavior of
the percolation probability P��t�. The values of the critical expo-
nents used here are � /��=0.297, z=2.36, and �=0.126. The nu-
merical results are obtained by averaging over 104 realizations for
L=17 and 33, 103 realizations for L=49 and 65, and 102 realiza-
tions for L=97 and 129.
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� = L�/���̃��p − pc�L1/��� , �6�

where again �̃�·� is a universal function. This relation is per-
fectly satisfied �cf. Fig. 7�.

E. Critical exponents � and �

Furthermore, we consider the probability distribution of
having ns clusters with s negative links. ns is given by the
ratio of the number of clusters of size s to the total number of
clusters. As it is known from percolation theory, ns should
satisfy

ns = s−�ñ��p − pc�s�� , �7�

where � and � are critical exponents and ñ�·� is a universal
function. We can determine the critical exponent � �also
called the Fisher exponent� by plotting the distribution of the
cluster sizes s at the critical point pc. This distribution is
calculated in Fig. 8 for L=257. The distribution fits with a
power law s−�, here plotted as solid line with �=2.19. We
checked that the same exponent fits also for smaller values of
L.

In Fig. 9 we numerically determine the critical exponent
�. The figure shows the plot of the ratio ns�p� /ns�pc�. Using
the rescaled variable �p− pc�s� as abscissa, all the curves
corresponding to different values of the cluster size s �24


s�25, 25
s�26, 26
s�27, etc.� collapse to a single
function for �=0.41, as expected �see, e.g., �7��.

F. Check of the critical exponent �

From the cluster distribution it is possible to verify the
value of the critical exponent � that was calculated before. It
is known that the second moment of the distribution of the
cluster size

M2 = �
s

s2ns �8�

should scale according to M2�L�/�� at the critical point pc.
The numerical value found for the ratio � /��=1.28�2� is
consistent with the former one obtained via the susceptibility
�see the inset of Fig. 8�.

G. Fractal dimension df

The percolating cluster can be further characterized in
terms of a fractal dimension df. The fractal dimension df is
easily computed using a box counting method �8�. We count
how many negative links M�r� belong to a triangular box
with r links per side. The measurement is performed for L
=257 at the critical point pc. We analyze 103 frozen configu-
rations, for each of them we consider 102 different boxes.
The mass M�r� per box is plotted in Fig. 10. As expected we
observe the crossover phenomenon

M�r� = �rdf if r � ��,

rd if r � ��,
 �9�

where d=2 in this case. The numerical results fit with a
power law with df =1.703 and d=2, respectively.

H. Time to reach the frozen states

So far we have characterized the geometrical properties of
the final absorbing configuration. As a next step we focus on
the dynamical features and determine the time the system

FIG. 13. Typical frozen configurations for a square lattice with
periodic boundary conditions, with linear size L=128 and for dif-
ferent values of p: �a� p=0.48, �b� p= pc=0.5, �c� p=0.52. In these
plots are shown only the negative links.
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needs to reach the final frozen configurations. In Fig. 11�a�
we plot the ratio of the variance �T and its average value T as
a function of p. It is interesting to notice that �T /T has a
maximum around pc. Below the critical point pc, the relax-
ation time T is governed by a power-law relation in the linear
size of the lattice L: T�Lz. Our numerical analysis reveals
z=2.36�1� at pc and z=2.24�1� at p=1/3 �see Fig. 11�b��.
Furthermore, above the critical point pc, T grows logarithmi-
cally with L: T� ln�L� �see Fig. 11�c�, where we show the L
dependence of T for p=3/4 and for p=1�. The different size
dependence of the time the system needs to reach a frozen
configuration in both phases can be understood in qualitative
terms. For p� pc there is a lower probability for having
negative links. The stable configurations forming out of these
links are mainly local objects like star-like configurations
which do not percolate through the lattice �see Fig. 1�c��.
Therefore the time to reach such a state characterized by
local objects depends weakly on the system size, that is loga-
rithmically. For p� pc there is a high probability of having
negative links. However, here large loops that finally perco-
late through the lattice make up the stable configurations �see
Figs. 1�a� and 1�b��. So the time to reach this configuration is
more sensitive to the system size: it grows as a power of the
size.

I. Dynamical critical exponents �¸ and �

The existence of the dynamical critical exponent z sug-
gests the possibility to analyze the percolation transition of
our model from a dynamical point of view. Therefore we
performed other numerical simulations with the aim of de-
termining some dynamical critical exponents. We followed a
procedure similar to the one usually applied for other time-
dependent critical phenomena �10�. Starting from a fully oc-
cupied lattice �i.e., all the links of the triangular lattice are set
to be negative so that P��t=0�=1�, we observe how P�

evolves in time. According to finite-size scaling analysis we
should expect, at the critical point pc, a behavior of the type

P��t� � L−�/��f�t/Lz� , �10�

where f�·� is a suitable universal function. We numerically
test the validity of this relation. In Fig. 12 we plot P��t�L�/��

versus t /Lz, for p= pc and various lattice sizes L. The values
of � /�� and z calculated above are consistent with Eq. �10�,
since all curves for different values of L collapse into a
single curve. In analogy with other time-dependent critical
phenomena �10,11�, we may look at z as the ratio between
the critical exponent �� of the typical time-correlation length
�� of the percolation cluster and �� as the typical spatial
correlation length ��. This means z=�� /��, therefore know-
ing �� and z, we estimate �� to be 3.8�5�.

Moreover we determine the critical exponent � of the time
decay of P� at the critical pc: P��t�� t−�. �P��t� is expected
to decay to zero at pc, because there the ratio of links be-
longing to the infinite cluster over all links is still vanishing
in the infinite volume. Choosing a different initial value of
P� at time t=0 leads to the same powerlike long-time behav-
ior in time, so P��0�=1 is chosen for convenience.� There-
fore, by means of the same simulations as used before it is
possible to test the validity of the scaling relation

P��t� � t−�g�t/Lz� , �11�

where g�·� is a proper universal function. We show the result
of this numerical test in the inset of Fig. 12, where we im-
pose �=0.126. The actual value of � used in this plot is
obtained from the known values of � and �� and the hyper-
scaling relation of Eq. �15� that connect the three critical
exponents �, �� and �. The numerical results reported in both
plots of Fig. 12 are obtained by averaging over a large num-
ber of realizations �104 for L=17 and 33, 103 for L=49 and
65, 102 for L=97 and 129�.

J. Universality class of triad dynamics in two dimensions

We list the critical exponents for the phase transition be-
tween different absorbing states in Table I. The critical ex-
ponents satisfy the known hyperscaling relations. For ex-

FIG. 14. Probability P� that a link belongs to the largest cluster
as a function of p and for different linear sizes of the lattice. The
ratio of critical exponents � /��=1.05�2� at the critical point pc

=0.5 is shown in the inset.

TABLE I. Critical threshold and critical exponents, numerically
determined for triad dynamics on two-dimensional triangular lat-
tices. The critical exponents of triad dynamics on triangular lattices
are compared with those of standard percolation in two dimensions
�which does not have any dynamical exponents�.

Triad dynamics
Percolation

in two dimensions�7�

pc 0.4625�5�
� 0.46�5� 5/36�0.138

� 2.0�3� 43/18�2.388

�� 1.6�2� 4/3�1.333

� 0.41�6� 36/91�0.396

� 2.19�1� 187/91�2.055

df 1.703�3� 91/48�1.895

�� 3.8�5� None

� 0.126�1� None
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ample, it is known from percolation theory that the critical
exponents �, �, �, and � are related by

� =
1

2
�5 −

� − �

� + �
� �12�

and

� =
1

� + �
. �13�

Calculating � and � from the former equations, using the
numerically obtained values of � and �, we find �=2.19�1�
and �=0.41�6�. Both values are consistent with Figs. 8 and
9.

The fractal dimension is related to the ratio � /�� by the
hyperscaling relation

df = d −
�

��

. �14�

From this relation we find df =1.703�3� in agreement with
Fig. 10.

The exponent of the time-decay of the percolation prob-
ability P��t�� t−� at the critical point is related to the critical
exponents � and �� by the hyperscaling relation �10�

� =
�

��

. �15�

From this relation we calculate �=0.126�1� in agreement
with Fig. 12.

The errors of pc and of the critical exponents as indicated
in Table I arise as follows. The critical point pc is directly
estimated from Fig. 3, verified in Fig. 4, and supported by
Fig. 10. The only source of error here is given by the step
size used for varying the propensity parameter p. Of course

this step size is related to the parameters of the simulations.
It can be decreased by increasing the system size and the
total number of simulations.

The critical exponents � /�� of Fig. 4�b�, 1 /�� of Fig. 3,
� /�� of Figs. 7 and 8, and z of Fig. 11 have errors due to the
linear fit in a double-logarithmic plane. In principle one
should also account for the propagation of the error entering
the value of the critical point pc=0.4625�5�, which we have
neglected here.

In order to check the validity of the hyperscaling relations
we evaluate the corrections to all derived quantities �� ,�, df,
��, and �� by using the standard formula for error propaga-
tion. The hyperscaling relations are then said to be satisfied if
they hold within these error bars.

To our knowledge the critical exponents calculated so far
are new �7,8,11�. Therefore, the percolation transition be-
tween different absorbing states of triad dynamics on two-
dimensional lattices can be described by standard percolation
theory, but the transition seems to belong to a new univer-
sality class.

IV. TETRAD DYNAMICS

The notion of social balance can be extended to any geo-
metric figure with k links �in graph theory denoted as
k-cycles� �3,5�. As it turned out in �5� for an all-to-all topol-
ogy and a diluted topology, generalizing the triad dynamics
to a k-cycle dynamics leads to qualitative differences in the
phase structure of which the main differences are due to k
being even rather than being larger than three. In this section
we therefore focus on the case of k=4 and call the four-
cycles tetrads defined on square lattices. According to the
number of negative links belonging to a particular tetrad, we
distinguish five types of tetrads: �0, �1, �2, �3, �4. The
updating rules of the unconstrained dynamics for triads of �1�

FIG. 15. Mass of negative links M inside a square box with r
links per side. This measure is used on a square lattice with L
=256 and periodic boundary conditions. Each point is given by the
average over 103 frozen configurations, while the number of boxes
considered at each r is 103. The solid line has the slope 0.95, a value
that is expected by the former measure of � /��. Actually it is not
consistent with the direct fit of the data from which we find df

=1.76�2� �dashed line�. The dotted line has slope d=2.

