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Principled approach to the selection of the embedding dimension of networks
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Supplementary Figure 1. Embedding of real-world networks. The description of the various panels are identical to
those of Figure(1) of the main text with the difference that here we are analyzing different real-world networks. Specifically,
panels a and ¢ regard the scientific collaboration network ca-GrQc, whereas panels b and d are for the Citeseer citation
network. The blue lines appearing in panels a and b are the best fits of Eq.(7) of the main paper with data points. Numerical
estimates of the fitting parameters can be found in the Supplementary Table 1.
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Supplementary Figure 2. Quality of network geometric embeddings depending on the definition of distance. In all
panels, we plot the normalized embedding loss function for node2vec embeddings. We consider different distance metrics, and
different real-world networks. The loss function of Eq.(3) of the main text is suitably modified by simply replacing cosine
similarity with the distance metric under consideration. Panels a, b and ¢ refer to correlation distance; d, e and f to Euclidean
distance; panels g, h and i to Chebyshev distance. Panels a, d and g are obtained for the American college football network;
panels b, e and h are valid the Cora citation network; panels ¢, f and i report results for the Citeseer citation network. For
details on the definitions of the distances see https://docs.scipy.org/doc/scipy-0.19.1/reference/
generated/scipy.spatial.distance.pdist.html.
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Supplementary Figure 3. Comparison between normalized loss function and PIP metric. a Normalized loss as
function of the embedding dimension for the American college football network. ¢ PIP loss as function of the embedding
dimension for the American college football network. b and d Same as in panels a and c, respectively, but for the Cora citation
network. Results are obtained using node2vec embeddings. Panels a and b show the same data points as of Figure(1) of the
main text.
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Supplementary Figure 4. Robustness of the behavior of the normalized loss function against specific choices for the
value of the reference dimension. We present results obtained for different values of reference dimension d,. In the left
panels, we show results obtained for the American college football with the reference dimension 2 in panel a, 12 in panel b,
100 in panel ¢ and 115 in panel d. The right panels show results for the Cora citation network with reference dimension of 2 in
panel a, 52 in panel b, 500 in panel ¢ and 2,708 in panel d.
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Supplementary Figure 5. Geometric embedding and community detection in synthetic graph models. We consider
the SB model with N = 3,000 nodes and C = 3 communities of equal size. We set the model parameters as p,,; = pi»/10 and
PinlN/C + pou (C—1)N/C = 10N. The latter equation serves to fix the expected total number of edges M = 10N. Results are
averaged over 10 independent instances of the SB model. a Normalized embedding loss for node2vec as a function of the
dimension d of the embedding space (blue circles). We plot also values of the normalized mutual information (NMI) as a
function of d. NMI quantifies the performance of the k-means algorithm, based on the node2vec embedding of the network,
to recover the ground-truth community structure (red stars). The vertical black dashed line is set at d = C. b Same as in panel a,
but for the Laplacian Eigenmaps embedding. ¢ We rank the eigenvalues of the graph Laplacian in ascending order, and plot
their values as a function of their rank position, namely r. The black dashed line is set at r = C.
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Supplementary Figure 6. Geometric embedding and community detection in synthetic graph models. Same as in
Figure 5 but for the SB model with N = 3,000 and C = 10.
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Supplementary Figure 7. Geometric embedding and community detection in synthetic graph models. Same as in
Figure 5 but for the SB model with N = 3,000 and C = 15.
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Supplementary Figure 8. Geometric embedding and community detection in synthetic graph models. Same as in
Figure 5 but for the SB model with N = 3,000 and C = 50.
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Supplementary Figure 9. Embedding variance in real networks. a Variance as a function of the embedding dimension
d. Results are valid for node2vec embeddings of the ca-GrQc network. b Same as in panel a, but for the Citeseer citation

network.
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Supplementary Figure 10. GraphSAGE embedding and community detection in real-world networks. We consider
the American college football network in panel a, the Citeseer citation network in panel b, the Cora citation network in panel ¢

and the ca-GrQc network in panel d. Results are averaged over the 10 independent runs of the unsupervised algorithm