FIG. 16. Average time T needed for reaching a frozen configu-
ration. The simulations are the same as in Fig. 14. In �a� we plot the
standard variance �T over the average value T as a function of p and
for different values of L. The peaks of this ratio are all in the
vicinity of the critical point pc. In �b� we show a ln-ln plot of T as
a function of the linear size of the lattice L at the critical point
leading to T�Lz with z=2.35�1�. In �c� the plot of T versus the
logarithm of L for p=1 shows that T� ln�L�.
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are naturally extended to tetrads in the following way:

�0←
p

�1 ——→
1−p

�2←
p

�3 ——→
1−p

�4. �16�

The local tetrad dynamics is then applied to square lattices
with periodic boundary conditions. L denotes the linear size
of the lattice, i.e. the number of sites per row or per column.
The total number of sites of the lattice is N=L2, the total
number of links M =2N, and the total number of tetrads
N�=N.

Similarly to the case of triad dynamics on two-
dimensional triangular lattices, at a first glance there seems
to be a percolation transition also in case of tetrad dynamics.
The critical point pc should be equal to pc=0.5 due to the
symmetry of the system �16� under the simultaneous trans-
formation �i→−�i∀ i and p→1− p �see Fig. 13�.

However, differently from the triad dynamics, no scaling
relations hold in the vicinity of the transition at which again
an infinite cluster of negative links forms. The hyperscaling
relations are violated. For example, the relation �14� does not
hold because one can measure � /��=1.05�2� �Fig. 14� and
expect to have df =0.95�2�, while it is directly seen from Fig.
15 that df =1.76�2�.

Tetrad dynamics resembles triad dynamics. Either each
unstable tetrad diffuses, or two unstable tetrads annihilate if
they meet. Finite-size systems always reach a frozen con-
figuration within a finite time, so we can measure this time T.
As we can see from Fig. 16�a�, we find a symmetric behavior
around the critical point pc. At the critical point T scales

according to T�Lz with z=2.35�1� �see Fig. 16�b��, this
value is actually consistent with the one found for the triad
dynamics. Away from the critical point T� ln�L� �see Fig.
16�c��.

V. SUMMARY AND CONCLUSIONS

The driving force in triad dynamics is the reduction of the
number of frustrated triads. A state of zero frustration is
called a state of social balance. Imposed on a triangular lat-
tice, frustrated triads can diffuse or annihilate each other.
Depending on the value of the propensity parameter p the
final absorbing state can be characterized by the absence �p
� pc� or presence �p� pc� of an infinite cluster of negative
links. The time to reach the frozen configurations scales with
the system size in a way that further characterizes the phases:
it scales logarithmically for p� pc and in a powerlike way
for p� pc. The static critical exponents ��, �, �, �, and � as
well as the fractal dimension df and the dynamical critical
exponents �� and � satisfy hyperscaling relations within the
error bars. The values of these exponents seem to character-
ize a new universality class. The essential difference that we
observe for tetrad dynamics on a square lattice is the sym-
metry between the absorbing states in the different phases.
Again, an infinite cluster of negative links forms for p� pc,
but the time to reach the frozen configurations shows the
same dependence on the system size in both phases, with the
only exception at the transition point. The percolation picture
breaks down in the sense that no scaling and therefore no
hyperscaling relations are satisfied.
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Chapter 6

Updating Dynamics on Networks

Introduction

Numerical simulations are nowadays powerful tools in statistical physics. The high compu-

tational speed of the actual computers allows scientists to simulate complex systems in a

reasonable time, and the future progress towards even more powerful machines will extend

the range of applicability of computer simulations. Numerical analysis is useful for two rea-

sons. First of all, it allows the con�rmation of theoretical predictions and sometimes leads

the scientists towards the right theoretical approach for the solution of the problem. Second,

when the complexity of the system is too high and no analytic approach is available, the

numerical analysis gives a solution. The former reason is more serious than the latter, but,

for practical applications, purely numerical solutions are clearly important.

In the context of numerical simulations, a highly topical discussion arises in the context of the

updating rules for the evolution of the systems. In this chapter, I will propose my contribution

to this discussion. Using a simple and standard model of statistical physics I will show how

di�erent updating schemes for the dynamics can lead to completely di�erent behavior and

features of the model itself (see Paper VI [122] ). In order to make the topic a bit more

understandable, I will introduce generic updating schemes, considered in Paper VI [122] , in

sections 6.1.1 and 6.1.2. Moreover in section 6.2 I will give some basic notions of the Ising

model, since this model is used in Paper VI [122] .

6.1 Updating Schemes

A dynamical model is characterized by a set of variables evolving in time. In principle, both

the time and the state variables can be de�ned as discrete or continuous. A dynamical model
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is generally only classi�ed via the time, whether time is continuous or discrete. This leads

to the de�nition of the two main categories already introduced in section 1.6. Continuous

dynamical models are described by ordinary di�erential equations, and discrete dynamical

models by �nite-di�erence equations. In this chapter, I specialize only on discrete dynamical

models, since they are most often used in applications of statistical physics. In particular,

I focus on the simplest case in which both the time and the state variables take discrete

values. I will distinguish between two possible ways of implementing the evolution of the

system: synchronous or asynchronous dynamics.

6.1.1 Synchronous Updating Dynamics

Consider, for simplicity, a system of N units and assign to every unit i of the system a discrete

state variable �i . One does not need to specify any underlying topology for his dynamical

system (this can be either a lattice or a network). The updating rules for synchronous

dynamics are such that all the units evolve simultaneously. Therefore the state variables �i
at time t + 1 are functions fi(�) of all the variables of the system at time t:

�i(t + 1) = fi

[
�1(t); �2(t); : : : ; �i(t); : : : ; �N(t); ~E

]
; 8 i = 1; : : : ; N : (6.1)

In the system of equations (6.1), one supposed that the dynamical system is a�ected by some

external inuence. The external factors are represented by a set of parameters ~E and enter

as arguments of the functions fi(�). These parameters can be of various origins and stand

for di�erent external forces, temperature of the system or noise. Synchronous updating

algorithms are used for the numerical simulations in many systems. A typical example is

represented by Boolean networks [74]. Also, the numerical integration of ordinary di�erential

equations corresponds e�ectively to a synchronous algorithm [see, for example, appendix B.2].

6.1.2 Asynchronous Updating Dynamics

An \asynchronous" dynamics is by de�nition a dynamics which is \non-synchronous". This

literally means that not all the state variables of the system evolve at the same time. In this

thesis, I focus only on a particular kind of asynchronous dynamics that is quite often used

in statistical physics. At each instant of time, only one unit i of the system is selected at

random out of all the units of the system and the variable �i assigned to this unit is updated

according to the rule

�i(t + dt) = fi

[
�1(t); �2(t); : : : ; �i(t); : : : ; �N(t); ~E

]
; (6.2)
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with time increment dt in general di�erent from 1 as chosen in Eq.(6.1) [see below]. None

of the other state variables evolve, in the sense that �j(t + dt) = �j(t) ; 8 j 6= i . At

each step of the algorithm, each unit has generally the same probability of being selected

for being updated according to the evolution rule of Eq.(6.2). This means that after N

selections, on average, all units have been updated once. The increment of time dt is set

equal to 1=N, since this allows comparison of the asynchronous version of the algorithm [i.e.,

Eq.(6.2)] with its synchronous version [i.e., Eq.(6.1)] on the same time scale. I have already

considered an asynchronous algorithm of this type in Paper IV [124] and Paper V [123] .

In statistical physics one refers to this kind of asynchronous algorithms as local stochastic

algorithms [107]. Local stochastic algorithms have a broad range of applications from spin

models to social models and are the most often used algorithms in statistical physics.

6.1.3 Remarks

There is an open debate about which of the two updating schemes is the more \realistic." For

some models, an asynchronous updating scheme is more appropriate, while for other models an

application of synchronous dynamics is preferred. There are few cases in which the particular

choice of the updating scheme does not change the features of the model [23, 111], while

in general, in out-of-equilibrium processes, one can say that the dynamical properties of the

model are strongly a�ected by the particular choice of the dynamics [24, 51].

6.2 The Ising Model

In this section, I briey review the de�nition and some basic properties of the Ising model,

since this model is chosen in Paper VI [122] . I note that this section is very far from being

an exhaustive introduction to the Ising model since the applications of this model are the

main topic of several books of statistical physics like [85, 107].

The Ising model was proposed as a model that can explain the magnetic properties of matter

and in particular to predict the right critical exponents of the ferromagnetic-paramagnetic

transition at the Curie temperature of iron [see chapter 2 for detailed description of phase

transitions and critical exponents]. The Ising model is the simplest formulation of a general

class of models called spin models. It is named after the physicist E.Ising who solved the

one-dimensional case in 1925.

In the Ising model, the variable �i associated with the unit i of the system can take two

possible values or spins, generally denoted by +1=2 and �1=2, or +1 and �1, or simply \up"
and \down". One can assume, without loss of generality, that �i = �1. The temperature
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T of the system is included in the problem. In principle, one can also take into account the

e�ect of an external magnetic �eld h, but here I do not consider this e�ect. Given a particular

con�guration of the system ~s = f�1; �2; : : : ; �i ; : : : ; �Ng, the energy of the con�guration ~s

is given by the Ising Hamiltonian

H (~s) = �
∑
i 6=j
Ji ;j�i�j : (6.3)

The factor Ji ;j represents the coupling between the units i and j of the system. When the

coupling between the units i and j is present, either Ji ;j = 1 or Ji ;j = �1 are generally chosen.
In case of the absence of the coupling between the units i and j , Ji ;j = 0 is chosen. For

Ji ;j = 1 there is ferromagnetic interaction between the units i and j , while for Ji ;j = �1 the

interaction is anti-ferromagnetic. The matrix J can therefore be viewed as the adjacency

matrix of the weighted graph associated with the system (i.e., the weights are just +1 or

�1). I invite the interested reader to refer to the de�nition of weighted graphs given in

section 1.2.1. All con�gurations with the same energy have the same probability of being

realized. At temperature T , the probability P (H;T ) of �nding the system in a particular

con�guration with energy H obeys the Boltzmann distribution

P (H;T ) = exp

(�H
kT

)
; (6.4)

where k is the Boltzmann constant. Theoretically, the model can be solved by �nding the

explicit expression for the partition function associated with the Hamiltonian. This is in

general a very hard task. At the moment, exact solutions of the Ising model are known only

for the case in which the underlying topology is a one-dimensional or a two-dimensional lattice

or in case of all-to-all topologies.

Nevertheless, it is possible to solve the Ising model either analytically in certain approximation

or numerically. The algorithm that is often used for numerical solutions is known as the

Metropolis algorithm [91]. I do not want to give a detailed description of this algorithm here

since it is very well described in every textbook on statistical physics and also mentioned in

detail in my Paper VI [122] . I would only like to note that the Metropolis algorithm is an

asynchronous algorithm and it always leads to the Boltzmann distribution of the equilibrium

con�gurations, which are representative for the thermodynamic equilibrium. In my Paper

VI [122] I am, however, not interested in the thermodynamic equilibrium.
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Paper VI

Phase transition between synchronous and asynchronous updating
algorithms

Filippo Radicchi, Daniele Vilone and Hildegard Meyer-Ortmanns

submitted to Journal of Statistical Physics (2007)

In the following paper, we propose a particular analysis of the ferromagnetic Ising model on

a one-dimensional lattice. The purpose of this study is not the analysis of the equilibrium

dynamics of the Ising model itself. We use this model only to point out the big di�erence

that can arise from a di�erent choice in the updating rules for the algorithm. In a simple

way, we tune the algorithm from its standard asynchronous realization to a synchronous one.

We �nd a phase transition between an absorbing and an active state as a function of the

parameter that tunes the updating scheme. For a speci�c choice of this parameter, the

algorithm amounts to the Metropolis algorithm. The phase transition is further studied by

numerically measuring its critical exponents which characterize the universality class of parity

conservation.

Personal Contribution

I produced the numerical results reported in the following paper. In particular, in appendix B.4

I describe in detail the numerical implementation of our model.
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Phase transition between synchronous and asynchronous updating algorithms

Filippo Radicchi,1, ∗ Daniele Vilone,1 and Hildegard Meyer-Ortmanns1, †

1School of Engineering and Science , Jacobs University Bremen , P.O.Box 750561 , D-28725 Bremen , Germany.

We update a one-dimensional chain of Ising spins of length L with algorithms which are param-
eterized by the probability p for a certain site to get updated in one time step. The result of the
update event itself is determined by the energy change due to the local change in the configuration.
In this way we interpolate between the Metropolis algorithm at zero temperature when p is of the
order of 1/L and L is large, and a synchronous deterministic updating procedure for p = 1. As a
function of p we observe a phase transition between the stationary states to which the algorithm
drives the system. These are non-absorbing stationary states with antiferromagnetic domains for
p > pc, and absorbing states with ferromagnetic domains for p ≤ pc. This means that above this
transition the stationary states have lost any remnants of the ferromagnetic Ising interaction. A
measurement of the critical exponents shows that this transition belongs to the universality class of
parity conservation.

PACS numbers: 05.70.Ln, Nonequilibrium and irreversible thermodynamics ; 05.50.+q, Lattice theory and

statistics ; 64.90.+b, Other topics in equations of state, phase equilibria and phase transitions

I. INTRODUCTION

The issue of synchronous versus asynchronous updat-
ing algorithms has attracted much attention in connec-
tion with Boolean networks [1, 2], neural networks [3, 4],
biological networks [5, 6] and game theory [7, 8]. In a
synchronous updating scheme all the units of the sys-
tem are updated at the same time. Asynchronous up-
dating means that not all units are updated at the same
time. The algorithm can be asynchronous in the sense
that each unit is updated according to its own clock,
as in distributed systems for parallel processing [9], or
it is asynchronous in the sense that only one randomly
chosen unit is updated at each step, as in Monte Carlo
algorithms [10]. In the context of thermal equilibrium
dynamics, updating algorithms like the Metropolis algo-
rithm [11] are designed in a way that they drive the con-
figurations to a set that is representative for the Boltz-
mann equilibrium distribution. The dynamics of the al-
gorithm then enters only in an intermediate step, it is
not representative for the intrinsic equilibrium dynam-
ics of the system that is determined by the Hamilto-
nian. In out-of-equilibrium systems the updating scheme
plays a more prominent role. The number of attractors
in Boolean networks, for example, increases exponen-
tially with the system size [12] for synchronous update,
and with a power for critical Boolean networks [13] for
asynchronous update. The phase diagrams of the Hop-
field neural network model [3, 14] and the Blume-Emery-
Griffiths model [15] depend on the updating mode as well,
while those of the Q-state Ising model [16, 17], and the
Sherrington-Kirkpatrick spin glass [18] are independent
on the used scheme.
Probably neither a completely synchronous nor a ran-

∗f.radicchi@gmail.com
†h.ortmanns@jacobs-university.de

dom asynchronous update is realistic for natural sys-
tems. Here we interpolate between these two extreme
cases not in a more realistic way, but in a way that al-
lows to identify a phase transition between the stationary
states. Synchronous updates may appear as non-physical
updates for an Ising model as we consider later, since
they do not lead to an equilibrium at minimal energy.
Our main goal here is not to propose the synchronous
update as another physically relevant mode, but to il-
lustrate the sensitive dependence of the stationary states
on the updating scheme even in case of a simple model
like a chain of Ising spins. In the context of biological
networks such as the yeast cell cycle [19], it depends in
general on the concrete dynamics and the function of the
network whether the biological ”updating” has to pro-
ceed in a well ordered deterministic way, or whether it
can proceed more or less randomly. Therefore it seems
to us not to be meaningful to call synchronous updates
the non-physical and asynchronous the physical modes,
it depends on the actual case considered. As we shall
show, our interpolation by means of a single parameter p
is equivalent to the cellular automaton version of the non-
equilibrium kinetic Ising model (NEKIMCA) introduced
in [20] and further considered in [21]. The equivalence
refers to the elementary processes in terms of diffusion,
annihilation and even-branching processes that preserve
parity. Therefore the phase transition between the sta-
tionary states should belong to the parity conservation
universality class. This is the universality class shared
also by the models of branching and annihilation ran-
dom walk with an even number of offspring [22], the
non-equilibrium kinetic Ising model (NEKIM) [20, 23]
and the cellular automaton version NEKIMCA [20]. Our
analysis of critical exponents confirms this expectation.
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II. THE DYNAMICS

We consider a one-dimensional lattice of length L.
To each site i, i = 1, . . . , L, of this chain we assign
a spin variable σi, where σi takes the values +1 or
−1. The Hamiltonian of the system is given by H =

−J
∑L

i=1 σiσi+1, where J is the coupling constant be-
tween neighboring sites. Here we consider ferromagnetic
couplings so that J = 1. Moreover, for definiteness we
choose periodic boundary conditions so that σL+1 = σ1.
The results will not depend on this choice.
A canonical local stochastic updating algorithm for
studying thermodynamic equilibrium features of the
Ising model is the Metropolis algorithm [11]. Given a
configuration of the system Σ(t) = {σi(t)} at time t, we
pick up one site j at random and flip its spin with proba-
bility Pj(t) = min {1, exp [−β∆Ej(t)]}. Here β = 1/kT ,
with k the Boltzmann constant and T the temperature,
while ∆Ej(t) = 2σj(t) [σj−1(t) + σj+1(t)] is the differ-
ence in local energy that a flip of σj would induce. In
particular, for zero temperature an increase in energy
of the resulting configuration is always rejected. After
the single update of the j-th site the time increases by
t → t + 1/L = t′ (and L single updates are considered
as one time unit). The new configuration is given by
Σ (t′) = {σi(t);σj(t

′)}, where all sites i 6= j have the
same spin value as they have at time t and only the spin
of the j-th site may be flipped. In the context here, we
emphasize that the Metropolis algorithm is fully asyn-
chronous in the sense that we have at most one spin flip
per single update event.
Here we are no longer interested in the equilibrium prop-
erties of the Ising model, but in the algorithmic dynamics
itself when it is applied to Ising spins. Therefore we give
up the asynchrony of the algorithm. Given the configu-
ration Σ(t) = {σi(t)} at time t, we visit all sites and se-
lect each of them with probability p as a candidate to get
flipped. The selected sites are j1, . . . , jm and m, the total
number of selected sites, is a random integer obeying the

binomial distribution B(m,L, p) =
(

L
m

)

pm (1− p)
L−m

.
Each of the m selected sites is then updated according
to the Metropolis rule at temperature zero, so that the
spin of the jv-th site is flipped with probability Pjv

(t),
∀ v = 1, . . . ,m. After one step of the algorithm, the
time increases as t → t + p = t′, and the new config-
uration is Σ(t′) = {σi(t);σj1(t

′); . . . ;σjm
(t′)}, where all

sites i 6= j1, . . . , jm have the same spin value as they
have at time t, while the spins of the m selected sites are
attempted to be synchronously flipped. One time unit
has passed when the average number of update events
equals to the total number of sites L. By varying p we
can “tune” the algorithm from asynchrony, for p of the
order of 1/L, to synchrony, for p = 1. In particular, for p
of the order of 1/L and for sufficiently large values of L
we recover the usual Metropolis algorithm, that is, when
two or more simultaneous selections, which occur at most
with probability of the order of 1/L2, become negligi-
ble. Differently from the standard Metropolis algorithm

at zero temperature, for general values of p, the total
energy of the new configuration Σ(t′) can be increased
with respect to the total energy of the old configuration
Σ(t). Moreover, the large-time configurations Σ(t →∞)
do no longer obey the Boltzmann distribution. In par-
ticular, in the fully synchronous update, all spins (due to
p = 1) having a neighboring spin of opposite sign before
the synchronous update, will be updated and flipped at
the same time so that the global energy of the resulting
configuration may increase.
In this paper, for simplicity, we focus on the case of
zero temperature. The equilibrium ground-state of the
one-dimensional Ising ferromagnet at zero temperature
is one of the two ferromagnetic states with all spins pos-
itive or negative. In contrast, the completely synchro-
nized dynamics does not drive the system to the ground
state, but acts as parallel algorithm and amounts to a
deterministic map T : Σ(t + 1) = TΣ(t), for all t. Af-
ter a transient time t0 ≤ L/2, the algorithm drives the
system into a cycle of length two [17], where the sys-
tem “flips” between two configurations, Σ1 =

{

1σi

}

and

Σ2 =
{

2σi

}

, such that Σ2 = TΣ1 and Σ1 = TΣ2, for
all t ≥ t0. In particular, these configurations result from
each other by an overall flip of signs in the sense that
Σ2 =

{

− 1σi

}

and Σ1 =
{

− 2σi

}

. Therefore, it is nat-
ural to study intermediate values of p, in particular to
focus on the transition between the ferromagnetic and
the anti-ferromagnetic configurations of the final state.
Let us consider the active bonds of the system, where we
define a bond as active if it connects two sites with op-
posite spins. As remnant of the zero-temperature Ising
model only sites belonging to at least one active bond
can flip and do flip if they are selected as candidates for
the updating. Only a few elementary processes, that in-
volve active bonds, can take place: diffusion, annihilation
and creation in the sense of even-branching processes. To
have a clear notation, let us indicate as ↑ a site with pos-
itive spin and as ↓ a site with negative spin. Consider,
for example, a local configuration such as · · · ↑↑↓↓ · · ·
at time t: at time t + p it can evolve to · · · ↑↑↑↓ · · · or
to · · · ↑↓↓↓ · · · , depending on whether they are selected
for an update that happens with probability 2p(1 − p)
[diffusion or random walk], or it evolves to · · · ↑↓↑↓ · · ·
with probability p2 [branching], or it remains unchanged
with probability (1 − p)2. Using the same rules, a local
configuration such as · · · ↑↑↓↑↑ · · · at time t, later, at
time t + p, can become · · · ↑↓↑↓↑ · · · with probability p3