GraphSAGE with mean aggregator. In our experiments, we tune the number of the units in the last layer while keeping the
other parameter values unchanged. We treat the number of units in the last layer as a proxy of the embedding dimension. Blue
circles represent the normalized embedding loss of GraphSAGE embeddings as a function of the embedding dimension. Red
stars stand for the NMI value obtained by comparing the community structure identified by Infomap' and the ones obtained

with the k-means algorithm applied to the GraphSAGE embeddings.
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Supplementary Figure 11. GraphRNA embedding and node classification in real-world networks. We consider the
Flickr and the BlogCatalog > networks in panels a and b, respectively. Nodes in the BlogCatalog network represent users and
edges stand for interactions between them. Keywords of blogs serve as network attributes. Users could register their blogs into
six predefined classes, which are used as the nodes’ classes in our node classification task. Nodes in Flickr are users and edges
indicate following relationships among them. Attributes are tags related to the photos shared by the users. The nine groups that
users have joined are used as the ground-truth classification in our task. Given the learned representations from the GraphRNA
embedding and given the labels of nodes, we leverage the training set and the corresponding labels to train a multilayer
perceptron classifier. We then use the validation set to fine tune the hyperparameters of the classifier under the micro average
metric. In our experiments, we treat the number of the units of the second-last layer at the same strength as the embedding
dimension. All other parameters of the algorithm are kept constant. Blue circles represent the normalized embedding loss of
the GraphRNA embeddings as a function of the embedding dimension. The micro average of the test set, displayed as red
stars, quantifies the accuracy in the classification of the nodes at different values of the embedding dimension.
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Supplementary Figure 12. Cosine similarity distribution for node2vec embeddings of real-world networks. a
Distribution of the cosine similarity between pairs of nodes of the Cora citation network. We display results valid for
node2vec embeddings in d =2, d =32 and d = 1,024 dimensions. b Same as in panel a, but for the Citeseer citation
network. ¢ Average value of the cosine similarity distribution of node2vec embeddings as a function of the embedding
dimension. We display results for both the Cora and Citeseer citation networks. As terms of comparison, we also display result
valid for clouds of points randomly scattered in d-dimensional hyper-cubes. The number of points considered to form the
clouds are identical to those of the real-world networks. d Same as in panel c, but for the standard deviation of the cosine
similarity distributions.
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Supplementary Table 1. Embedding real-world networks. List of all networks analyzed in our paper. From left to right,
we report: name of the network, number of nodes N, number of edges M, value of the best estimate cfo(s) at accuracy level
£ = 0.05, values of the best estimates §, & and L. obtained in fitting numerical results with the function of Eq.(7) in the main
paper, mean-squared error R? of the fit with the function of Eq.(7), reference to paper where the network data have been first
considered, url to the repository where data have been downloaded. Embeddings of the networks have been performed using
the algorithm node2vec.

network name N M do(e = § & Lo R? Refs. Url
0.05)

Rhesus macaques 16 69 15 1.871+£0.121 0.966+0.160 0.000+0.069 43.107% 3 url
Highland tribes 16 58 15 1.854+£0.112 1.020+0.139 0.000+0.052 29.107* 4 url
Kangaroos 17 91 16 1.670+£0.057 0.791+0.101 0.000+0.058 23-107* 5 url
Crisis in a Cloister 18 126 17 1.723+£0.073 0.872+0.108 0.000+0.052 26-107* 6 url
Southern women (large) 18 64 10 0.483+0.025 0.936+0.121 0.000+0.014 241073 7 url
Taro exchange 22 39 5 2.732+0.727 2.549+0.387 0.034 +0.009 2.7-107* 8 url
Corporate leaderships 24 86 12 0.405 +0.038 0.506£0.210 0.000 +0.066 14-1074 9 url
Corporate club member- 25 90 24 1.899+0.113 1.04240.099 0.00040.028 46-107* 10yl
ships

Bison 26 222 25 1.719+0.068 0.861+0.076 0.00040.031 3.0-10~* 1 url
Zebra 27 111 5 0.514+0.077 1.606+0.220 0.008 +0.005 4.1-1073 2l
Cattle 28 205 27 1.690 +0.050 0.830+0.056 0.000+0.024 1.9-10~* 13 url
Sheep 28 235 27 1.711£0.069 0.898+£0.071 0.000+0.026 29.107* 4l
Seventh graders 29 250 28 1.535+0.050 0.908 +0.055 0.000+0.017 1.6-10~* 15 url
Hens 32 496 31 1.739+0.061 0.870+0.059 0.000+0.022 2.7-107* 16 url
Dutch college 32 422 31 1.748 +0.058 0.852+0.057 0.000+0.022 2.6-107* 17 url
Zachary karate club 34 78 5 0.782+0.105 1.774+0.185 0.022+0.004 6.6-107° 8yl
Contiguous USA 49 107 5 2.801 +0.294 2.608 £0.147 0.040 £ 0.002 6.1-1073 19 url
Dolphins 62 159 8 0.92440.019 1.42940.026  0.044+0.001 8.0-107° 20
Japanese macaques 62 1,167 12 1.994+0.176 1.534+0.111 0.216+0.006 4.9.107* 2Ll
Train bombing 64 243 7 1.049+0.068 1.649+0.083 0.052+0.002 5.5-107° 2yl
Highschool 70 274 7 1.755+0.113 1.972+0.085 0.048 +0.002 6.2-1073 23 url
Les Misérables 77 254 8 1.436+£0.075 1.616+£0.065 0.048 +0.002 7.8-1073 E |
David Copperfield 112 425 22 1.83540.037 1.178 £0.021 0.033 +0.002 6.9-107° 25 url
Hypertext 2009 113 2,196 13 2.237+40.022 1.522+40.011 0.112+0.001 9.5-107° 26yl
the American college foot- 115 613 9 1.806+0.036 1.468 +0.046 0.036+0.001 43.107* 27 url
ball