[branching], or · · · ↑↑↑↑↑ · · · with probability p(1 − p)2

[annihilation], etc.. These three processes, diffusion (ran-
dom walk), annihilation and branching, correspond to
the three elementary processes in the NEKIM [20, 23],
that is random walk and annihilation due to a Glauber-
spin flip transition rate, and spin exchange with branch-
ing due to a Kawasaki-exchange rate, and in common
with them, they preserve parity of active bonds (called
kinks in the NEKIM). Parity is the number of active
bonds modulo 2. The Glauber-spin flip transition rate,
as it is used in NEKIM, is a generalization of the spin-flip
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rate as it was used in the seminal paper by Glauber [24].
Glauber predicted the time evolution of the expectation
value of a single spin and spin products at temperature T
if the spin-flip rate is parameterized by two parameters,
γ and α; the parameter γ determines the tendency of a
spin towards alignment with the neighbors (it is one for
zero temperature, so that our algorithm corresponds to
γ = 1), and α sets the time scale on which the transi-
tions take place; in our parametrization this scale is de-
termined by p. In addition to the processes in Glauber’s
dynamics we have branching processes. Their frequency
of occurrence depends on the choice of the parameter p.
For p of the order of 1/L and T = 0 we obtain a fer-
romagnetic stationary state in agreement with Glauber’s
predicted time behavior of the total magnetization for
γ = 1, the case in which the magnetization does not de-
cay with time.

III. RESULTS

The former considerations suggest that the transition
between ferromagnetic and anti-ferromagnetic behavior
(without active bonds and with dominance of active
bonds, respectively) is given by the competition of anni-
hilation and branching of active bonds. In particular, the
branching is favored by a synchronous updating scheme,
because a new couple of active bonds can be created only
if two neighboring sites simultaneously flip their spins,
so that the flips amount to an exchange of spins. There-
fore the transition between stationary states (ferromag-
netic and anti-ferromagnetic ones) can be considered as
a transition between the asynchronous/synchronous up-
dating schemes. Similarly, in case of the NEKIMCA,
that is a stochastic cellular automaton version of the
NEKIM, parity-conserving branching of active bonds is
generated due to the synchronous update of neighbor-
ing sites (without an explicit spin exchange rate as in
the mere NEKIM). Favoring active-bond branching due
to synchronous updates in the NEKIMCA, also there
supports the convergence to an active state as in our
case. Figure 1 with active bonds represented as black
dots shows a qualitative picture of the phase transition.

We plot the time evolution of an isolated active bond
(that is not the only one in the system) for three differ-
ent values of p. We only display the intermediate part
of the lattice around the initial active bond. The initial
configuration is chosen as · · · ↑↑↓↓ · · · . In the supercrit-
ical regime p > pc, the average number of branching is
larger than the average number of annihilations, so that
the active bonds spread over the entire system. In the
critical and subcritical regime p ≤ pc, annihilation and
branching processes are balanced and the active bonds
do not spread over the system, but remain confined to a
finite region.

Figure 1: Evolution of an isolated active bond in the subcriti-
cal, critical and supercritical regimes. We show only the part
around the initial active bond. From left to right: p = 0.39,
p = 0.41 = pc, p = 0.43.

A. The critical point

In order to obtain a quantitative description of the
transition, we use as order parameter the density of active
bonds

ρ =
1

2L

L
∑

i=1

1− σiσi+1 , (1)

given by the ratio of the number of active bonds and the
total number of bonds in the lattice. The initial condition
is chosen as ρ(0) = 1, so that the lattice is fully occupied
with active bonds. All data points are obtained from
averaging over at least 103 realizations and up to 105

realizations for small sizes of the lattice. Here, these
values of L are considered as the large-volume limit in the
following. Let us first determine the critical probability
pc.

In Figure 2A) we plot the time behavior of ρ for three
different values of p and L = 104. As we can see, for
p = 0.41 ρ(t) ∼ t−δ with δ = 0.286(1), while for p = 0.40
ρ(t) decreases with negative curvature, for p = 0.42 ρ(t)
increases with positive curvature. The positive curva-
ture characterizes the different phase. Therefore, within
the given accuracy, we locate the critical threshold pc

in the large-volume limit as the largest value for which
the curvature is non-positive. In this way we obtain
pc = 0.41(1) as the critical point. In order to determine
pc with higher precision we should increase the linear
size of the lattice L and the time for observing the pos-
itive curvature of ρ. Here we do not perform this kind
of computationally expensive simulations, but calculate
those critical exponents which do not require a higher
precision in pc. The fact that we observe a phase transi-
tion at pc > 0, corresponding to a finite branching rate
σc > 0, can be understood from the analytic theory of
branching and annihilating random walks by Cardy and
Täuber [25]. By means of a field-theoretic dynamical
renormalization group, Cardy and Täuber identified the
fluctuations which are responsible for shifting the criti-
cal value of the branching rate σc to values larger than
zero for dimensions d < d′c = 4/3, in particular for d = 1
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Figure 2: A) Time decay of the density of active bonds ρ
in the subcritical (p = 0.40), critical (p = 0.41 = pc) and
supercritical (p = 0.42) regime, from bottom to top, respec-
tively. B) Average density of active bonds ρs surviving up
to time t over samples, plotted as a function of time at the
critical point for L = 16, 32, 64, 128, 256, 512, 1024, 2048, 4096
and 6144, from top to bottom respectively. The dotted line
has a slope of −δ = −0.286(1).

and m even as in our case, where m enters the branching
according to A → (m + 1)A, and the number of ”par-
ticles” (active bonds) is locally conserved modulo two.
(The measured values of the critical exponents that we
consider in the next section cannot be reproduced by this
analytic approach.)

B. Critical exponents

a. Critical exponent δ Along the determination of
pc we have already read off the exponent δ from the time
evolution of ρ: for p ≤ pc and in the thermodynamic
limit L → ∞, we observed ρ(t) ∼ t−α(p), with α(p) a
continuous and monotonically decreasing function of p
and enclosed by curves with α(p) = 1/2 for p → 0+, as
in the case of the standard Metropolis algorithm [10, 26],
and α(pc) = δ, as observed in our numerical simulations.
Note that the power-law decay does not only hold at pc,
but also below pc in the large-volume limit. Therefore

the negative curvature in the subcritical regime is actu-
ally a finite-size effect and not an effect of p < pc. Also
in the supercritical regime the curve bends down to zero
as a finite-size effect after a sufficiently large time, but
the positive curvature signals the onset of the new (su-
percritical) phase.
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Figure 3: A) Average density of active sites over the surviving
samples ρs as a function of size L of the lattice for p = 0.40
(empty dots) 0.41 (full dots) and 0.42 (empty squares). The
full line has slope −β/ν⊥ = −0.51(1). B) Average relaxation
time τ as a function of the size L of the lattice for p = 0.40,
0.41 and 0.42 [the symbols are the same as in A)]. The full
line has slope z = ν‖/ν⊥ = 1.746(2).

1. Finite-size scaling analysis

Finite-size effects in the density of active bonds are
manifest in two ways: if we follow the time evolution of
a certain configuration of a chain of length L, we ob-
serve a power-law decay of active bonds up to a certain
time τd for p ≤ pc. After that, either the density drops
to zero faster than a power-law, this happens for most
configurations, for which a fluctuation drives the system
into the absorbing state, or, in the minority of evolutions,
the number of active bonds fluctuates around a plateau,
before the plateau drops to zero in the end at time τs.
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Configurations of this minority are called surviving con-
figurations up to time τs. Now it is easier to locate the
onset of the plateau than the onset of a faster decay, and
therefore to study the finite-size scaling of the density of
active bonds ρs of surviving configurations as a function
of L, averaged only over the surviving realizations [22].

a. Critical exponents β and ν⊥ In Figure 2B) we
plot the time behavior of ρs at the critical point for sev-
eral values of the size L. As we can see, after an initial
transient in which ρs decreases as t−δ, it reaches a sta-
tionary value depending on L. This value vanishes in
the thermodynamical limit, since the plateau is a finite-
size effect. We average along the values of the plateau
(since averaging over time and over different realizations
are assumed to be equivalent), for different system sizes.
In Figure 3A) this average value is plotted as a function
of L for three values of p (p = 0.40, p = 0.41 = pc and
p = 0.42). Again, at the critical point we find a power
law decay ρs ∼ L−β/ν⊥ , with β/ν⊥ = 0.51(1), while the
decay deviates from the power-law behavior in both the
subcritical and the supercritical regimes. (Here the ex-
ponent β characterizes the behavior of the order param-
eter ρ(p) ∼ |pc − p|β , ν⊥ the spatial correlation length
ξ(p) ∼ |pc − p|−ν⊥ both in the vicinity of pc.)

b. Critical exponents ν‖, η and γ Moreover, from
the finite-size scaling analysis we calculate the dynamical
exponent z = ν‖/ν⊥, where ν‖ characterizes the time-like

correlation length τ(p) ∼ |pc − p|−ν‖ . The exponent z is
derived from the relaxation time τ needed by a finite sys-
tem to reach the absorbing configuration [ρ (t ≥ τ) = 0],
starting from a chain fully occupied with active bonds.
The unit of the relaxation time is again given by the
time that has passed until the average number of update
events equals to L. In Figure 3B) τ is plotted as a func-
tion of L for p = 0.40, p = 0.41 = pc and p = 0.42. At
p = pc we find again a power-law dependence τ ∼ Lz,
with z = ν‖/ν⊥ = 1.746(2), while for different values of
p τ behaves differently from a power-law behavior, as it
is seen in Figure 3B). Furthermore, in Figure 4 we verify
the finite-size scaling relation at pc