Florida ecosystem dry 128 2,106 13 2.030+0.038 1.445+0.021 0.063 £0.001 3.6-107° 28 url
Florida ecosystem wet 128 2,075 14 2.090+0.039 1.440+0.021 0.063 +0.001 4.0-1075 2%yl
American Revolution 136 157 4 2.1364+0.111 2.95240.073 0.037 +0.000 3.9.107° 2l
Manufacturing emails 167 3,250 17 1.814+0.021 1.282+0.012 0.067 +£0.001 1.8-1075 300yl
Little Rock Lake 183 2,434 11 1.836+0.019 1.54140.012 0.044 +0.000 7.6-10°6 30l
Jazz musicians 198 2,741 21 1.059+0.023 1.008 £0.020 0.032+0.001 48-1075 2l
PDZBase 212 242 16 1.100+0.041 1.1234+0.037 0.026 +0.002 1.1-1074 Bl
Residence hall 217 1,839 28 1.487+0.013 1.022+0.008 0.023 +0.001 1.6-1075 M
Physicians 241 923 20 1.863+0.033 1.217+0.019 0.032+0.001 49.1073 3
Haggle 274 2,124 23 1.7024+0.022 1.13140.012 0.04340.001 34.107° 36 url
Infectious 410 2,765 32 0.908 +0.014 0.838+0.011 0.024 +0.001 3.1-107° 6yl
Caenorhabditis elegans 453 2,025 43 1.144+0.014 0.833£0.009 0.016+0.001 3.3-107° T
Unicode languages 614 1,248 53 1.091+£0.019 0.779+0.016 0.000+0.003 59.107° 3yl
Crime 829 1,475 55 1.1274+0.021 0.763+0.017 0.00040.003 7.5-1073 ¥ url
UC Irvine forum 899 7,019 83 1.370+£0.012 0.742+0.008 0.000+0.002 2.5-107° 40yl
DNC co-recipients 906 10,429 50 0.955+0.014 0.755+£0.013 0.008 +£0.002 3.2-107° Ayl
email-Eu-core. txt 1,005 16,705 71 1.175+0.007 0.743 +£0.005 0.004 +0.001 8.2-107° 2 ol
U. Rovira i Virgili 1,133 5,450 64 1.072£0.011 0.703 £0.009 0.000 £ 0.002 23-107° 8l
Euroroads 1,174 1,417 114 0.996+0.010 0.608+£0.010 0.000+0.003 3.0-107° “ ol
Blogs 1,224 16,715 107 1.2734+0.006 0.646 4+ 0.005 0.000+0.001 9.9-10°° 4 url
Air traffic control 1,226 2,408 75 0.966+0.013 0.683+£0.012 0.000+0.003 3.8-107° 4yl
Venture Capital 1,436 4,623 67 1.079+0.013 0.71240.011 0.000 =+ 0.002 34-107° 47 url
Chicago 1,467 1,298 88 0.958+0.018 0.636+£0.018 0.000 +0.004 8.6-107° 8l
US airports 1,574 17,215 94 1.018+0.007 0.659 +0.006 0.000 =+ 0.002 1.2-107° 9
Human proteins (Stelzl) 1,702 3,155 65 1.054+0.015 0.701+£0.013 0.000+0.003 48-1073 50yl
Bible 1,773 9,131 71 1.01140.011 0.659+0.010 0.000 =+ 0.002 2.9-107° 51 url
Hamsterster friendships 1,858 12,534 73 1.053+£0.009 0.671+0.007 0.000+0.002 1.7-1075 2yl
Yeast 1,870 2,277 72 1.028+0.013 0.708 £0.012 0.003 +0.002 3.5-107° 3l
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