ρ (L, t) ∼ L−β/ν⊥f (t/Lz) , (2)

where f(·) is a suitable universal function.
Finally, we determine the static exponent γ from the

growth of fluctuations in the order-parameter suscepti-
bility, defined as χs = L(〈ρ2

s〉− 〈ρs〉
2), via χs ∼ Lγ/ν⊥ at

pc (where the index s again refers to an average over the
surviving configurations). We find γ ≃ 0, as it is shown
in Figure 5.
In the large-volume limit, we further determine the dy-

namical exponent η and check the exponents δ and z
in the following way. Starting from a configuration like
· · · ↑↑↓↑↑ · · · , that is a ferromagnetic configuration with
only two active bonds, we numerically compute the sur-
vival probability P (t) (that is the probability that the
system had not entered the absorbing state up to time
t), the average number of active bonds n̄(t) and the av-
erage mean square distance of spreading R̄2(t) from an
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Figure 4: The main plot shows the finite-size scaling of the
density of active bonds ρ [Eq.(2)]. The inset shows the un-
scaled data, where the dotted line has a slope equal to −δ.
The datasets are the same as in Figures 2 and 3.
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Figure 5: Susceptibility χs as a function of the linear size of
the lattice L. χs is plotted for p = 0.40, 0.41 and 0.42, where
the symbols adopted are the same as in Figure 3. As it is
shown at the critical point pc = 0.41, χs is a constant, that
means γ ≃ 0. The datasets are the same as in Figures 2 and
3.

arbitrary selected site. These quantities are expected to
behave at the critical point pc like P (t) ∼ t−δ, n̄(t) ∼ tη

and R̄2(t) ∼ t2/z [27]. The critical exponent δ can be
easily calculated by looking at the time behavior of P (t).
In Figure 6A) we report the effective exponent [27], cal-
culated according to the formula

−δ(t) =
log10 [P (t)/P (t/b)]

log10(b)
, (3)

where b is a fit parameter. The right value of the critical
exponent δ is then given by

δ = lim
t→∞

δ(t) . (4)

In our numerical simulations we consider a lattice of size
L = 6144 and we average over 104 realizations. The same



6

simulations and similar definitions for the effective expo-
nents η(t) and 2/z(t) lead to the numerical evaluation of
η [Figure 6B)] and 2/z [Figure 6C)]. From these simu-
lations we find η ≃ 0 and values of δ and z consistent
with the former ones within the error bars. In particular
in Figure 6 we choose b = 5 for the evaluation of the ef-
fective exponents, but we verified the consistency of our
numerical measurements also for other values of b.

-0.20

-0.28

-0.35

10-5 10-4 10-3 10-2 10-1

δ

1/t

A)

0.2

0.1

0.0

-0.1

10-5 10-4 10-3 10-2 10-1

η

1/t

B)

1.30

1.14

0.90

10-5 10-4 10-3 10-2 10-1

2/
z

1/t

C)

Figure 6: Time dependent behavior of the effective exponents

δ(t) (A), η(t) (B) and 2/z(t) (C). We plot these quantities for
different values of p: pc > p = 0.4 (dashed line), pc = p = 0.41
(bold line) and pc < p = 0.42 (solid line).

β/ν⊥ γ δ ν‖/ν⊥ η
PC 1/2 0 2/7 7/4 0

SAIM 0.51(1) 0.0 0.286(1) 1.746(2) 0.0

Table I: Critical exponents of the parity conservation (PC)
universality class in comparison to the exponents of the syn-
chronous/asynchronous Ising model (SAIM) measured in this
paper.

IV. CONCLUSIONS

In conclusion, the critical exponents we have measured
and reported in Table I are consistent with the ones
conjectured for the parity conservation (PC) universal-
ity class [23, 27, 28, 29, 30, 31, 32].

This is expected because periodic boundary conditions
for Ising spins as well as the updating rules we used pre-
serve the parity of the number of active bonds. Moreover,
for free boundary conditions only the boundaries may vi-
olate the conservation of parity that leads to a negligible
effect. In terms of elementary processes (diffusion, an-
nihilation and branching) the model is equivalent to the
branching and annihilation random walk with an even
number of offsprings. Moreover we use the same elemen-
tary processes as those used in NEKIM or NEKIMCA, for
which the phase transition between active and absorbing
states is known to belong to the PC universality class.
In contrast to the NEKIM(CA), our algorithm is param-
eterized in a different, but equivalent way, for which the
frequency of branching processes is tuned via the parame-
ter p, that was introduced to directly interpolate between
synchronous and asynchronous updates, and not be-
tween Glauber and Kawasaki dynamics as in case of the
NEKIM. Also the background for both parameterizations
is different. The combination of Glauber and Kawasaki
dynamics was originally introduced for studying temper-
ature driven non-equilibrium phase transitions. Our fo-
cus was the effect of synchronous/asynchronous updating
modes on the stationary states in dynamical processes on
networks, for which the Ising chain is the simplest case
to start a systematic study.
An increase in the dimensionality of the lattice would al-
low a mean-field description of the transition, since the
parity conservation universality class has the critical di-
mension dc = 2 [27, 28]. Our preliminary numerical sim-
ulations for this case show qualitatively similar phases
as in d = 1, but with the transition point shifted to-
wards 1. Our work represents a systematic interpola-
tion between a synchronous and asynchronous updating
scheme. The existence of a phase transition sheds some
light on the interpretation of stationary states whenever
they depend on the updating mode. Above the transition
these states may have lost any remnants of the dynamics
below the transition (in our case we end up with an anti-
ferromagnetic state above and a ferromagnetic below the
transition). Instead, the stationary states are represen-
tative for the dynamics of the updating algorithm itself.
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Summary, Conclusions and Perspectives

In this thesis, I analyzed phase transitions and critical phenomena on networks. I considered

di�erent contexts ranging from purely topological studies to the analysis of dynamical models

de�ned on networks. My work therefore connects two di�erent �elds of research in statistical

physics: the more recent one of complex networks and the one with a long tradition of phase

transitions. These topics were introduced in chapters 1 and 2, respectively, with the aim of

giving the reader the basic background needed for a good understanding of the rest of the

thesis.

This thesis represents an example of how the ability of statistical physicists to generate

and study models of many interacting particles can be useful for understanding problems

apparently not directly related to physics, such as biological and social problems. I give here

a summary about the topics studied during this thesis. Moreover, I report some considerations

and indicate perspectives for each topic.

In chapter 3, I introduced fractal networks and I de�ned a method for calculating the fractal

dimension of real networks. In Paper I [165] , I demonstrated that real networks with degree-

disassortive mixing are generally fractal and self-similar, while real networks with degree-

assortative mixing are not. The fact that a large number of real networks are fractal was

a surprising result since fractality and self-similarity were apparently at odds with the small-

world feature, but the contradiction was solved by a suitable method of measuring the fractal

dimension.

The results are quite amazing and call for further explanations in terms of biological mecha-

nisms why scale-free degree distributions often seem to go along with self-similar features.

In this context, there are several perspectives. Analogously to critical phenomena at the

critical point, there is the possibility of de�ning other critical exponents apart from the fractal

dimension. From a theoretical point of view, the conjecture of hyper-scaling relations valid

for \critical" networks and, moreover, the identi�cation of di�erent universality classes for

di�erent real networks could be extremely interesting. Extensions are possible in case of

weighted and directed networks, after an appropriate rede�nition of distances and therefore
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of boxes for the tiling procedure of the network. I already investigated the case of weighted

networks without �nding new interesting results, since the fractality of the networks seems

to be unchanged by considering the weighted or the unweighted version of the network itself.

To my knowledge, the case of directed networks is open.

In chapter 4, I started with the analysis of dynamical systems de�ned on networks. In par-

ticular, during this chapter I considered the case in which every node of the network is a

Kuramoto oscillator and the underlying network is representative of the interactions. In Pa-

per II [120] , I specialized in the study of d-dimensional lattices of Kuramoto oscillators in the

presence of a pacemaker. I showed analytically and numerically that the system of interacting

oscillators can reach a phase-locked state, in which all the oscillators rotate with the same

frequency, only for a certain range of parameters which depends on the linear size and the

dimensionality of the lattice. By sending the dimension of the lattice to in�nity I was able

to interpret the right scaling (as a function of the system size) of the condition for having

phase-locking on networks, a condition that has been numerically studied before in other pa-

pers [78]. Moreover in Paper III [121] , I studied the same system of Kuramoto oscillators

in the presence of a pacemaker, but with interactions of variable range. I showed that in this

case the range of parameters for which the system can reach the phase-locked state behaves

non-monotonically as a function of the parameter that tunes the range of the interactions

and gives rise to reentrant synchronization. In addition in Paper III [121] , I proposed a

simple explanation of how a pacemaker can be dynamically created by just a simple linear

local gradient in the distribution of the natural frequencies of the oscillators of the system.

This result is practically important because it justi�es the description of an ad-hoc defective

oscillator as pacemaker, since a dynamically induced one behaves similarly.

In view of practical applications, my results may serve to decide whether a given ensemble

of oscillators can be entrained by one pacemaker, if the size of the system is �xed and the

pacemaker is placed at a certain position. It is then the depth of the network which one

should calculate in order to determine whether one pacemaker is su�cient. Moreover, my

results have shown that the Kuramoto dynamics and the possibility of phase entrainment are

rather sensitive to the topology of the network so that the topology should be optimized in

practical applications.

In this context, there are several possible extensions. First of all, the possibility of studying

the same system but in the presence of more than one pacemaker, since the presence of just

one defect is quite unrealistic in real systems. I have already performed some numerical sim-

ulations of this kind of model. When the pacemakers are not too di�erent, the \strongest"

pacemaker of the system wins (strongest in the sense of having the largest natural frequency):

the whole system behaves as in the case in which there is only one pacemaker. For pacemak-
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ers di�ering considerably in their frequencies, I observed several interesting phenomena like

spirals and vortex formations which destroy the phase-locking of the whole system. There

a more accurate analysis is still needed. Moreover, it could be of extreme interest to study

the role of pacemakers in di�erent kind of oscillating systems such as pulse-coupled oscilla-

tors [95], excitable media like active rotators [135] or FitzHugh-Nagumo oscillators [46, 100]

or combinations of them.

In chapter 5, I introduced the concept of social balance and an evolutionary algorithm (k-cycle

dynamics) driving a network to a socially balanced con�guration. I discussed in detail the broad

interest in this model of social scientists, mathematicians and physicists. Moreover, I remark

on the strong analogies between the notion of social balance and the one of \satis�ability"

in computer science. All these arguments were made precise in my Paper IV [124] , in which

I completely solved the case of k-cycle dynamics in fully connected networks and randomly

diluted networks. Moreover in Paper V [123] , I extended the model to two-dimensional

lattices, where I numerically found the evidence of the existence of a percolation phase

transition with critical exponents that suggest the discovery of a new universality class.

In the social context, these results allow an understanding of real historical alliances, like

the bipartite state in the Triple Alliance formed by Germany, Austria-Hungary and Italy and

the Triple Entente formed by Britain, Russia and France in the World War I, and provide

an explanation of the stability of bipartitions, which actually are frequently observed in real

political systems (i.e., democrats and republicans in USA, or left and right parties in most

of all the European democracies like in Italy, Germany, etc.). In the context of satis�ability

problems in computer sciences, my results show that a biased search for the solution may

induce a quantitative change in the time to �nd the solution: it may turn from unsolvable to

solvable in the sense that the time increases algebraically instead of exponentially with the

system size.

Also in this context, several future perspectives are possible. First of all, it could be interesting

to study the same model on the more realistic scale-free networks. Also, more realistic would

be the introduction of short-cuts in two-dimensional lattices in order to study the e�ect

of the small-world feature on the notion of social balance. Possible modi�cations in the

model could be useful. The possibility of considering directed and multi-weighted networks

instead of simple undirected and binary-weighted networks will be more realistic since real

social relationships are generally not symmetric and do not just represent friends or enemies.

Moreover, the introduction of signs also on the nodes of the network and not only on the

links would lead to the realization of truly frustrated systems, and analogies with spin glasses

would become evident.
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In chapter 6, I considered a highly topical debate in the scienti�c community interested

in networks. Since numerical simulations are frequently used for dynamical models, it is

extremely important to take care of the way in which dynamical systems are implemented on

computers. In this context, the role of the updating procedure for the numerical simulation

of a dynamical model is crucial and there is still an open debate. In my Paper VI [122] ,

I showed how the features of a simple model can be a�ected by a di�erent choice in the

updating scheme for the dynamics. In a simple way I tuned the dynamics of the model from

an asynchronous scheme to a synchronous one and I numerically demonstrated the existence

of a transition between two di�erent phases in the long-time con�gurations reached by the

model. I numerically evaluated the critical exponents of this phase transition: they turned

out to be consistent with the ones of a well known universality class.

My results provide a warning not to jump to conclusions in interesting stationary states. The

stationary states may sensitively depend on the order of updating events.

Since this topic is very interesting, there are several possibilities for extending my analysis.

Essentially, these extensions can be made following two di�erent directions: the modi�cation

of the dynamical model and the modi�cation of the underlying network of interactions. A

similar numerical analysis of Random Boolean networks [74, 73] would be an example, since

it was already shown that the number of attractors follows a di�erent scaling with the size of

the network whether one considers asynchronous [51] or synchronous [75] updating schemes,

so I would interpolate between these cases.
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Analytic Calculations

I describe here the analytic calculations which lead to results already cited in the thesis but

for which I did not report the full derivations. I report in section A.1 the full derivation of

the depth for Cayley trees and d-dimensional lattices: these calculations are used in Paper

II [120] . Moreover, in section A.2 I derive the exact solution for the mean-�eld case of

5-cycle dynamics, analyzed in Paper IV [124] .
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A.1 Depth for Cayley Trees and d-dimensional Lattices

In Paper II [120] , I have calculated the absolute value of the critical threshold j�!=KjC
as a function of the radius R of a Cayley tree and as a function of the linear size N of a

d-dimensional lattice. I have shown that for d-dimensional lattices j�!=KjC � N�d , while
for a Cayley tree j�!=KjC � exp (�R). The depth D of a lattice is de�ned as the mean

distance over all the oscillators from the pacemaker. Here I explicitly show that for Cayley

trees one has D ' R (subsection A.1.1), while for d-dimensional lattices one has D � N,

independently of the dimensionality d of the lattice (subsection A.1.2).

A.1.1 Depth for Cayley Trees

As stated in Paper II [120] , the pacemaker is placed at the center of the Cayley tree. The

maximal distance from the pacemaker is R, while the coordination number is z . Order the

nodes per shell and indicate with n(r) the number of nodes per shell. By construction of the

Cayley tree one can write

n(0) = 1

n(1) = zn(0) = z

n(2) = (z � 1)n(1) = (z � 1)z

n(3) = (z � 1)n(2) = (z � 1)(z � 1)z
...

;

so that

n(r) = z(z � 1)r�1 : (A.1)

By de�nition, the depth D of the network is given by the average distance of the network

from the pacemaker, so that in this case one can write

D =

∑R
r=1 rn(r)∑R
r=1 n(r)

=

∑R
r=1 r(z � 1)r�1∑R
r=1(z � 1)r�1

: (A.2)

Eq.(A.2) can be easily calculated using the truncated geometric series

M∑
m=0

xm =
xM+1 � 1

1� x :

One can write
R∑
r=1

(z � 1)r�1 =
R�1∑
r=0

(z � 1)r =
(z � 1)R � 1

z � 2
;
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∑R
r=1 r(z � 1)r�1 = @

@z

∑R
r=0(z � 1)r

@
@z

(z�1)R+1�1
z�2

(R+1)(z�1)R(z�2)�(z�1)R+1+1
(z�2)2

:

Eq.(A.2) can be now written as

D =
(R + 1)(z � 1)R(z � 2)� (z � 1)R+1 + 1

(z � 2) [(z � 1)R � 1]
:

In particular for z � 2 one can �nd the expected result

D ' R : (A.3)

A.1.2 Depth for d-dimensional Lattices

Consider d-dimensional lattices with N + 1 sites for each of the d sides. The total number

of nodes is (N + 1)d , so that the number of nodes per shell should obey the relation

~N∑
r=1

n(r) = (N + 1)d � 1 ; (A.4)

where ~N gives the maximal distance from the pacemaker.

The depth can be written as

D =

∑ ~N
r=1 rn(r)∑ ~N
r=1 n(r)

: (A.5)

In particular, I consider only lattices with periodic boundary conditions and even value of

N. Since one is interested in the limit of large N, the former restrictions are not signi�cant.

Moreover, I calculate analytically the depth D only for the simplest cases of d = 1 and d = 2.

For the case of general values of d , I propose a simple explanation and show numerically that

the same relation D � N applies to d > 2.

One-dimensional Lattice

Consider the following picture, in which a one-dimensional lattice with linear size N = 6 and

periodic boundary conditions is presented. Each box corresponds to a site and in each box

the distance from the pacemaker is reported, when the pacemaker is placed in the middle.

3 2 1 0 1 2 3
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r 0 1 2 3 4 5 6

n(r) 1 4 8 12 12 8 4

Table A.1: Number of nodes per shell n(r) in case of a lattice with periodic boundary conditions, in

d = 2 dimension and with linear size N = 6.

In this case, one simply writes n(0) = 1 and n(r) = 2 ; 8 1 � r � N=2. Therefore,

~N∑
r=1

n(r) = 2

N=2∑
r=1

= N ;

while the depth in Eq.(A.5) becomes

D =
2
∑N=2

r=1 r

N
=

(N=2 + 1)(N=2)

N
=
N + 2

4
: (A.6)

Two-dimensional Lattice

Consider the following �gure, in which a two-dimensional lattice of linear size N = 6 and

periodic boundary conditions is plotted. Moreover I report in each box, corresponding to a

site of the lattice, its distance from the pacemaker, placed in the middle.

6 5 4 3 4 5 6

5 4 3 2 3 4 5

4 3 2 1 2 3 4

3 2 1 0 1 2 3

4 3 2 1 2 3 4

5 4 3 2 3 4 5

6 5 4 3 4 5 6

As one can see from Table A.1 the number of nodes per shell n(r) can be written as

n(r) = 4a(r) ;

where

a(r) = min [r ; (N + 1)� r ] : (A.7)

Note that Eq.(A.7) is symmetric at r = N=2. First of all, one can con�rm the bound given

in Eq.(A.4) [ ~N = N in this case]:

N∑
r=1

n(r) = 8

N=2∑
r=1

r = 8
N=2 (N=2 + 1)

2
= N2 + 2N = (N + 1)2 � 1 :
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Next one calculates∑N
r=1 rn(r) = 4

∑N=2
r=1 r +4

∑N
r=N=2+1 r(N + 1� r)

= 4
∑N=2

r=1 r +4(N + 1)
∑N

r=N=2+1 r � 4
∑N

r=N=2+1 r
2

= 4
∑N=2

r=1 r +4(N + 1)
(∑N

r=1 r �
∑N=2

r=1 r
)
� 4

(∑N
r=1 r

2 �∑N=2
r=1 r

2
)

= 8
∑N=2

r=1 r +4(N + 1)
(∑N

r=1 r �
∑N=2

r=1 r
)
� 4

∑N
r=1 r

2

:

In particular one obtains

8
∑N=2

r=1 r
2 = 8N=2(N=2+1)(N+1)

6

= N+1
3
4 (N2=4 + N=2)

= N+1
3

(N2 + 2N)

;

4(N + 1)
(∑N

r=1 r �
∑N=2

r=1 r
)

= 4(N + 1)
[
N(N+1)

2
� N=2(N=2+1)

2

]
= 2(N + 1) (N2 + N � N2=4� N=2)
= 2(N + 1) (3N2=4� N=2)

and
8
∑N

r=1 r
2 = 8N(N+1)(2N+1)

6

= 2(N+1)
3

(2N2 + N)
:

Putting everything together one �nds∑N
r=1 rn(r) = (N + 1) (N2=3 + 2N=3 + 3=2N2 + N � 4=3N2 � 2=3N)

= (N + 1) [N2 (1=3 + 3=2� 4=3) + N (2=3 + 1� 2=3)]

= (N + 1) (N2=2 + N)

= (N + 1)=2 (N2 + 2N)

;

therefore, inserting the former results into Eq.(A.5), one has

D =
N + 1

2
: (A.8)

d-dimensional Lattice

I do not calculate explicitly here the case of general dimension d . One can easily deduce

the scaling of the depth D. One can say that the number of nodes per shell n(r) grows

as n(r) � r d�1, as the reader has already seen for d = 1 and d = 2. This scaling is clear

since n(r) has the same dimension (d � 1) as that of a perimeter in d-dimensions. Using
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Figure A.1: Numerical determi-

nation of the depth D for d-

dimensional lattices as a function

of the linear size N of the lattice .

Here I report the results for d = 1

(full circles) , d = 2 (empty cir-

cles) , d = 3 (full squares) and

d = 4 (empty squares). The

dashed line is given by Eq.(A.6),

while the full line by Eq.(A.8).

From this plot the linear depen-

dence D � N, independently of

the dimension d of the lattice, is

evident.

this scaling assumption, passing to the continuum limit and forgetting about the boundary

conditions, one can then write

D �
∫ N
1
r r d�1dr∫ N

1
r d�1dr

� N :

In Figure A.1 I plot the depth D as a function of the linear size N on d-dimensional lattices.

D is calculated numerically (symbols); for d = 1 and d = 2 I also plot the expected exact

solutions of Eq.s (A.6) and (A.8). It is obvious that the depth D grows linearly with the

linear size N of the lattice, independently of its dimension d .
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A.2 Mean Field Solution for 5-cycle Dynamics

In this section, I solve exactly the case of 5-cycle dynamics applied to a fully connected

network. This result is part of Paper IV [124] , but in this paper no explicit calculation about

this result is reported. For clarity, it should be noted that the case of k = 3 was solved

by Antal et al. [9], while the solution for the general value of k is not exact, but just an

approximation and is fully described in my Paper IV [124] .

I do not repeat here all the calculations used to arrive at the evolution equations of the

system, since they are clearly stated in Paper IV [124] . Imposing the stationary condition

( _nj = 0, 8 j) they can be rewritten as
5n0n2 = 2 (n1)

2

2n1n3 = (n2)
2

2n2n4 = (n3)
2

5n3n5 = 2 (n4)
2

; (A.9)

while the condition for a �xed number of friendships at the stationary state is

n5 = � (n1 + n3) ; (A.10)

where I de�ned � = 1�2p for shortness of notation. I remark the fact that p is the propensity

parameter of the model, while I indicate with nj the density of 5-cycles containing j negative

links. Substituting Eq.(A.10) into the last equation of the former system (A.9), one has

5� (n3)
2 + 5�n1n3 = 2 (n4)

2

and using the second and the third Eq.s of the the system (A.9) one has

10�n2n4 + 5�=2 (n2)
2 = 2 (n4)

2 ;

from which

4 (n4)
2 � 20�n2n4 + 5� (n2)

2 = 0

and

n4 = n2
10�+

p
100�2 + 20�

4
= n2�=2 ; (A.11)

where I de�ned

� = 5�

(
1 +

√
1 +

1

5�

)
: (A.12)

Using Eq.(A.11) in the third equation of system (A.9), one obtains

n3 = n2
√
�
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and so on

n1 =
n2

2
p
�

n0 =
n2
10�

n5 =
n2�

2

10
p
�

Putting all these results into the normalization condition, one has

1 =
∑5

j=0 nj = n2

(
1

10�
+ 1

2
p
�
+ 1 +

p
� + �

2
+ �2p

�

)
= n2

p
�+5�+10�

p
�+10�2+5�2

p
�+�3

10�
p
�

= n2
1+5�1=2+10�+10�3=2+5�2+�5=2

10�

= n2
(
p
�+1)

5

10
p
�

:

Therefore

n2 =
10
p
�(p

� + 1
)5 (A.13)

and furthermore,

n0 =
1(p

� + 1
)5 (A.14)

n1 =
5
p
�(p

� + 1
)5 (A.15)

n3 =
10�

p
�(p

� + 1
)5 (A.16)

n4 =
5�2(p
� + 1

)5 (A.17)

n5 =
�2
p
�(p

� + 1
)5 (A.18)

Looking at Eq.s (A.14), (A.15), (A.13), (A.16), (A.17) and (A.18), it is natural to write

them as

nj =

(
5

j

)
�5�j1 (1� �1)j ; (A.19)
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Figure A.2: Stationary densities of 5-cycles

with j negative links nj [from Eq.(A.19)]

and stationary density of positive links �1
[from Eq.(A.20)] as functions of the propen-

sity parameter p. The full dots are the re-

sults of numerical simulations performed on

a network with N = 64 nodes. (from Paper

IV [124] )

with

�1 =

 1=

[√
5(1� 2p)

(
1 +

√
1 + 1

5(1�2p)

)
+ 1

]
, if p � 1=2

1 , otherwise
: (A.20)

In Figure A.2, I plot Eq.s(A.19) and (A.20). The theoretical results are in perfect agreement

with the results obtained from numerical simulations (see Paper IV [124] for more details).
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Appendix B

Pseudo-codes of the Numerical

Simulations

In this appendix, I present the pseudo-codes of all the numerical simulations performed in

papers accumulated in the present thesis. In particular, section B.1 refers to the simulations

performed in Paper I [165] ; section B.2 refers to the numerical results reported in Paper

II [120] and Paper III [121] ; section B.3 refers to the numerical implementation of the

model described in Paper IV [124] and Paper V [123] ; and �nally, section B.4 describes the

numerical simulation performed in Paper VI [122] . The purpose of this appendix is to allow

a reproduction of my numerical measurements and eventually an extension of my results. I

chose to report the descriptions of my numerical simulations as pseudo-codes because these

descriptions are independent of the speci�c programming language used for their implemen-

tation. The original programs were written in C language [76]. The codes are licensed under

GPL1 and can be directly obtained from me by asking to filippo.radicchi@gmail.com.

1http://www.gnu.org/licenses/gpl.html
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B.1. BOX COUNTING METHOD FOR CALCULATING THE FRACTAL

DIMENSION OF A NETWORK

B.1 Box Counting Method for Calculating the Fractal Di-

mension of a Network

In Paper I [165] , I implement the box counting method introduced by C.Song et al. [140].

This method allows to distinguish whether a network is a fractal or not and, if it is, to

determine its fractal dimension dB [see section 3.2 for the de�nitions of fractal networks

and their fractal dimension dB]. This short appendix is devoted to the description of the

algorithm that I implement in my numerical measurements. A detailed description of possible

algorithms able to tile a network according to the formulation of C.Song et al. [140] can be

found in [139]. The following text describes just one of the possible ways of implementing

the box covering method.

Consider a network of size N on which one wants to apply the box covering method. I assume

the network is undirected and unweighted [de�nitions given in section 1.2.1], but in principle

the following algorithm can be simply modi�ed for directed and/or weighted networks. First

of all, one should store the topological information about the network. This can be made

by writing its adjacency matrix [see section 1.2]. Since the majority of real networks are

sparse (i.e., almost all the entries of the adjacency matrix are zero), one writes the adjacency

matrix in a compact way. One assigns to the i-th node of the network a vector ~Mi in

which one collects the indices j1; j2; : : : ; jki of the ki nodes directly connected to the node i

[Ai ;jv = 1 ; 8 v = 1; : : : ; ki ]: therefore one has ~Mi = (j1; j2; : : : ; jki ). It is appropriate to

consider a vector ~S = (s1; : : : ; si ; : : : ; sN), where the generic entry si can be a positive integer

value or zero meaning the node i has already been assigned to a box or not, respectively. At

the beginning of the tiling procedure, one sets si = 0 ; 8i . For speeding up the algorithm it

is also appropriate to consider a vector ~Tt = (r1; : : : ; rNt), where the indices of the Nt nodes,

not yet at the step of the algorithm t included in any box, are stored. At the beginning, all

the nodes of the network are in this vector: therefore, N1 � N. Then one can start with the

following procedure, assuming that the linear size of boxes is �xed a priori equal to `B.

1. If the vector ~Tt is not empty, select a node i from the vector ~Tt : set si = t and delete

the node i from ~Tt . The node i is the \seed" of the t-th box. Initialize the vector ~Q in

which all the nodes of the network at distances less than `B from the node i and not

yet included in any box are stored.

2. As long as the vector ~Q is not empty, select a node j from ~Q. Set sj = t and delete

the node j from ~Tt .

3. Consider the vector ~Qj in which all the nodes of the network at a distance from the

node j less than `B are stored. Then rewrite the vector ~Q as the intersection between
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the set of nodes reported in ~Q itself and the set of nodes listed in ~Qj . Go back to point

2.

4. Increase t ! t + 1. Go back to point 1.

At the end of the algorithm, the total number of boxes needed to cover the network is given

by NB = t � 1. One should consider all the values of `B up to `B = d + 1, with d equal to

the diameter [see section 1.3.2], because one automatically has NB(`B) = N ; 8 `B > d . By

plotting NB(`B) versus `B, one can see whether the network satis�es the power-law behavior

of Eq.(3.1) or whether it does not. In the former case it makes sense to determine the

exponent dB by a simple linear �t in a double-logarithmic plot.

A couple of remarks about the algorithm are in order. The selections, used at point 1 and at

point 2 of a node in the vector ~Tt and of a node in the vector ~Q, respectively, are in general

made according to the degrees of the nodes. I always select the node with the largest degree

since this choice should reduce the total number of boxes needed for tiling the network.

In reality the power-law behavior of Eq.(3.1) is not a�ected by this particular criterion of

selection, since a di�erent choice, like a purely random selection, changes only the prefactor

of the power-law.

B.1.1 Computation of the Distance between Nodes in a Network

The most important remark is about the algorithm able to calculate the distance between

two nodes and needed for the construction of the vectors ~Q and ~Qj of the point 1 and 2,

respectively. This algorithm uses the topological information stored in the vectors ~Mi , de�ned

above. Imagine that one wants to construct the vector ~Qj of all the vertices at distance less

than `B from the node j . One makes use of the vector ~C of length N. The i-th entry of this

vector, namely Ci , is used for storing the distance between the node j and the node i . At the

beginning, one sets Ci = �1 ; 8i 6= j and Cj = 0, where Ci = �1 is used as default value

indicating that the distance between the nodes j and i has not yet been evaluated. Moreover,

one uses the variable c for indicating the actual value of the distance considered during the

algorithm. At the beginning one sets c = 0. In addition one de�nes the vector ~Vc as the

vector composed of all nodes at distance c from the node j . At the beginning, when c = 0,

one sets ~Vc = (j). Finally, one sets ~Qj = (j) at the beginning, since the node j is at distance

0 < `B from itself. Then one starts with the following algorithm.

1. Until c < `B, consider all the nodes i inside the vector ~Vc . Look all the neighbors of i :

this can be done by analyzing all the nodes stored in ~Mi . Consider the v -th component

of the vector ~Mi , namely the node r = Mi ;v :
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DIMENSION OF A NETWORK

(a) If the distance of r has not yet been computed (if Cr = �1), then set Cr = c + 1

and add r to the vectors ~Vc+1 and ~Qj . Go to point 2;

(b) If the distance of r has already been computed (if Cr 6= �1), then do nothing.

2. Increase c ! c + 1 and go back to point 1.

The former algorithm clearly ends when c = `B � 1, since one is interested only in nodes

which have a maximal distance `B � 1 from the j . At the end the vector ~Qj contains all the

nodes at distance less than `B from the node j .
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B.2 Numerical Integration of the Kuramoto Model

In both Paper II [120] and Paper III [121] , I performed extensive numerical simulations

for the study of the Kuramoto model in the presence of a pacemaker. Here I report the

pseudo-code of the simulations and the way in which I determine the phase transition between

synchronized and non-synchronized regimes from the numerical simulations.

The system which I am interested is a system of coupled Kuramoto oscillators assigned to

a general topology. The topology, either regular or complex, can be easily modelled as a

network. One assigns to the generic node i of the network a phase variable 'i 2 R. The

topology of the underlying network is fully speci�ed by its adjacency matrix [see section 1.2].

Since all the networks which one considers are sparse networks (i.e., almost all the entries

of the adjacency matrix are zero), one uses a compact way for storing the adjacency matrix

in order to reduce the computation-time and the memory-space needed by the computer

program. One assigns to the generic vertex i of the network a vector ~Mi = (j1; j2; : : : ; jki )

in which the ki nodes j1; j2; : : : ; jki connected to the node i are listed [ki is the degree of the

node i as de�ned in section 1.3.1]. Once the topology is speci�ed and stored in the (N + 1)

vectors ~Mi , with i = 0; : : : ; N, one can start with the simulation.

The Kuramoto model is a dynamical model continuous in time [remember section 1.6.2]. This

means that one should numerically integrate the di�erential equations. One �xes the time

increment dt, used for the numerical integration, a priori. The initial values for the phases of

the oscillators 'i (t = 0) are �xed in an arbitrary way, generally uniformly distributed between

[0; 2�]. One then applies the following procedure:

1. Run a cycle over all the oscillators of the system. Speci�cally the phase 'i of the i-th

oscillator evolves as

'i(t + dt) = 'i(t) +
dt

6

[
k
(i)
1 (t) + 2k

(i)
2 (t) + 2k

(i)
3 (t) + k

(i)
4 (t)

]
;

the coe�cients k
(i)
j (t) ; j = 1; : : : ; 4, are explained below.

2. The time increases by the �xed amount dt. This means that the actual value of 'i is

replaced by 'i(t + dt), the value calculated at point 1.

This algorithm can be run for an arbitrary time (i.e., number of iterations). The four coe�-

cients k
(i)
1 (t); k

(i)
2 (t); k

(i)
3 (t) and k

(i)
4 (t) enter the evolution equation, since I use the so-called

Runge-Kutta algorithm of the fourth-order [54] for the numerical integration. Without spec-

ifying the theory beyond this algorithm, one can easily describe them in the speci�c case of

my model by the formulas

k
(i)
1 (t) = �i

[
'i(t); ~Mi

]
;
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k
(i)
2 (t) = �i

[
'i(t) + k

(i)
1 (t)=2; ~Mi

]
;

k
(i)
3 (t) = �i

[
'i + k

(i)
1 (t)=2 + k

(i)
2 (t)=2; ~Mi

]
;

and

k
(i)
4 (t) = �i

[
'i + k

(i)
1 (t)=2 + k

(i)
2 (t)=2 + k

(i)
3 (t); ~Mi

]
;

where

�i

[
'i ; ~Mi

]
= !i +

K

ki

ki∑
j=1

sin
(
'i � 'Mi ;j

)
; (B.1)

and Mi ;j stands for j
th-component of the vector ~Mi . In Eq.(B.1) I report the explicit function

for the case of interactions between nearest neighbors, while in the case of interactions which

depend on the distance between the oscillators, as in the case studied in Paper III [121] ,

this function must be modi�ed.

In order to understand whether the system of oscillators is synchronized or not I used a very

simple method. In my numerical simulations the phase of the oscillator i can assume any real

value ('i 2 R). Moreover, I indicate by �'i ;j(t) = 'i(t)� 'j(t) the phase lag between the

oscillators i and j at time t. Two oscillators i and j , which move with the same frequency,

should have by de�nition a constant phase lag : �'i ;j(t
0)��'i ;j(t) = 0 ; 8 t 0; t. Therefore,

when the system is in the synchronized regime the phase lag should be a time-constant for all

the pairs of oscillators. When the system is in the non-synchronized regime, however, then

at least one phase lag should vary in time. In particular, in the case of my model the absolute

value of the phase di�erence between the pacemaker s and another oscillator i increases in

time, which means j�'s;i(t 0)j � j�'s;i(t)j > 0 ; 8 t 0 > t . Therefore the procedure is the

following. One observes, over a su�ciently large interval of time, the phase lags between

each oscillator and the pacemaker: if the absolute values of all these quantities never explode

but stay constant, one says that the system is synchronized; if at least one absolute value

of these phase lags constantly increases, then the system is in the non-fully synchronized

regime.
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B.3 Numerical Implementation of the k-cycle Dynamics

In both Paper IV [124] and Paper V [123] , I reported on numerical results of computer

simulations. Here I would like to give a general pseudo-code description of how the k-cycle

dynamics is implemented on a computer. Both parameters of the simulation, which are the

values of the propensity parameter p and of the length of cycles k used for the dynamics, are

�xed a priori. The same is true for the topology of the particular social network on which

k-cycle dynamics is applied, but not for the signs assigned to the links of the social network

since they are permanently changing during k-cycle dynamics.

A convenient way to store the information about the topology of the network is to assign

to each node i a vector ~Mi which contains the indices of the mi nodes j1; : : : ; jmi
connected

to the i-th node. Therefore one can write ~Mi = (j1; j2; : : : ; jmi
). The sign of the respective

links between the i-th node and the connected nodes j1; : : : ; jmi
can be stored in the same

way in a vector ~Si =
(
Ai ;j1; Ai ;j2 : : : ; Ai ;jmi

)
, where A is the adjacency matrix of the social

network as de�ned in section 5.1.2. For practical reasons, it is convenient to consider also

the k-cycle network associated with the social network. In this network, each k-cycle of the

social network is a node and two nodes are connected if the respective k-cycles share at least

one link in the social network. The s-th node of the k-cycle network is stored in a vector
~ks = ( s i1;

s i2; : : : ;
s ik), where

s i1; : : : ;
s ik are the nodes of the social network which compose

the s-th k-cycle. In the vector ~ks , the nodes of the social network should be ordered. This

means that they should not be sorted in an increasing or decreasing way but ordered in the

sense that one should follow the closed path that forms the actual s-th k-cycle [see Figure

5.1(b)]. The adjacency of the k-cycle network is without signed links. Therefore, one needs

only one vector ~Ks , where the adjacent nodes are stored exactly as previously stated for the

nodes of the social network, for the s-th k-cycle of the social networks. For example, if one

�xes k = 3 and one considers the social network of Figure 5.4, then one has: for the social

network ~M1 = (2; 4) and ~S1 = (1; 1) , ~M2 = (1; 3; 4) and ~S2 = (1;�1:� 1) , ~M3 = (2; 4)

and ~S3 = (�1; 1) , ~M4 = (1; 2; 3) and ~S4 = (1;�1; 1) ; for the k-cycle network ~k1 = (1; 2; 4)

and ~K1 = (2) , ~k2 = (2; 3; 4) and ~K2 = (1), since there are only two triads in the social

network.

Moreover, it is useful to introduce a vector ~I in which the imbalanced k-cycles are stored

and marked by the same indices as the ones used in the k-cycle network. Again, taking as

an example the social network of Figure 5.4, ~I = (1) because the second triad is balanced.

Then one can start the following algorithm that simulates the k-cycle dynamics.

1. If ~I is empty, there is no dynamics, since one has already reached a fully balanced

con�guration. If the vector ~I is not empty, select one index s� at random out of the
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vector ~I. The s�-th k-cycle then performs the following dynamics:

2. If the s�-th k-cycle contains only negative links, choose two nodes of the social network
inside the vector ~ks�, say

s� iv and
s� iw , at random and go to point 4

3. If the s�-th k-cycle contains both negative and positive links, choose at random a

number 0 � r � 1 out of a uniform distribution, then

� If r < p, then select two nodes of the social network inside the vector ~ks�, say
s� iv

and s� iw , at random and such that As� iv ;s
�

iw = �1, and go to point 4

� If r � p, then select two nodes of the social network inside the vector ~ks�, say
s� iv

and s� iw , at random and such that As� iv ;s
�

iw = 1, and go to point 4

4. Flip the link of the social network between the nodes s
�

iv and
s� iw , so that both vectors

~Ss� iv and ~Ss� iw are changed, since the variables As� iv ;s
�

iw ! �As� iv ;s
�

iw and As� iw ;s
�

iv !
�As� iw ;s

�

iv change, respectively.

5. Delete from the vector ~I the selected k-cycle s�, since after the ip of the link the s�-th
k-cycle is balanced. Then check all its neighbor k-cycles stored in Ks�: add to ~I all

k-cycles which became imbalanced after the single ip of the link, while deleting from
~I the ones that became balanced after the single spin ip. Go back to point 1.

At each selection at point 1, the time is increased by 1=L � (I + C)=I. I stands for the total
number of imbalanced k-cycles before the selection [that is the length of the vector ~I], while

C is the number of balanced ones. Therefore, (I + C) is the total number of k-cycles in the

social network, while (I +C)=I is the inverse of the probability of selecting an imbalanced k-

cycle out of all possible k-cycles, which approximates very well the time increment as de�ned

in the original application of k-cycle dynamics [see section 5.1.2].

It should be noted that the former algorithm is de�nitely faster than a mere application of

the k-cycle dynamics of section 5.1.2 only for su�ciently diluted social networks, such as

random networks with low connectivity or two-dimensional triangular lattices. In fact, if in

the vectors Ks� too many neighbor k-cycles are stored, it does not make much sense to apply

this same procedure. For example, in the case of fully connected social networks there are

exactly k
(
N�2
k�2
)
elements in Ks�, so that the original application of the k-cycle dynamics of

section 5.1.2 is much more convenient.
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B.4 Numerical Implementation of the Asynchronous and

Synchronous Updating Dynamics

In Paper VI [122] , I studied the phase transition between the ferromagnetic phase and the

anti-ferromagnetic phase of a one-dimensional Ising model, with periodic boundary conditions,

at temperature zero. This phase transition is studied as a function of the probability p, which

enters in the de�nition of the updating algorithm. Here I would like to give to the reader a

clear knowledge of the implementation of this model in a computer program.

The lattice is composed of L sites and to every site a spin variable is assigned. Therefore

it is convenient to store all the spin variables into a vector ~� = (�1; �2; : : : ; �L). Since the

temperature of the system is zero, during the evolution only sites with at least one neighbor

with di�erent spin are updated. Therefore, one can call these sites \active" and the others

\inactive." It is natural to make use of a vector ~a in which all the active sites of the lattice are

stored during the evolution. The updating scheme depends on the choice of the probability

p that one assumes as �xed a priori. At time t = 0, one assigns some prescribed values to

the spins. Then one starts with the following algorithm.

1. Set ~a = ;, then visit all the sites i of the lattice: if �i 6= �i+1, then add i to ~a. The

periodicity of the boundaries is imposed by the assumption �L+1 = �1.

2. Visit all the sites stored in ~a. For each of them, say the site i , extract a random number

0 � r � 1 out of a uniform distribution: if r < p, the site i is selected and its spin

ipped �i ! ��i .

3. Time increases as t ! t + p.

This algorithm can run until the vector ~a is empty after the procedure of point 1, which means

no active sites are left in the lattice and therefore all spins are aligned, or up to an arbitrary

maximal time of observation.
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